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Preface

This volume consists of the 42 papers presented at the International Workshop
on Energy Minimization Methods in Computer Vision and Pattern Recogni-
tion (EMMCVPR 2005), which was held at the Hilton St. Augustine Historic
Bayfront, St. Augustine, Florida, USA, during November 9-11, 2005. This work-
shop is the fifth in a series which began with EMMCVPR, 1997 held in Venice,
Italy, in May 1997 and continued with EMMCVPR 1999 held in York, UK,
in July 1999, EMMCVPR 2001 held in Sophia-Antipolis, France, in September
2001 and EMMCVPR 2003 held in Lisbon, Portugal, in July 2003.

Many problems in computer vision and pattern recognition (CVPR) are
couched in the framework of optimization. The minimization of a global quantity,
often referred to as the energy, forms the bulwark of most approaches in CVPR.
Disparate approaches such as discrete and probabilistic formulations on the one
hand and continuous, deterministic strategies on the other often have optimiza-
tion or energy minimization as a common theme. Instances of energy minimiza-
tion arise in Gibbs/Markov modeling, Bayesian decision theory, geometric and
variational approaches and in areas in CVPR such as object recognition and re-
trieval, image segmentation, registration, reconstruction, classification and data
mining.

The aim of this workshop was to bring together researchers with interests in
these disparate areas of CVPR but with an underlying commitment to some form
of not only energy minimization but global optimization in general. Although
the subject is traditionally well represented in major international conferences on
CVPR, recent advances—information geometry, Bayesian networks and graph-
ical models, Markov chain Monte Carlo, graph algorithms, implicit methods in
variational approaches and PDEs—deserve an informal and focused hearing in
a workshop setting.

We received 120 submissions each of which was reviewed by three members of
the Program Committee and the Co-chairs. Based on the reviews, 24 papers were
accepted for oral presentation and 18 for poster presentation. In this volume, no
distinction is made between papers that were presented orally or as posters.
EMMCVPR from its inception has focused on complementary (but sometimes
adversarial) optimization approaches to image analysis—both in problem formu-
lation and in solution methodologies. This “coopetition” is depicted as a mandala
in Fig. 1.

The book is organized into four sections with the section titles being Prob-
abilistic and Informational Approaches, Combinatorial Approaches, Variational
Approaches and Other Approaches and Applications. The section titles follow
the basic categories depicted in Figure 1 with the title “Other Approaches” used
to lump together methodologies that do not easily fit into the above opponent-
quadrant format.
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Fig.1. The four dominant approaches to EMMCVPR arranged in an opponent-
quadrant format

EMMCVPR 2005 also included keynote talks by three distinguished scien-
tists: David Mumford (Brown University, USA), Christopher Small (University
of Waterloo, Canada), and Demetri Terzopoulos (New York University, USA).
The invited talks spanned the areas of differential geometry, shape analysis and
deformable models. These three researchers have played leading roles in the fields
of algebraic geometry, shape theory and image analysis, respectively.

We would like to thank Marcello Pelillo and Edwin Hancock for their pioneer-
ing efforts in launching this series of successful workshops with EMMCVPR 1997
and for much subsequent advice, organizational tips and encouragement. We also
thank Anil Jain (Co-chair of EMMCVPR 2001), Josiane Zerubia (Co-chair of
EMMCVPR 2001 and EMMCVPR, 2003) and Mdrio Figueiredo (Co-chair of
EMMCVPR 2001 and EMMCVPR 2003) for their support. We thank the Pro-
gram Committee (and numerous un-named graduate students and postdocs who
were drafted as reviewers in the 11th hour) for careful and timely reviews which
made our task easier.

We acknowledge and thank the University of Florida for providing organiza-
tional and financial support to EMMCVPR 2005, the International Association
of Pattern Recognition (IAPR) for sponsoring the workshop and providing pub-
licity, and finally Springer for including EMMCVPR under the LNCS rubric.

August 2005 Anand Rangarajan
Baba Vemuri
Alan Yuille
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Adaptive Simulated Annealing for Energy
Minimization Problem in a Marked Point
Process Application

Guillaume Perrin'2, Xavier Descombes?, and Josiane Zerubia?

! Mas Laboratory, Ecole Centrale Paris, Grande Voie des Vignes,
92290 Chatenay-Malabry, France
2 Ariana, joint research group INRIA/I3S,
INRIA Sophia Antipolis, 2004, route des Lucioles, BP 93,
06902 Sophia Antipolis Cedex, France
Tel : +33 4 9238 7857, Fax : +33 4 9238 7643
Firstname.Lastname@inria.fr
http://www.inria.fr/ariana

Abstract. We use marked point processes to detect an unknown num-
ber of trees from high resolution aerial images. This is in fact an energy
minimization problem, where the energy contains a prior term which
takes into account the geometrical properties of the objects, and a data
term to match these objects to the image. This stochastic process is
simulated via a Reversible Jump Markov Chain Monte Carlo procedure,
which embeds a Simulated Annealing scheme to extract the best config-
uration of objects.

‘We compare here different cooling schedules of the Simulated Anneal-
ing algorithm which could provide some good minimization in a short
time. We also study some adaptive proposition kernels.

1 Introduction

We aim at extracting tree crowns from remotely sensed images in order to assess
some useful parameters such as the number of trees, their diameter, and the
density of the stem. This problem has been widely tackled in the literature over
the past years. In the case of color infrared images, some methods use a pixel
based approach and give the delineation of the tree crowns [I1], other ones use
an object based approach by modelling a synthetic tree crown template to find
the tree top positions [18].

In [22], we proposed to use a marked point process approach which can em-
bed most of the geometric properties in the distribution of the trees, especially
in plantations where we obtained good results. Indeed, marked point processes
enable to model complex geometrical objects in a scene and have been exploited
for different applications in image processing [6]. The context is stochastic, and
our goal is to minimize an energy on the state space of all possible configura-
tions of objects, using some Markov Chain Monte Carlo (MCMC) algorithms

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 3-[[7] 2005.
© Springer-Verlag Berlin Heidelberg 2005



4 G. Perrin, X. Descombes, and J. Zerubia

and Simulated Annealing (SA). In this paper, we will focus on the optimiza-
tion problem.

The first section is dedicated to recall some definitions about marked point
processes. Then, we present our model adapted to tree crown extraction, and
the SA algorithm. In the last section, we perform a range of tests in order to
study acceleration techniques of the SA that can be used to get good results in
a faster way.

2 Definitions and Notations

For more details about marked point processes we refer to [3I], and for their
applications to image processing to [6].

2.1 Marked Point Process

Let S be a set of interest, called the state space, typically a subset of IR". A
configuration of objects in S is an unordered list of objects :

x={z1,...,xp} EVp,x; € Syi=1,...,n (1)

A point process X in S is a measurable mapping from a probability space
(2, A,P) to configurations of points of S, in other words a random variable
whose realizations are random configurations of points. These configurations x
belong to

v =], (2)

where ¥,, contains all configurations of a finite number n of points of S.

A marked point process living in S = P x X is a point process where some
marks in X are added to the positions of the points in P. A configuration of
objects x = {(p1,k1),..., (Pn,kn)} is also a finite set of marked points. The
marks are some parameters that fully describe the object. For example, ellipses
are described by the position of their center, their major and minor axis, and
their orientation.

The most obvious example of point processes is the homogeneous Poisson
process of intensity measure v(.), proportional to the Lebesgue measure on S.
It induces a complete spatial randomness, given the fact that the positions are
uniformly and independently distributed.

2.2 Application to Object Extraction

The marked point process framework has been successfully applied in different
image analysis problems [3L[6,21,22], the main issue being that we do not know a
priori the number of objects to be extracted. The approach consists of modelling
an observed image J (see Fig. ([2)), lefthandside) as a realization of a marked point
process of geometrical objects. The position state space P will be given by the
image size, and the mark state space X will be some compact set of RY.
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2.3 Energy Minimization Problem

We consider the probability distribution p(.) of an homogeneous Poisson process
living in S with intensity measure v(.), which gives us a probability measure on ¥
(see [31]). Then, if the probability distribution Px(.) of a marked point process
X is uniformly continuous with respect to u(.), the Radon Nikodym theorem
(for more details see [I5] for example) defines its unnormalized density f(.) with
respect to this dominating reference measure as :

Pr(dx) = 2 f(x)uldx) = — exp(~U(x))u(dx) 3)

where Z is a normalizing constant, and U(x) the energy of the configuration x.
Within the Bayesian framework, given the data J, the posterior distribution
f(x]9) can be written as :

F(x[3) oc fp(x)£(T]x) (4)

From now on we will write f(x) = f(x|J). We aim at finding the Maximum A
Posteriori estimator xp;4p of this density, which is also the minimum of the
Gibbs energy U(x). As for many energy minimization problems, the prior term
fp(x) can be seen as a regularization or a penalization term, while the likelihood
L(J|x) can be seen as a data term. We note ¥, the set of all global minima
of U(x), of energy Ui, > —oo. By analogy, Una, < +00 is the maximum of
U(x).

The landscape of U(x) in the problem of tree crown extraction is very elab-
orate. U(x) contains a lot of local minima [22], the classical SA scheme should
be adapted in order to give a good estimation of x3;4p in a reasonable time.

2.4 Simulation of Marked Point Processes

A marked point process X is fully defined by its unnormalized density f(x)
under a reference measure, which is often in practice the homogeneous Poisson
measure. Sampling a realization of this process is not obvious, this requires some
MCMC algorithms, with P x (dx) as equilibrium distribution.

In particular, the Reversible Jump MCMC (RIMCMC) algorithm [I2] allows
us to build a Markov Chain (X,,) which jumps between the different dimensions
of ¥. At each step, the transition of this chain is managed by a set of proposition
kernels {Q. (X, .)},,cn Which propose the transformation of the current config-
uration x into a new configuration y. This move is accepted with a probability
a =min {1, R(x,y)}, where :

Px (dy)Qm (Ya dX)
(PX (dX)Qm (Xa dy)
is called the Green ratio. (X,,) converges ergodically to the distribution P x under

some stability condition on the Papangelou conditional intensity [31] which must
be bounded (see [10], with a kernel containing uniform birth and death).

R(x,y) = (5)
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Model optimization is achieved by this RJIMCMC algorithm embedded in
a SA scheme. This consists of sampling fﬁ() instead of f(.), where T, is a
temperature parameter which tends to zero as n — oo. The Markov chain (X,,)
is now nonhomogeneous, and the convergence properties detailed in [I0] do not
apply anymore.

3 Owur Model for Tree Crown Extraction

We aim at extracting tree crowns from remotely sensed images of forests. Our
data contain infrared information, which enhances the chlorophyllean matter of
the trees. To perform this object extraction, we use a marked point process of
ellipses. The associated state space S is therefore a bounded set of R? :

S=PxXK= [O,XM} X [O,YM} X [am,aM] X [bm,bM} X [O,’]T[ (6)

where X, and Y), are respectively the width and the length of the image J,
(ams,anr) and (b, bys) respectively the minimum and the maximum of the major
and the minor axes, and 6 € [0, 7| the orientation of our objects.

As explained in Section (23], we work in the Bayesian framework : the density
f(x) of one configuration is split into a prior term and a likelihood term.

3.1 Prior Energy Up(x)

As we are working on plantations of poplars, we model the periodic pattern of the
alignments in the prior term, by adding some constraints to the configurations
(see [22] for more details) :

— arepulsive term between two overlapping objects x; ~, x; in order to avoid
over-detection. We introduce an overlapping coefficient A(x1,22) € [0,1]
which penalizes more or less 1 ~, x5 depending on the way they overlap :

Up(x) =7 Y, Alwi,z)), 7 € R (7)

Ty~ rTj

— an attractive term that favours regular alignments in the configuration. The
quality of the alignment of two objects x1 ~, x2, with respect to two pre-
defined vectors of alignments, is assessed via a quality function Q(z1,z2) €
[0,1] :

Ua(x) =7 Z Ui, zj), 7o €R™ (8)
TGy

— for stability reasons and because of the attractive term, we have to avoid ex-
treme closeness of objects. This can be done by adding a hard core constraint
in our prior process :

| Hooif Aai, x5) € x| d(zs,z5) <1
Un(x) = {O otherwise )
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Fig. 1. Lefthandside : two overlapping objects and the quality of this interaction.
Righthandside : The four regions around one object where some alignments are
favoured.

The first two relationships are shown in Fig. ({). The prior energy is :

Up(x) = Uy () + Uy (x) + Un (x) (10)

3.2 Likelihood £(J|x)

The likelihood of the data J given a configuration x is a statistical model of the
image. We consider that the data can be represented by some Gaussian mixture
of two classes (the trees with some high grey value and the background with low
grey value), where each pixel is associated to one of these two classes :

— ©; = N(m,,0;) for the pixels inside at least one of the objects of the config-
uration,
— €, = N(m,,0,) for the pixels outside.

Other models to define the likelihood are studied in [22].

3.3 RJMCMC Algorithm

As explained in Section (24]), we use a RJIMCMC dynamics to sample our
marked point process. The proposition kernel contains uniform birth and death,
translation, dilation, split and merge, and birth and death in a neighbourhood.
More details about this kernel can be found in [22].

3.4 Data and Results

Here we present one extraction result obtained on an aerial image of forests
provided by the French Forest Inventory (IFN). The parameters of the model can
be found in [22]. To compare this result to those obtained in the next sections, a
very slow plateau cooling schedule was chosen in order to have a good estimation
of Uppin. Tab. (1) presents some statistics related to the simulation, and Fig. (2))
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Table 1. Statistics about the extraction after a slow decrease of the temperature
(N = 30 millions iterations)

Final energy |Un = 134662
Number of objects|n(Xn) = 292

Fig. 2. Lefthandside : some data provided by IFN (resolution 50cm/pixel). Righthand-
side : the poplar extraction result, after 30 millions iterations (45 minutes on a Red
Hat Linux 3GHz machine).

shows the image and the extraction result. In the following, each scenario will
be simulated 10 times, and the statistics will represent the mean values of the
statistics observed during these simulations.

4 Simulated Annealing

The SA algorithm is a stochastic global optimization procedure which exploits
an analogy between the search of the minima x € ¥,,;, and a statistical thermo-
dynamic problem. As explained in [29], the thermal mobility of molecules is lost
when the temperature is slowly decreased, going from a liquid state to a pure
crystal which is a stable state of minimum energy. Cerny [5] and Kirpatrick [17]
simultaneously applied this analogy and proposed an algorithm using a Metropo-
lis Monte Carlo method and some temperature parameters, in order to find the
global minima of an energy function U(z). Ever since it has been widely used
in many optimization problems including applications in image analysis [34]. In
this section, we present this algorithm, its convergence properties and some ideas
to accelerate it.

4.1 The Algorithm

At each iteration of the SA algorithm, a candidate point y is generated from the
current position x using the distribution Q(z,.), and accepted or refused via an
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acceptance ratio a(z,y). This acceptance ratio is controlled by a parameter T
called the temperature [B[I7], which slowly decreases to 0 during the algorithm:

ot = i 1 LUV o

The principle of SA is also to accept some random ascent moves since the tem-
perature parameter is high, in order to escape local minima of the energy. When
T — oo, the algorithm tends to sample a uniform distribution on S, while for
T — 0 it tends to a Dirac distribution on ¥,,,;,,. The evolution of the temperature
parameter T, during the optimization process is called a cooling schedule. SA
also samples a nonhomogeneous Markov chain (X,,) which obliges to attain the
states of minimum energy ¥,,,;, with an appropriate cooling schedule. A schedule
is said to be asymptotically good [2] if it satisfies :

lim P(X,, € Upipn) =1 (12)

n—oo

4.2 Convergence Results

Originally, SA algorithm was introduced for combinatorial problems (especially
the Traveling Salesman Problem and Graph Partitioning) on some large finite
solution set S. Thus, most of the convergence proofs have been obtained in the
case of #(5) < oco.
Geman and Geman [9] showed that some logarithmic decrease of the tem-
perature
nh—>nz’>lo Tplog(n) > K >0 (13)

with K large enough, depending on A = Uy, 40 —Unmin, was sufficient to guarantee
the convergence (I2). Then, Hajek [14] proved that K could be the maximum
of the depths d,,, of local minima x,,. He also linked the constant K with the
energy landscape, we will see how crucial it is to adapt SA to the energy of the
problem at hand. Details about this theorem, and speed of convergence can be
found in [29].

More recently, some results have been established in the case of general state
spaces for continuous global optimization. Most of the time, the case of compact
sets was studied [19], while in [IL[I3] more general state spaces were taken. The
logarithmic schedule T,, > % was proven to be asymptotically good for
some constant K depending on the energy landscape. This cooling schedule can
be accelerated with some restrictions on the proposal distribution Q(z,.).

Finally, point process theory and SA have been linked in [30] and [24], where
some convergence proofs of inhomogeneous Markov chain were established re-
spectively in the case of a birth and death process and a RJIMCMC scheme.

4.3 Acceleration Methods

In the previous subsection, we noticed that a logarithmic decrease was needed
to ensure the convergence of SA. However, these schedules require too much
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computation time and are not achievable in practice. Even if we are bound
to lose the convergence conditions, we prefer implementing some faster cooling
schedules. Many methods have been proposed in that prospect (see [2[7,23]32)
for instance), and we will test some of them in our application.

The first family of methods consists in adapting the cooling schedule itself [7]
291132]. Most of the cooling schedules in the literature rely on exponential, also
called geometrical, cooling schedules of the form :

T, =Ty *a" (14)

with @ < 1 and very close to 1 (see [29] for more details). A slight adap-
tation of this schedule brings us to the fixed length plateau cooling sched-
ule, where the temperature parameter is decreased every k * n iterations of
the algorithm (k fixed, n € N). This enables the Markov chain to have more
time, at a given temperature, to reach its equilibrium distribution Tﬁ” (dx) =
/(@)% p(da).

Another family of methods consists in adapting the candidate distribution
at each step [8[I3,[16]. In the Fast SA [26] or in the Adaptive SA (ASA) [16]
for instance, the convergence relies on the asumption that we globally explore
at each step the feasible region, i.e. that each state is reachable from the current
position Xy, though the probability of sampling points far from X} decreases
to 0 when n — oo. An additional temperature parameter ¢, is added in the
proposition density of the next candidate, which can decrease to 0 much faster
than logarithmically (exponentially for the ASA), while the cooling schedule of
the temperature parameter T, — 0 without any speed constraint.

In practice, we will run some finite schedules, starting from a temperature T
and ending with a temperature Ty. Some papers tackle this problem of optimal
schedules in some finite time in combinatorial optimization problems [4,[25]. The
goal is to find the optimal temperature schedule for a given number of iterations
N, i.e. the schedule that gives the lowest expected value of energy. This leads
to the “Best So Far” for instance, which consists in taking the minimum value
of the energy U(X,,) encountered during the simulation, instead of the “Where
You Are” (last) value U(Xn).

However, finite schedules lead all to what is called broken ergodicity [23], es-
pecially in applications with a continuous state space of varying dimension. The
Markov chain is no longer ergodic because the state space is too big to be ex-
plored and would require a huge number of iterations at each temperature, even
if there is a nonzero probability of reaching any state from any other state. This
phenomenon have been studied in [20], and a new adaptive annealing schedule
which takes into account the convergence delay has been proposed. This one was
inspired by [7L27], where the authors proposed to decrease the temperature in
a plateau cooling schedule only if the mean of the energy during the current
plateau was bigger than the former one :

T — Tn if E[U(X)]n S E[U(X)]nfl (15)
ntl a * T}, otherwise
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where E[U(X)], = ¢ L= ,(CI:LH U(X;). In practice this schedule is very long,
that is why Ortner [20] proposed to accept the decrease with less constraints.
Moreover, he remarked that the selection of the minimum was done during a
specific period of the cooling schedule, called the critical temperature. He also
constructed an heuristic that enables the cooling schedule to decrease faster when
the region is not interesting, and to go slower, or even to warm the tempera-
ture, when the temperature is critical. This adaptive schedule is very interesting
because it fits the energy landscape of the problem.

To conclude, in complex optimization problems in a finite time like the prob-
lem we have to solve, the adaptability of the algorithm is of high interest, in
order to avoid too much computation. We compare in the next section a few
results obtained with some of these schedules.

5 Comparative Results

Different experiments were carried out in order to compare some cooling sched-
ules of the SA in our energy minimization problem. As explained above, we
simulated 10 times each experiment to avoid too much imprecision.

5.1 Initial and Final Temperature

We still have not discussed the choice of the two bounds Ty and T. In the
literature, it is often suggested to link Ty with the standard deviation of the
energy U(x) of random objects x € S, typically twice as large (see [33]). We
can, for example, calculate this value by sampling at infinite temperature. For
the stopping temperature Ty, it is more difficult to estimate a good value in
continuous problems, while in discrete problems [33] suggests taking it of the or-
der of the smallest energy scale. Generally speaking, the cooling schedule should
always take into account the energy to be optimized, its scale, its landscape, the
number and the size of local minima (see [23]).

First, we would like to assess the influence of the initial temperature Ty in
our problem. To that prospect, we use Fig. [B]) and take twice the standard devi-
ation as a first initialization of the temperature : Ty ~ 25000. Then, we compare
this value with a bigger value Ty = 1000000 and some smaller ones Ty = 100
and Ty = 1, in a plateau cooling schedule of fixed length k& = 5000. Only a is
varying in order to end the cooling schedule at the same final temperature :
Ty = 1072, Some statistics are presented in Tab. (2), and compare the mean
value of the last energy U(Xy) (Where-You-Are), the standard deviation of this
energy, and the mean value of the total number of extracted objects. What can
be deduced from these results is that the estimation of the initial temperature
with the standard deviation is not the best one, considering the final value of
the energy. With Ty = 100, we obtain better results. One can suppose that at
higher temperature, we lose some time and that the selection of the minimum
begins around 7' = 100 (critical temperature). When the cooling starts with
Ty =1 < 100, it is ’too late’.
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Fig. 3. Estimation of the standard deviation of the energy during an infinite temper-

ature simulation

Table 2. Different starting temperatures T, with the same number of iterations (N =
2000000) and the same final temperature Ty = 1077

| [|To = 1000000] T = 25000[T, = 100[Tp = 1|

Iterations (*10°) 2 2 2 2
Plateau length & 500 500 500 500
Cooling parameter a 0.9914 0.9923 0.9937 [0.9948
Mean E[U(Xn)] 136317 136200 | 136002 [136713
Standard deviation o[U(Xn)] 216.12 222.05 139.07 |314.65
Mean E[n(Xn)] 282.0 283.6 284.3 | 285.3

Then, we could try to change the final temperature, starting from Ty = 100.
The results are presented in Tab. (3). It is interesting to note that it is less impor-
tant to end with a very low temperature than it is to spend more time around the
critical temperature. It seems that Ty = 10~%is a good final temperature. We also
deduce that the interesting part of the schedule is 100 > 7" > 10~*. The best sched-
ule would be perhaps the one which decreases quickly to this critical temperature,
then waits, and then goes fast to a very low temperature for a quasi-ICM schedule.

Table 3. Different ending temperatures T, with the same number of iterations (N =
2000000) and the same starting temperature To = 100

| |[Tn =107°|Tw =10 [Ty =10 °|Ty =10~ "[Ty =10 ° [Ty =10~ "]

Iter. (x10°) 2 2 2 2 2 2
k 500 500 500 500 500 500
a 0.9971 0.9966 0.996 0.9948 0.9937 0.9914
E[UXN)] || 135914 | 135843 | 135848 135961 136002 136713
o[U(XnN) 113.43 239.11 140.88 187.77 139.07 96.70
E[n(Xn) 284.1 284.7 285.0 284.9 284.3 284.6
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5.2 Parameters a and k of the Plateau Cooling Schedule

The problem in this cooling schedule is also to determine the two parameters a
and k. During how many iterations should the Markov chain X,, stay at a given
temperature ? Some tests have been performed in order to see the influence
of these parameters. The results are shown in Tab. (4). It appears that the
parameters a and k (keeping the same number of iterations) do not have a big
impact on the results. This makes sense, because whatever they are, the Markov
chain will spend the same time in the critical zone of the temperature.

Table 4. Different fixed length plateau schedules, with the same number of iterations
(N = 2000000), initial temperature Ty = 100 and stopping temperature T = 107°

| | k=10 [k = 100[k = 500[%k = 1000]
Tter. (x10°) 2 2 2 2
a 0.99987[0.99874[ 0.9937 | 0.9874
E[U(X~)] |[135944 [ 136054 [ 136002 | 135876
o[U(Xn)] |[151.24 [ 266.65 | 139.07 | 226.07
En(Xy)] ][ 286.1 | 285.1 | 284.3 | 286.4

5.3 Adaptive Cooling Schedule

In the previous results, we noticed that some better values for Ty and T could
be found. Unfortunately, we cannot afford doing so many simulations for every
image for which we want to use our model. That is why the cooling schedule
proposed in [20,21] is interesting, because it adapts the cooling speed to the
energy landscape.

We still set k£ = 500, and k’ = 50 the length of the 10 sub-plateaus. We note

EUX)), = & Zi ZZL;,H U(X ) the mean of the energy on the " sub-

plateau. We have E[U(X)], = 15 ZZ ’ o EIU(X)];. A decrease of the temperature
would be accepted if at least one sub- plateau has a mean energy F[U(X)]:, lower
than the global former energy E[U(X)],,—1. Moreover, the cooling parameter a,,
now depends on n, and we can accelerate or even warm the temperature (if the

ergodicity is broken) according to :

LT, if g {E[U( X)}:L <EBUX)lp-1} =0and a, = ai
Toi1 =% an T, it {E[U(X)];, < E[U(X)]M% € [1,4] (16)
an * Ty, if {E[U(X)]}, < E[U(X)]n-1} > 5 and a, = al,

We use r = 0.9, and threshold the parameter a,, in order that 0.96 < a,, < 0.996.
Obviously, starting from a temperature Ty and ending at a temperature T, we
cannot predict the number of iterations it will take.
In Tab. (5), we compare the results of different adaptive schedules with
= 25000 and T = 1077, S1 is the simple plateau schedule with a constant
speed studied before (a = 0.9923). Then, S2 and S3 are some adaptive plateau
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Table 5. Comparison of different schedules with Tp = 25000 and T = 10~°

| | St ]S2:80% | S3:90% [S4:100%| S5
Tter. (x10°) 2 2 2 2 E[N] =2.03
Plateau length & 500 500 500 500 500

Cooling parameters||a = 0.9923|a1 = 0.9789|a1 = 0.9583|a = 0.9966|0.96 < a < 0.996
az = 0.9957|az = 0.9962

E[U(XN)] 136200 | 136048 135952 | 135843 135805
o[U(XN)] 222.05 218.65 193.58 23911 132.84

Mean E[n(Xny)] 283.6 2835 2845 284.7 285
[ommesesnss 1| Temperature T p=100*L/N

plateau schedule S1

A

T(0)

~log(T)

L iterations

N .
- . . . . . . . . .
o 02 04 06 08 1 12 14 16 18 2 Iterations

lterations

Fig. 4. Lefthandside : Comparison of the adaptive plateau schedule and the adaptive
schedule. Righthandside : Cooling schedule of an adaptive plateau schedule, p being
the percentage of iterations spent in the critical zone. For Ty > T > 100 and 1074 >
T >1TnN, an = a1. For 100 > T > 1074, an = az. In order to spend more time in the
critical zone, 1 > az > ai.

schedules for which the speed changes during the simulation in accordance with
the previous observations (see Fig. (@), lefthandside). S2 and S3 spend respec-
tively p = 80% and p = 90% of the time in the critical zone 100 > 7" > 10~%.
S4 is the limit adaptive geometric schedule (p = 100% studied before) where
Ty = 100 and Ty = 10~%. Finally, S5 is the adaptive schedule presented above,
which accelerates or warm the temperature.

As expected, the adaptive schedule makes the most of the IV iterations and
spend much more time in the interesting part of the temperature (see Fig. ().
We see that our estimation (around 7' = 100) of the beginning of the critical
zone is quite good.

5.4 Adapting the Proposition Kernel to the Temperature

A last optimization can be performed on the proposition kernel Q(z,y). Indeed,
this influences the global optimum of the SA, considering that at low tempera-
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Table 6. Comparison between a classical kernel and an adaptive proposition kernel

classical kernel|adaptive kernel
Tterations (*10°) 2 2
Plateau length & 500 500
Cooling parameter a 0.9923 0.9923
E[U(Xn) 136200 135669
olU(Xn) 222.05 78.8
En(Xy) 283.6 284.1

ture, the system is looking preferably for small perturbations. We also decrease
along with the temperature our parameters in the translation, the rotation, and
the dilation moves in order to propose smaller perturbations. Results are shown
in Tab. (6). We can see that the results are much better with an adaptive propo-
sition kernel. This can be understood because whatever the temperature is, the
energy of the configuration should vary at the same order on the scale of one
transition [23]. At a very low temperature for example, many costly energy eval-
uations will be required to reach any improvement of the objective function if
we propose big moves to some of the objects of the configuration. It seems that
keeping a good acceptance ratio even for low temperatures is crucial.

6 Conclusion

In this paper, we have performed some optimization tests on a marked point
process algorithm applied to tree crown extraction. It is in fact an energy min-
imization, which can be studied using a SA scheme embedded in RIMCMC
procedure.

First, it appears that the adaptive cooling schedule proposed in [20] gives
better results that any geometric schedule, knowing the starting and the ending
temperatures of the schedule. It fits well the energy landscape, and accelerates or
warms the temperature in order to minimize the broken ergodicity phenomenon,
which always occurs in finite schedules. Then, adapting the proposition kernel
itself is also interesting. It increases the acceptance ratio of the proposition kernel
for low temperatures, and also finds better local minima of the energy.

Future work could involve the implementation of another optimization algo-
rithm, such as genetic algorithms. Moreover, other techniques which could im-
prove the Markov chain speed will be studied. Among all, Data Driven Markov
Chain Monte Carlo [28] achieves high acceleration by using the data (clustering
or edge detection in the image segmentation problem for instance) to compute
importance proposal probabilities which drive the Markov chain.
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Abstract. We develop a computational approach to non-parametric
Fisher information geometry and algorithms to calculate geodesic paths
in this geometry. Geodesics are used to quantify divergence of probabil-
ity density functions and to develop tools of data analysis in information
manifolds. The methodology developed is applied to several image anal-
ysis problems using a representation of textures based on the statistics of
multiple spectral components. Histograms of filter responses are viewed
as elements of a non-parametric statistical manifold, and local texture
patterns are compared using information geometry. Appearance-based
object recognition experiments, as well as region-based image segmen-
tation experiments are carried out to test both the representation and
metric. The proposed representation of textures is also applied to the
development of a spectral cartoon model of images.

1 Introduction

Large ensembles of data are often modeled as random samples of probability
distributions. As such, the algorithmic analysis of complex data sets naturally
leads to the investigation of families of probability density functions (PDFs). Of
particular interest is the development of metrics to quantify divergence of PDFs
and to model similarities and variations observed within a family of PDFs.
Information geometry studies differential geometric structures on manifolds
of probability distributions and provides important tools for the statistical anal-
ysis of families of probability density functions. While this area has experienced
a vigorous growth on the theoretical front in recent decades (see e.g. [1,2L18]),
the development of corresponding computational tools for data analysis is still
somewhat incipient. In this paper, we develop novel computational methods and
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strategies for the algorithmic study of non-parametric Fisher information geom-
etry and investigate applications to problems in image analysis.

As geodesics are natural interpolators in Riemannian manifolds, a key ele-
ment developed in this paper is an algorithm to calculate geodesics and geodesic
distances in the geometry associated with Fisher information. This basic tool will
allow us to devise computational approaches to problems such as: (i) quantifying
similarity and divergence of PDFs; (ii) interpolating and extrapolating PDFs;
(iii) clustering probability density functions; (iv) dimensionality reduction in the
representation of families of PDFs; (v) development of statistical models that
account for variability observed within a class of density functions. For simplicty,
we shall focus our investigation on PDFs defined on a finite interval, which will
be normalized to be I = [0, 1], with respect to the Lebesgue measure. However,
the techniques apply to more general settings.

Since the introduction of the discrete cartoon model of images by Geman and
Geman [§] and Blake and Zisserman [3], and its continuous analogue by Mumford
and Shah [I7], many variants followed and have been applied to a wide range
of image processing tasks [4]. In these models, an image is typically viewed as
composed of two basic elements: (i) a cartoon formed by regions bounded by
sharp edges, within which the variation of pixel values is fairly smooth; (ii) a
texture pattern within each region, which is frequently modeled as white noise. A
drawback in such approaches is the texture model adopted; the view that texture
is not noise, but some form of structured appearance is becoming prevalent. To
address this problem, models such as the spectrogram model [15,24] have been
proposed (see also [9]). A common strategy in texture analysis has been to de-
compose images into their spectral components using bandpass filters and utilize
histograms of filter responses to represent textures. Zhu et al. [23] have shown
that marginal distributions of spectral components are sufficient to characterize
homogeneous textures; other studies of the statistics of spectral components in-
clude [19[6L22]. Experiments reported in [I4] offer empirical evidence that the
same applies to non-homogeneous textures if adequate boundary conditions are
available; that is, enough pixel values near the boundary of the image domain
are known.

In this paper, we model local and global texture patterns using histograms of
spectral components viewed as elements of a non-parametric information mani-
fold. Geodesic distances in this manifold are used to quantify texture similarity
and divergence. Multi-scale texture representation and analysis can be carried
out within this framework by restricting spectral components to sub-windows of
the image domain of varying sizes. Several experiments involving appearance-
based object classification and recognition, as well as region-based image seg-
mentation are carried out to test the proposed representation and methodology.
We also introduce a multi-scale spectral cartoon model of images based on this
information theoretical representation of textures.

The paper is organized as follows. In Sec.2l we briefly review basic facts
about Fisher information geometry for parametric families of PDFs. Secs.[3] and
@ are devoted to a computational treatment of non-parametric Fisher informa-
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tion and to the development of an algorithm to calculate geodesics in information
manifolds. Secs.[.] address the calculation of basic statistics of collections
of PDFs such as means and tangent-space covariance; this is followed by a dis-
cussion of clustering techniques in Sec.[53l In the remaining sections, the tech-
niques developed are applied to various problems in image analysis including
appearance-based recognition and segmentation of images. In the last section,
we propose a new spectral cartoon model of images, which is a modified version
of the well-known Mumford-Shah model that includes a novel representation
of textures using histograms of spectral components viewed as elements of a
non-parametric information manifold.

2 Fisher Information

Let I = [0,1] and p: I x RF — R*, (x,0) ~— p(x;0), a k-dimensional family
of positive probability density functions parameterized by § € RF. In classical
information geometry, the Riemannian structure on the parameter space R”
defined by the Fisher information matriz g, whose (i, j)-entry is

9i;(0) = /01 <a%logp(x; 9)> <a%jlogp(:v;9)) p(x;0) dz,

is regarded as the most natural Riemannian structure on the family from the
viewpoint of information theory (see e.g.[2]). Recall that if p1,pa: I — R are
positive PDFs, the Kullback-Leibler (KL) divergence is defined by

KL(p1,p2) = /01 log (i;gg) pi(z) du.

If restricted to the family p(x; ), the KL divergence may be viewed as a function
of parameters, with domain R¥ x R*. If 0, ¢ € R¥, we use the notation K L(0, &)
for KL(p(-,0),p(,£)). Infinitesimally, the double of the KL divergence is known
to coincide with the quadratic form

k
ds® = > gi;(0) do;do,

ij=1

associated with the Fisher information matrix g. That is, if Fp: R¥ — R is the
energy functional Eg(§) = KL(0,£), the Hessian of Ey at the point £ = 6 is given
by g(#). This fact is often expressed as

1
KL(9,0 + df) = 5 ds®.
In [5], Dawid suggested the investigation of non-parametric analogues of this

geometry and such model was developed by Pistone and Sempi in [18]. This
extension to non-parametric families of a.e. positive density functions involves the



A Computational Approach to Fisher Information Geometry 21

study of infinite-dimensional manifolds. For technical reasons, the geometry that
generalizes Fisher information falls in the realm of infinite-dimensional Banach
manifolds, spaces whose geometries are more difficult to analyze. One of our
main goals is to develop computational approaches to discrete versions of non-
parametric Fisher information obtained by sampling density functions p: I — R
at a finite set of points.

3 Non-parametric Information Manifolds

We investigate a non-parametric statistical manifold P whose elements represent
the log-likelihood of positive probability density functions p: I — R*. The mani-
fold P will be endowed with an information-theoretic geometric structure which,
among other things, will allow us to quantify variations and dissimilarities of
PDFs.

Each tangent space T, will be equipped with a natural inner product (, ) o
Although a Hilbert-Riemannian structure might seem to be the natural geomet-
ric structure on P to expect, one is led to a manifold locally modeled on Banach
spaces [18]. Since, in this paper, we are primarily interested in computational
aspects of information geometry, we construct finite-dimensional analogues of
P by sampling probability density functions uniformly at a finite set of points
under the assumption that they are continuous. Then, arguing heuristically, we
derive an expression for the inner product on the tangent space 7., which in-
duces a Riemannian structure on finite-dimensional, non-parametric analogues
of P. From the viewpoint of information theory, the geodesic distance between
two PDFs can be interpreted as a measurement of the uncertainty or unpre-
dictability in a density function relative to the other. Throughout the paper, we
abuse notation and refer to both continuous and discrete models with the same
symbols; however, the difference should be clear from the context.

Positive PDFs will be represented via their log-likelihood () = logp(z).
Thus, a function ¢: I — R represents an element of P if and only if it satisfies

/Ie@(x) de =1. (1)

Remark. In the discrete formulation, ¢ denotes the vector (p(z1),...,¢(zy)),
where 0 = 1 < 29 < ... < x, = 1 are n uniformly spaced points on the unit
interval I.

Tangent vectors f to the manifold P at ¢ represent infinitesimal (first-order)
deformations of ¢. Using a “time” parameter ¢, write such variation as ¢(z,t),
xz €I and t € (—e, €), where

pl,0) = p(x) and f(z) = 5 o(,0).

Differentiating constraint ({Il) with respect to ¢ at ¢ = 0, it follows that f: I — R
represents a tangent vector at ¢ if and only if

/If(x)e”’(’”) dx = 0. (2)
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This simply means that f(z) has null expectation with respect to e#®) dz:. Thus,
the tangent space T, to the manifold P at ¢ can be described as

1
T,P={f:1—R |/0 F@)e™ dz = 0},

What is the natural inner product on T,P that generalizes Fisher informa-
tion? In Sec.l we remarked that the Fisher information matrix can be viewed
as the Hessian of an energy functional associated with the KL divergence. In the
non-parametric setting, for ¢ € P, the corresponding energy is given by

Bol) = KL(e*.e") = [ (ola) = v@) e do.

Calculating the Hessian of £, at ¢ = ¢, it follows that the inner product induced
on T,P is given by

(v,w), = /Iv(x)w(x)e“"(m) dx, (3)
which agrees with Fisher information on parametric submanifolds. A similar
calculation with the Jensen-Shannon (JS) entropy divergence, which is a sym-
metrization of KL, leads to the same inner product, up to a multiplicative factor
independent of . This means that both KL and JS essentially yield the same
infinitesimal measure of relative uncertainty or lack of information.

Continuing with this informal argument, Eq.2lcan be rewritten as (f, 1) » =0,
where 1 denotes the constant function 1. Thus, f is tangent to P if and only if
it is orthogonal to 1.

To discretize this model, let 0 = 21 < 22 < ... < p_1 < T, = 1 ben
uniformly spaced points on the interval I. Heretoforth, all functions ¢: I — R
will be viewed as n-vectors obtained by sampling the function at these points;
that is, ¥ = (¢1,...,¢) € R™, with ¢; = ¥(z;). Eqn.Bl suggests that, at each
p € R", we consider the inner product

= figie®, (4)
i=1

where f,g € R™. From (), it follows that ¢ € R™ represents a (discretized) PDF
if and only if E?:l e?i = 1. More formally, consider the function F: R"™ — R
given by

n

Flg) = e (5)

=1

The differential of F' at ¢ evaluated at a vector f € R™ is

Zfze% ={(f, )
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which shows that the gradient of F' at ¢ with respect to the inner product
(, ), is VF(p) = (1,...,1), for any . This implies that the level sets of F' are
(n — 1)-dimensional submanifolds of R™. Of particular interest, is the manifold

P, = F~1(1),

which is our finite-dimensional analogue of P. As in (@), the tangent space T,,P),
consists of all vectors f € R™ satisfying (f, 1) o = 0; that is, vectors f € R"
orthogonal to (1,...,1) with respect to the inner product (,),. The geodesic
distance between @, 1) € P,, will be denoted d(ip, ).

4 Geodesics in P,

We are interested in developing an algorithm to calculate geodesics in P,, (with
respect to the Levi-Civita connection) with prescribed boundary conditions; that
is, with given initial and terminal points ¢ and v, respectively. Following a
strategy similar to that adopted in [13] for planar shapes, we propose to construct
geodesics in two stages. First, we describe a numerical strategy to calculate
geodesics in P,, with prescribed initial position ¢g and initial velocity fy.

4.1 Geodesics with Prescribed Initial Conditions

Recall that P, is a submanifold of the Riemannian manifold (R", (, ),). From
), R™ with this metric can be expressed as the n-fold Cartesian product of the
real line R equipped with the Riemannian metric

(u,v), = uve”,

x € R. This allows us to easily calculate the differential equation that governs
geodesics in R™ with this non-standard (flat) metric and derive explicit expres-
sions for geodesics with initial conditions prescribed to first order. To solve the
corresponding initial value problem in P,,, we adopt the following strategy:

(i) Infinitesimally, follow the geodesic path g in R™ satisfying the given initial
conditions.

(ii) The end point @; of this small geodesic arc in (R™, (, >¢) will typically fall
slightly off of P,; to place it back on the level set P,, = F~1(1) (i.e., to
have equation F'(¢;) —1 = 0 satisfied), we use Newton’s method. Since the
gradient of F'is 1 = (1,...,1) at any point, this projection can be accom-
plished in a single step since it is equivalent to simply adding a constant to
(@1 so that fol e?1(®) dx = 1. This gives @1 € P,,.

(iii) To iterate the construction, we need to parallel transport the velocity vector
fo to the new point ¢; along the estimated geodesic arc. As an approxi-
mation to the parallel transport, from the velocity vector of ag at the end
point @1, subtract the component normal to P,, at 1 and rescale it to have
the same magnitude as fy to obtain the velocity vector f; at ¢p. This is
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done because geodesics have constant speed. One can show that this ap-
proximation of the parallel transport is a mild variant of Euler’s method
applied to the differential equation of geodesics in P,,.

(iv) Iterate the construction.

We denote this geodesic by ¥ (t; o, fo), where t is the time parameter. The
position ¥(1; o, fo) of the geodesic at time ¢ = 1 is known as the exponential
of fo and denoted

€XPy, (fo) =¥(1;5 00, fo).
One often refers to fo as a logarithm of 1 = ¥(1; o, fo), denoted fo = log,., ¢1-
The procedure just described can be interpreted as a first-order numerical in-

tegration of the differential equation that governs geodesics in P,,. Higher-order
methods can be adapted similarly.

4.2 Geodesics with Boundary Conditions

Given two points ¢,9 € P,, how to find a geodesic in P, connecting them?
Similar to the strategy for computing geodesics in shape manifolds developed in
[13], we propose to use a shooting method. If we solve the equation

(L, f) =1 (6)

Fig. 1. Examples of geodesics in P,
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for f € T, P, (i.e., if we find the correct direction fj to shoot a geodesic to reach
¢ in unit time), then ¥(¢; ¢, fo), 0 <t < 1, gives the desired geodesic. Solving
Eqn.[ is equivalent to finding the zeros of the miss function

E(f) =210, f) - ¢

on the tangent space T,P,, where |.| denotes the standard Euclidean norm.
This problem can be approached numerically via Newton’s method.

Fig.[[l shows some examples of geodesics in P, computed with the algorith-
mic procedure described above. The examples involve probability density func-
tions obtained by truncating Gaussians, generalized Laplacians and mixtures of
Gaussians.

5 Data Analysis

Probability density functions are often used to model large ensembles of data
viewed as random samples of the model. To compare different ensembles, it is
desirable to adapt existing data analysis tools to the framework of Fisher in-
formation. In this section, we consider the problem of defining and computing
means and covariance of families of PDF's, as well as extending clustering tech-
niques to the manifold P,. Note that each PDF will be treated as a point on an
information manifold.

5.1 Fréchet Means

We begin with the problem of defining and finding the mean of a family of PDF's
on the interval I = [0, 1].

Let S = {¢1,...,0¢} C Py, be a collection of £ probability distributions over
I represented by their discretized log-likelihood functions. We are interested in
defining and computing sample statistics such as mean and covariance of S. We
propose to use the intrinsic notion of Fréchet mean [12], which is defined as a
(local) minimum of the total variance function

1 L

Vig) =52 d* (e,

i=1

where d denotes geodesic distance in P,,. It can be shown [12] that if f; is the
initial velocity of the geodesic that connects ¢ to ; in unit time, then

Thus, if we compute the velocity vectors f;, 1 < i < £, using the algorithmic
procedure described in Sec.[] the calculation of Fréchet means can be approached
with gradient methods. Fig.[2l shows examples of Fréchet means computed with
the techniques just described.
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Fig. 2. Examples of Fréchet means of PDFs

5.2 Covariance, Dimension Reduction and Learning

Given S = {¢1,...,pe} C Pp, let ¢ € P,, be a Fréchet mean of the collection S,
and let f; =logs ¢; be the initial velocity of the geodesic that connects ¢ to ¢;
in unit time, which can be calculated with the techniques of Sec.[dl

The vectors f;, 1 < i < {, yield an alternative tangent-space representation
of the elements of S as vectors in T;;P,,. This type of representation of data on
Riemannian manifolds via the inverse exponential map was introduced in the
context of shape analysis using landmark representations of shapes (see e.g. [7]).
Note that the original data point ¢; can be recovered from f; via the exponential
map. The advantage of this representation is that each f; lies in the inner-product
space (TPn, (, ) sb)’ where classical data analysis techniques such as Component
Analysis can be used. This tangent-space representation may, in principle, distort
the geometry of the data somewhat. However, the distortion is small if the data

35 35 35 35 35 35
25 25 25 25 25 25
2 2 2 2 2 2

15 15 1.5 1.5

1 1 1 1 1 / 1
05 05 05 05 05 05

0 05 1 ] 05 1 0 05 1 0 05 1 0 05 1 0 05 1

35 35 35 35 35 35
25 25 25 25 25

\
15 ) \ 15 / 15 y 15 15 15

Fig. 3. Reconstructing the data shown in Fig.2(b) with tangent-space Principal Com-
ponent Analysis using (a) one and (b) three principal components, respectively
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does not exhibit very large spread. This is often the case, in practice, if we
assume that the data has been pre-clustered and we are analyzing individual
clusters separately.

Once the data has been lifted to (TpPy, (, ) ), covariance can be defined as
usual. One can learn probability models for the family {f;;1 < i < ¢} using
standard techniques (see e.g. [7L21]). For example, Principal Component Analy-
sis (PCA) can be applied to the tangent-space representation of S to derive a
Gaussian model. Fig.2l(b) shows a set of six PDFs and their mean. Figs.[3l (a) and
(b) show tangent-space PCA reconstructions of the data using projections over
one and three principal directions, respectively. Other well-known data anal-
ysis methods such as Independent Component Analysis and Kernel PCA (see
e.g. [ITL20,[I0]) can be applied to tangent-space representations, as well.

5.3 Clustering

Classical clustering algorithms can be adapted to the present setting to group
large collections of PDFs into smaller subclasses. For example, starting with
single-element clusters formed by each element in a dataset, one can use hierar-
chical clustering techniques to successively combine clusters using the geodesic
distance between clusters in P,, as a merging criterion. Fig.[l shows the cluster-
ing dendrogram obtained for a family twelve PDFs using the nearest-neighbor
merging criterion. The techniques for calculating Fréchet means described in
Sec.BIlallow us to adapt the classical k-Means Clustering Algorithm to families
of PDFs using the geodesic distance, as well.

250

05

Fig. 4. Twelve PDFs and a “nearest-neighbor” hierarchical clustering dendrogram

6 Spectral Representation and Clustering of Texture

In this section, we employ histograms of spectral components to represent tex-
ture patterns in images at different scales. We carry out appearance-based object
recognition experiments to test the representation, geodesic metric, and geodesic
interpolation. We also use the geodesic metric and a variant of the clustering tech-
niques discussed in Sec.[.3]to identify regions of similar appearance in images.
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6.1 Texture Representation

Given a bank of filters = {F7,1 < j < K} and an image I, let I/ be the asso-
ciated spectral components obtained by applying filter F7 to the image. Assume
that the histogram of the jth spectral component is modeled on a PDF with log-
likelihood ¢; € P. The (texture of) image I will be represented by the K-tuple
P = (<p1, .. .,@K) € Px...xP=2PE Weshould point out that this is a global
representation of the image I, but the same construction applied to local windows
leads to multi-scale representations of texture patterns. If &4, &5 € PK represent
images I4 and I, respectively, let dr be the root-mean-square geodesic distance

1/2

K
d (¢A7¢B Z QOA7¢B ) (7)

which defines a metric on the space PX of texture representations.

Remark. In specific applications, one may wish to attribute different weights to
the various summands of dr (P4, ®p) in order to emphasize particular filters.

6.2 Region-Based Segmentation

In this section, we present results obtained in image segmentation experiments
with the ideas discussed above. To illustrate the ability of the metric dr to dis-
cern and classify local texture patterns, we grouped the pixels of some images
into two clusters. We used local histograms associated with five distinct spec-
tral components and the metric dr as measure of dissimilarity; a hierarchical
“centroid” clustering was adopted.

Fig. 5. In each row, the leftmost panel displays a test image. On the other panels, the
regions obtained by clustering the pixels into two clusters using histograms of local
responses to 5 filters are highlighted in two different ways.
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Fig. 6. A low-resolution segmentation of an image into three regions by clustering pixels
using 5 spectral components and the geodesic metric derived from Fisher information

On each row of Fig.[5 the leftmost panel shows the original images. The other
two panels display the two clusters obtained highlighted in different ways; observe
that clusters may be disconnected as in the image with a butterfly. Since cluster-
ing was performed at a low resolution, the boundaries of the regions are some-
what irregular. Note that because of the resolution and the local window size uti-
lized in the spectral analysis, the relatively thin white stripes on the fish are clus-
tered with the rest of the fish, not with the background. Fig.[6l shows the results
of a similar experiment, where the image was decomposed into three regions.

6.3 Appearance-Based Recognition

As an illustration of possible uses of the proposed spectral representation of tex-
tures using information manifolds, we carried out a small object recognition exper-
iment using 10 objects from the COIL-100 database. Each object in the database
is represented by 72 images taken at successive views that differ by 5-degree an-
gles. We used histograms of 39 spectral components, as well as the histograms of
the original images, so that each image is represented as an element of P4°.

In the first recognition experiment, the training set consisted of 4 images cor-
responding to 90-degree rotations of the objects, with the 68 remaining images
used as test images. Table[llcompares the recognition rates achieved with 4 train-
ing images for each object to those obtained by estimating four additional views
using geodesic interpolations. Similar results are shown for a training set of 8
images. Examples of histograms of intermediate views estimated using geodesic
interpolations are shown in Fig.[ll On the first row, we display histograms of
images of an object from angles differing by 90° and the corresponding interpo-
lation. A similar illustration for a spectral component of the image is shown on
the second row.
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Table 1. Recognition rates in an experiment with 10 objects from the COIL-100
database

# of Training | # of Test | Performance with | Performance with
Images Images | no Interpolations Interpolations
4 68 93% 95%
8 64 97% 100%

Fig. 7. First row: the left panel shows histograms of images of an object taken from
different views and the right panel displays histograms of intermediate views estimated
using geodesic interpolations. Second row: similar illustration for a spectral component.

7 The Spectral Cartoon Model

To model texture patterns using multi-resolution spectral components of images,
we localize the notion of appearance, as follows. Given a bank of filters F =
{F,...,Fx} and an image I, let I/, 1 < j < K be the associated spectral
components. For a pixel p, consider a window of fixed size (this determines the
scale) centered at p and let hg) be the histogram of I/ restricted to this window.
The histograms hg; yield an s-tuple &, = ((pzl), e cpff) € PX | which encodes the
local texture pattern near the pixel p. If p, ¢ are two pixels, we use the distance
dr(Pp, Py) defined in (7) to quantify texture divergence.

To simplify the discussion, we consider a binary model and assume that the
image consists of two main regions: a background and a single foreground ele-
ment, which are separated by a closed contour C. The proposed model can be
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modified to allow more complex configurations as in [I7]. A key difference to
be noted is that unlike the classical Ising image model, where a binary cartoon
is adopted (see e.g. [I5]), we make a similar assumption at the level of spectral
representations, so that even cartoons can be non-trivially textured. Thus, vari-
ations of pixel values, often treated as white noise, will be modeled on random
fluctuations of more richly structured texture patterns.

Let I: D — R be an image, where D is the image domain, typically a rect-
angle in R2. Consider triples (®;n, Pout, C), where C is a closed contour in D,
and Pir, Pour € PXK represent cartoon models for the local texture patterns in
the regions inside and outside C, respectively. We adopt a Bayesian model, with
a prior that assumes that C' is not “unnecessarily” long, so that the prior energy
will be a multiple of the length ¢(C). This can be easily modified to accom-
modate other commonly used priors such as the elastic energy; a probabilistic
interpretation of the elastic energy is given in [16]. The proposed data likelihood
energy is of the form

Ea(I|®sn, Bout, C) = a / (B, Bin) dp
(8)
+ﬁ/ d2 ¢p7¢out)dp7

where o, 8 > 0, and D;,,, D, are the regions inside and outside C, respectively.
The idea is that E4 will measure the compatibility of local texture patterns in
an image I with the texture of a proposed cartoon. The spectral cartoon of I is
represented by the triple (@;y,, Pout, C) that minimizes the posterior energy

E(dszruéouhcll = Oé/ dT m) dp

+6/ (B, Bout) dp + 1 £(C),

out

v > 0.

Since the estimation of the triple (@5, Pout, C) may be a costly task, one
may modify the model, as follows. For a given curve C, the optimal &;, can
be interpreted as the average value of @, in the region D;,, and the integral
fDm d%(®,, ;) dp as the total variance of @, in the region. We propose to
replace d?(®,, ®;,), the distance square to the mean, with the average distance
square from @, to @, for ¢ € D;y,, ¢ # p, which is given by

Z d*(®,, D,)

qum
q#p

Z?L

Here, P;, is the number of pixels in D;,. Proceeding similarly for the region
outside, the task is reduced to the simpler mazimum-a-posteriori estimation of
the curve C; that is, the curve that minimizes the energy functional
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E(C) = 52— 3 &9,

P, —1
P,q€Din
q#p
B
te 7 S A (@, ®y) +7U(C).
out P, E€Dout
q#p

8 Summary and Comments

We introduced new computational methods and strategies in non-parametric
Fisher information geometry. A basic tool developed is an algorithm to calcu-
late geodesics in information manifolds that allows us to address computational
problems arising in the analysis of families of probability density functions such
as clustering PDF's and the calculation of means and covariance of families of
PDFs. To demonstrate its usefulness, the methodology developed was applied to
various image analysis problems such as appearance-based recognition of imaged
objects and image segmentation based on local texture patterns. A spectral car-
toon model of images was proposed using a new representation of local texture
patterns. More extensive testing of the methodos introduced in the context of
image analysis will be carried out in future work.
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Abstract. This paper addresses the problem of efficient information
theoretic, non-parametric data clustering. We develop a procedure for
adapting the cluster memberships of the data patterns, in order to maxi-
mize the recent Cauchy-Schwarz (CS) probability density function (pdf)
distance measure. Each pdf corresponds to a cluster. The CS distance is
estimated analytically and non-parametrically by means of the Parzen
window technique for density estimation. The resulting form of the cost
function makes it possible to develop an efficient adaption procedure
based on constrained gradient descent, using stochastic approximation of
the gradients. The computational complexity of the algorithm is O(M N),
M < N, where N is the total number of data patterns and M is the num-
ber of data patterns used in the stochastic approximation. We show that
the new algorithm is capable of performing well on several odd-shaped
and irregular data sets.

1 Introduction

In data analysis, it is often desirable to partition, or cluster, a data set into sub-
sets, such that members within subsets are more similar to each other according
to some criterion, than to members of other subsets. Clustering has many impor-
tant applications in computer vision and pattern recognition. See for example
ref. [I] for a review.

Most of the traditional algorithms, such as fuzzy K-means [2] and the
expectation-maximization algorithm for a Gaussian mixture model (EMGMM)
[3], work well for hyper-spherical and hyper-elliptical clusters, since they are
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often optimized based on a second order statistics criterion. Therefore, in re-
cent years, the main thrust in clustering has been towards developing efficient
algorithms capable of handling odd-shaped and highly irregular clusters.

Information theoretic methods appear as particularly appealing alternatives
as clustering cost functions when it comes to capturing all the structure in a
data set. The reason is that pdf distance measures in theory do capture all the
information contained in the data distributions in question. Several information
theoretic approaches to clustering have been proposed in recent years, see for
example refs. [AB1[6L[7]. The problem with many such methods is often that the
information theoretic measure can be difficult to estimate. Analytical estimation
most often requires the user to choose a parametric model for the data distribu-
tions. Hence, the clustering algorithm will only perform well if the parametric
model matches the actual densities. Also, the optimization of the cost function
is often computationally demanding.

In this paper, we address the problem of efficient information theoretic, non-
parametric data clustering. We develop a procedure for adjusting the cluster
memberships of the data points, which seeks to maximize the CS pdf distance
measure. Since the estimated pdfs, at each iteration cycle, are based on the
current clusters, the approach is to assign the memberships of the data such that
the CS distance between the obtained clusters is maximized. The CS distance
can be estimated analytically and non-parametrically by means of the Parzen
window technique for density estimation. Hence, the cost function captures all
the statistical information contained in the data.

By estimating the cluster pdfs using the Parzen window technique, the CS
distance can be expressed in terms of cluster memberships with respect to a
predetermined number of clusters. Of course, in clustering, the memberships
are not known beforehand, and have to be initialized randomly. The adaption
procedure for these memberships, maximizing the CS cost function, is carried out
by means of the Lagrange multiplier formalism. The procedure can be considered
a constrained gradient descent search, with built in variable step-sizes for each
coordinate direction.

The resulting algorithm has a complexity of order O(N?), where N is the
number of data patterns. In practical clustering problems, the data sets may
be very large. Thus, it is of crucial importance to reduce the complexity of the
algorithm. To achieve this goal, we derive a stochastic approximation approach
to estimating the gradients used in the clustering rule. Instead of calculating the
gradients based on information from the memberships corresponding to all the
data points, we stochastically sample the membership space, using only M <« N
randomly selected membership functions and their corresponding data points, to
calculate the gradients. As a result, we obtain an efficient information theoretic
clustering algorithm of only O(M N) complexity.

The Parzen window size will also be used to avoid a pitfall of gradient descent
learning in non-convex cost functions, i.e., the convergence to a local optimum of
the cost function. We show that in our algorithm, this problem can to a high degree
be avoided, by allowing the size of the Parzen kernel to be annealed over a range
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of values around the optimally estimated value. The effect of using a large kernel
compared to the optimal kernel size, is to obtain an over-smoothed version of the
CS cost function, such that many local optima are eliminated. As the algorithm
converges toward the optimum of the smoothed CS distance, the kernel size is
continuously decreased, leading the algorithm toward the true global optimum.
We propose a method to select a suitable annealing scheme based on the optimal
Parzen kernel, which is, however, rather heuristic at this point.

The organization of this paper is as follows. In section[2] we review the Cauchy-
Schwarz pdf distance measure. In section B we develop the Lagrange multiplier
optimization procedure, and show how the gradients can be stochastically approx-
imated to obtain an efficient clustering algorithm. We present some clustering ex-
periments in section ] and make our concluding remarks in section Bl

2 Cauchy-Schwarz PDF Distance

Based on the Cauchy-Schwarz inequality; ||x||? ||y||> > (xTy)?, the following
holds;

T

Y > (1)

—log ———=2>
VI [lyll?

By replacing inner products between vectors in (), by inner products between
pdfs, i.e. (p,q) = [ p(x)g(x)dx, we define the following distance measure [8]

[ p(x)q(x)dx

D(p,q) = —log
\/fpz(x)dx | ¢?(x)dx

> 0. (2)

We refer to D(p, q) as the Cauchy-Schwarz pdf distance measure. It can be seen
that D(p, q) is always non-negative, it obeys the identity property, and it is also
symmetric. The D(p, q) goes to infinity when the overlap between the two pdfs
goes to zero. The measure does however not obey the triangle inequality, such
that it does not satisfy the strictly mathematical definition of a distance measure.

Since the logarithm is a monotonic function, maximization of D(p, q) is equiv-
alent to minimization of the argument of the log in (2)). In this paper, we refer to
this quantity as J(p, ¢), and the goal is to develop an efficient minimization scheme
for this quantity.

Assume that we estimate p(x) based on the data points in cluster C; = {x;}, @
= 1,..., Ny, and ¢(x) based on C; = {x;}, j = 1,..., Na. By the Parzen [9]
method
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where we have used symmetric Gaussian kernels, G(x, X), where ¥ = o2I. Ac-
cording to the convolution theorem for Gaussians, the following relation holds

/G(x - x4, 02 1)G(x — xj,0°1)dx = Gjj 2021, (4)
where Gyj 2,21 = G(x; — x;, 20°I).

Thus, when we plug the Parzen pdf estimates of @) into (@), and utilize (@),
we obtain

1 N1,N2
/p(X)q(X)dX N1N2 'Jz:l G’Lj 20215 (5>
1 N1,N1
[ Pe0x 55 3 G (6)
3,1/ =1

and likewise for f ¢*(x)dx, such that

1 Ni1,N2
N1iN2 Zz] 1 Gijaon

1 Ni,N1 N2,N2 ’
Vi SN Gt 7 LN G 2o

(7)

For each data patternx;, : = 1,..., N, N = N1+ N5, we now define a membership
vector m;. If x; belongs to cluster Cy (C2), the corresponding crisp membership
vector equals m; = [1,0]7 ([0,1]T). This allows us to rewrite () as a function of
the memberships, obtaining;

Ly (11— mlm;) Gyjzoe
b
\/Hk:l Zi,}:1 mikmjkGij 201

where m;, (mjr), k = 1, 2, denotes element number & of m; (m;). In the sequel we
will make explicit that the variable quantities in () are the membership vectors,
thus, we will use the notation J(my,...,my) instead of J(p, q).

In the case of multiple clusters, Cx, k = 1,..., K, we extend the previous
definition as follows

J(p,q) = (®)

320 (1 - mlmy) Gy oo
b
\/Hk:l > mam G aonn

where each m;, ¢ = 1,..., N, is a binary K dimensional vector. Only the k’th
element of any m; equals one, meaning that the corresponding data pattern x; is
assigned to cluster k.

The cost function J(my, ..., my) is related to the cluster evaluation function
used by Gokcay and Principe [10]. They basically clustered based on the numer-
ator of (@), which can be considered equivalent to a “between-cluster” Renyi en-
tropy measure. Their clustering technique was based on calculating the cluster
evaluation function for all clustering possibilities, hence impractical for anything

J(my,..., my) =

9)
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but very small data sets. We incorporate the “within-cluster” Renyi entropies in
the cost function, which are equivalent to the quantities in the denominator of
[@). This helps balance the cost function, and avoids problems such as obtaining
a minimum of the cost function when only one data point is isolated in a cluster,
and all the other data points in the remaining cluster. In addition, in the following
we will derive an efficient optimization technique for minimizing J(my, ..., my).

We assume a-priori knowledge about the number, K, of clusters inherit in the
data set. This may seem to be a strict assumption, and in some cases it probably is.
However, much research has been conducted with regard to estimating the number
of clusters present in a data set. See e.g. [I1] for an overview of different cluster
indicies.

3 Lagrange Optimization

In order to minimize (@) using differential calculus techniques, we need to fuzzify
the membership vectors such that m; € [0,1],4 =1,..., N. Accordingly, we sug-
gest to solve the following constrained optimization problem

min  J(my,...,my), (10)
mi,...my
subject to ijl —1=0, j=1,...,N,wherelisa K-dimensional ones-vector.
Now we make a convenient change of variables. Let m;, = vfk, k=1,... K.
Consider
min  J(vi,...,vN), (11)
Vi,..sVN

subject to V?Vj —1=0, j=1,...,N. The constraints for the problem stated

in ([ are equivalent to the constraints for (). The optimization problem, (IIJ),

amounts to adjusting the vectors v;, ¢ = 1,..., N, such that
aJ 07 Tom;\ aJ
m;
ov; <8m1 ov; ) Om,; o ( )

where I = diag(2y/mi1, . . ., 2/mix ). We force all elements 2,/m, k= 1,..., K,
to always be positive by adding a small positive constant ¢ during each member-
ship update. Hence, g—‘] — 0 implies aa—" — 0. Thus, these scalars can be in-
terpreted as variable step-sizes built into the gradient descent search process, as a
consequence of the change of variables that we made. We will return to the deriva-
tion of in subsection3.2] and to the stochastic approximation of this quantity.

The necessary conditions for the solution of ([[1l) are commonly generated by

constructing the Lagrange function, given by

N
L:J(vl,...,vN)+Z)\j (VjTVj—l)7 (13)

j=1
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where A\;, j = 1,..., N, are the Lagrange multipliers. The necessary conditions
for the extremum of L are given by

OL

ov; 8vz ) 0, (14)
L

% = V?vj —-1=0, (15)
Y

fori,j=1,..., N. From (I4) we derive the following fized-point adaption rule for
the vector v; as follows

aJ 1 9J

2 Lo\ = p—— - 1

v, +2\v; =0=v] N v (16)
1=1,...,N, and where V?_ denotes the updated vector.

We solve for the Lagrange multipliers, A;, ¢ = 1,..., N, by evaluating (),
yielding

1 [oJ" 07
A==\ . (17)

2 (’9vi BVZ'
After convergence of the algorithm, or after a predetermined number of iterations,
we designate the maximum value of the elements of each m;, ¢ = 1,..., N, to one,

and the rest to zero.

We initialize the membership vectors randomly according to a uniform distri-
bution. That way m; € [0, 1] Vi, even though the constraint of ({0 is not obeyed.
We have observed that after the first iteration through the algorithm, the con-
straint is always obeyed. Better initialization schemes may be used, although in
our experiments, the algorithm is very little affected by the actual initialization
used.

3.1 Kernel Size and Annealing Scheme

In section[2] the same kernel size, o, was used in the Parzen estimate of both (all)
the pdfs of the clusters. Obviously, to obtain a perfect pdf estimate for each cluster,
this assumption may not be valid. But since we don’t know which data points
belong to which cluster (since this is exactly what we are trying to determine) it
is impossible to obtain a separate kernel size for each cluster. Given an input data
set, the best we can do is to estimate the optimal kernel size o based on the whole
data set. In section ] we show that for the purpose of clustering, using a single
kernel size for each cluster gives promising results, even though the underlying
densities are not necessarily optimally estimated.

We will use Silverman’s rule-of-thumb to determine the optimal kernel size
with respect to a mean integrated square error criterion between the estimated
and the actual pdf. It is given by [12]

Oopt = 0x {AN""(2d + 1) 1}d+4 (18)
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where d is the dimensionality of the data and 0% = d~' ", Y'x,, and Xx,, are the
diagonal elements of the sample covariance matrix.

The new CS-clustering algorithm that we propose can be operated in a fully
automatic mode by selecting the kernel size using (I8]), assuming that the correct
number of clusters, K, has been estimated beforehand. Hence no user-specified pa-
rameters are needed. However, since the CS-cost function is non-convex, it may
exhibit more than one optimum. For many data sets, the algorithm may always
converge to the correct solution, but for other data sets, it may in some cases con-
verge to a local non-optimal solution.

The Parzen windowing makes it possible to incorporate a learning strategy
into the algorithm to help avoid local minima. The kernel size is allowed to be
annealed over a range of values around the optimal value. We start out with a
relatively large kernel size, which has the effect of smoothing out local minima of
the cost function. As the algorithm converges toward the global minimum of the
smoothed cost function, which is biased wrt. the location of the true minimum, the
kernel size is continuously annealed, such that the minimum of the smoothed cost
function gets more and more aligned with the true minimum. By incorporating the
annealing into the algorithm, we can be more certain that the solution obtained
is close to the desired solution.

3.2 Stochastic Approximation

In this subsection we examine the stochastic approximation approach for calcu-
lating the gradient 3‘] .

Let J = Where
1 N,N
U = § i]z_:l (1 — mZTmJ) Gij,20'217

N,N
V= H vg and vy = Z mMixMjkGij o021 (19)
i,j=1
Hence ou ov
Vi — U~
8m,’ V2
N
ou
5 == MG, (21)
i —
K H 1 Vg
1 k#k ,
6‘/ _ = Z (%k ’ (22)
om; 2 Vg 81’11@‘
k=1
T
where g”k’ = [0 s 2 Z;\;l Mk Gijog21 - - - 0} . Thus, only element number &’

of this vector is nonzero.
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The key point to note, is that we can calculate all quantities of interest in
20), by determining (21I), for Vi. Since (21I) is a sum over N elements, calculat-
ing all these quantities is an O(N?) procedure. An O(N?) algorithm may become
intractable for large data sets. To reduce complexity, we estimate (ZII) by stochas-
tically sampling the membership space, and utilize M randomly selected member-
ship vectors, and corresponding data points, to compute

M
- Z mmGiﬂL,20'2I3 (23)

m=1

as an approximation to (2I]). Hence, the overall complexity of the algorithm is
reduced to O(M N) for each iteration. We will show that we obtain very good
clustering results, even selecting M to be as small as 15% of N.

4 Clustering Experiments

In this section we report clustering results on two artificially created data sets,
and one real. In all experiments, we use (1)) to estimate the kernel size with re-
spect to Parzen pdf estimation. The upper limit of the kernel size, which we start
out with in the annealing procedure, is chosen to be oypper = 206pt, and the lower
limit is selected as giower = 0.500p¢. The kernel size is linearly decreased using a
step size Ay = (Gupper — Tlower)/100. If convergence is not obtained when reach-
ing olower, the algorithm continues using ojower as the kernel size. These values
are selected based on our experimental experience. It should be said that the al-
gorithm is quite robust with regard to these values. Also, the value of M is always
selected as 15% of the value of N (rounded to the nearest integer). Our experi-
ments show that even thought we only use a few randomly chosen points to es-
timate the gradients, the results are as good as utilizing the whole data set. The
memberships are initialized as proposed in section[3, and the constant ¢ = 0.05.
In order to stop the algorithm, we examine the crisp memberships every tenth it-
eration. If there is no change in crisp memberships over these ten iterations, it is
assumed that the algorithm has either converged to a reasonable solution, or that
the algorithm is trapped in a local minimum from which it cannot escape. Hence,
when the algorithm terminates, it has in practice converged at least ten iterations
earlier.

In our first experiment, we consider the data set shown in Fig.[[l (a). A human
can observe that it contains two “half-moon”-shaped clusters with a highly non-
linear cluster boundary. There are totally N = 419 data patterns. The data set
is clustered 20 times using the CS-clustering algorithm. In absolutely all trials,
a result similar to that shown in Fig. [ (b) is produced, after on average about
100 iterations. It can be seen that the clustering reveals the structure of the data
set. It should be said that a similar result is also obtained in 80% of the trials
using the fixed kernel mode, that is, the kernel is not annealed. Hence, in fixed
kernel mode, the algorithm converges to a local optimum in 20% of the trials. For
comparison, a typical result using the EMGMM algorithm is shown in Fig. [ (c).
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(¢) EMGMM-clustering (d) SL-clustering

Fig. 1. The CS-clustering algorithm performs very well on this two-cluster data set,
where the boundary between the clusters is highly non-linear, and there are some overlap

The EMGMM algorithm never obtaines the desired result, but always produces
a near-linear cluster boundary. The same is the case for the Fuzzy K-means al-
gorithm, which produces a result similar to the EMGMM (not shown). Also, the
result using the single-link clustering algorithm [I] is shown in Fig. [l (d). It can
be seen that it isolates a single point in one cluster, and links together all the rest.
This behavior is typical for the single-link algorithm when the clusters have some
overlap. Fortunately, the CS-clustering algorithm shows no such tendency. Note
that all the clustering methods we compare with are popular and often used in
practice.

In the second experiment, we cluster the data set shown in Fig. 2l (a). It con-
tains NV = 819 data patterns. As can be observed, there seems to be three clusters,
but the boundaries are not very clear. Consistently, the CS-algorithm produces a
clustering result as shown in Fig.[2(b), after on average about 120 iterations. The
result clearly seems to be reasonable, considering the structure of the data set. For
comparison, the result obtained using fuzzy K-means is shown in Fig. 2l (c). The
linear cluster boundaries this method produces are shown by the straight lines,
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(c) FCM-clustering (d) Normalized Cut clustering

Fig. 2. Data set consisting of three clusters used in second clustering experiment

obviously not capturing the non-linear nature of the data. The result obtained
using the EMGMM algorithm is quite similar, and is not shown. The single-link
algorithm fails completely on this kind of data, because the data is noisy. We also
include a comparison to a recent graph-based clustering algorithm known as the
Normalized Cut method [I3]. The scale parameter used in this method to define
graph edge-weights was recommended by the authors to be in the range 10 — 20%
of the total range of the Euclidean feature vector distances. We use 15%. The re-
sulting clustering is shown in Fig. 2l (d). It is clearly an improvement over fuzzy
K-means, but seems not to capture the cluster structure to the same degree as
our proposed method.

As afinal experiment, the Wisconsin breast-cancer (WBC) data set [14] is clus-
tered. It consists of 683 data points (444 benign and 239 malignant). WBC is a
nine-dimensional dataset with features related to clump thickness, uniformity of
cell size, shape, and so forth. See [14] for details. On average, we obtained a correct
classification rate of 94.5%, which is comparable to the best results reported for
other clustering schemes on this data set.
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5 Conclusions

In this paper, we have developed a clustering algorithm that is based on optimizing
the Cauchy-Schwarz information theoretic distance measure between densities.
The optimization is carried out using the Lagrange multiplier formalism, and can
be considered a constrained gradient descent search. The gradients are stochasti-
cally approximated, reducing the complexity from O(N?) to O(MN), M < N.
We have shown that the algorithm performs well on several data sets, and that it is
capable of clustering data sets where the cluster boundaries are highly non-linear.
We attribute this property to the information theoretic metric we use, combined
with non-parametric Parzen density estimation.

Jenssen et al. [I5] in fact discovered a relationship between the Cauchy-
Schwarz pdf distance and the graph theoretic cut. This means that our proposed
method can also be considered to belong to the family of graph-based clustering
cost functions, and it is hence related to the Normalized Cut method and spec-
tral clustering. However, in our method, there is no need to compute eigenvectors,
which is known to be a computationally demanding procedure. In future work,
we will further pursue this link between our information theoretic approach and
graph theory. See also [16] for comments on this link.

References

1. A. K. Jain, M. N. Murty, and P. J. Flynn, “Data Clustering: A Review,” ACM
Computing Surveys, vol. 31, no. 3, pp. 264-323, 1999.

2. J. C. Bezdek, “A Convergence Theorem for the Fuzzy Isodata Clustering Algo-
rithms,” IEEFE Transactions on Pattern Analysis and Machine Learning, vol. 2, no.
1, pp. 1-8, 1980.

3. G. J. McLachlan and D. Peel, Finite Mizture Models, John Wiley & Sons, New
York, 2000.

4. K. Rose, E. Gurewitz, and G. C. Fox, “Vector Quantization by Deterministic An-
nealing,” IEEE Transactions on Information Theory, vol. 38, no. 4, pp. 1249-1257,
1992.

5. T. Hofmann and J. M. Buhmann, “Pairwise Data Clustering by Deterministic An-
nealing,” IEEE Transactions on Pattern Analysis and Machine Intelligence, vol. 19,
no. 1, pp. 1-14, 1997.

6. S. J. Roberts, R. Everson, and I. Rezek, “Maximum Certainty Data Partitioning,”
Pattern Recognition, vol. 33, pp. 833-839, 2000.

7. N. Tishby and N. Slonim, “Data Clustering by Markovian Relaxation and the In-
formation Bottleneck Method,” in Advances in Neural Information Processing Sys-
tems, 13, MIT Press, Cambridge, 2001, pp. 640-646.

8. J. Principe, D. Xu, and J. Fisher, “Information Theoretic Learning,” in Unsu-
pervised Adaptive Filtering, S. Haykin (Ed.), John Wiley & Sons, New York, 2000,
vol. I, Chapter 7.

9. E. Parzen, “On the Estimation of a Probability Density Function and the Mode,”
The Annals of Mathematical Statistics, vol. 32, pp. 1065-1076, 1962.

10. E. Gokcay and J. Principe, “Information Theoretic Clustering,” IEEFE Transactions
on Pattern Analysis and Machine Intelligence, vol. 24, no. 2, pp. 158-170, 2002.



11

12.

13.

14.

15.

16.

Optimizing the Cauchy-Schwarz PDF Distance 45

. G. W. Milligan and M. C. Cooper, “An Examination of Procedures for Determining
the Number of Clusters in a Data Set,” Phychometrica, pp. 159-179, 1985.

B. W. Silverman, Density Estimation for Statistics and Data Analysis, Chapman
and Hall, London, 1986.

J. Shi and J. Malik, “Normalized Cuts and Image Segmentation,” IEFE Trans-
actions on Pattern Analysis and Machine Intelligence, vol. 22, no. 8, pp. 888-905,
2000.

O.L Mangasarian and W. H. Wolberg, “Cancer Diagnosis via Linear Programming,”
SIAM News, vol. 5, pp. 1-18, 1990.

R. Jenssen, J. C. Principe, and T. Eltoft, “Information Cut and Information Forces
for Clustering,” in Proceedings of IEEE International Workshop on Neural Networks
for Signal Processing, Toulouse, France, September 17-19, 2003, pp. 459-468.

R. Jenssen, D. Erdogmus, J. C. Principe, and T. Eltoft, “The Laplacian PDF Dis-
tance: A Cost Function for Clustering in a Kernel Feature Space,” in Advances
in Neural Information Processing Systems 17, MIT Press, Cambridge, 2005, pp.
625—632.



Concurrent Stereo Matching: An Image
Noise-Driven Model

John Morris, Georgy Gimel’farb, Jiang Liu, and Patrice Delmas

Department of Computer Science, Tamaki Campus,

The University of Auckland, Auckland, Private Bag 92019, New Zealand
Tel: +64 9 3737599 ext 88744, Fax: +64 9 3082377
{j.morris, g.gimelfarb, p.delmas}@auckland.ac.nz,
j1liu001@ec.auckland.ac.nz

Abstract. Most published techniques for reconstructing scenes from
stereo pairs follow a conventional strategy of searching for a single sur-
face yielding the best correspondence between the images. The search
involves specific constraints on surface continuity, smoothness, and vis-
ibility (occlusions) embedded in a matching score - typically an ad hoc
linear combination of distinctly different criteria of signal similarity. The
coefficients or weighing factors are selected empirically because they dra-
matically effect accuracy of stereo matching. The single surface assump-
tion is also too restrictive - few real scenes have only one surface.

We introduce a paradigm of concurrent stereo that circumvents in part
these problems by separating image matching from a choice of the 3D
surfaces. Concurrent stereo matching first detects all likely matching 3D
volumes instead of single best matches. Then, starting in the foreground,
the volumes are explored, selecting mutually consistent optical surfaces
that exhibit high point-wise signal similarity. Local, rather than global,
surface continuity and visibility constraints are applied.

1 Introduction

Many strategies for 3D reconstruction from stereo pairs have been proposed [1, 2].
Universally, matching corresponding points in the left and right images is a
critical step. Stereo reconstruction remains an ill-posed inverse optical problem
because many different optical surfaces may produce the same stereo pair due to
homogeneous (i.e. uniform or repetitive) texture, partial occlusions and optical
signal distortions. Occlusions result in image areas with no correspondence and
texture homogeneity produces multiple equivalent matches.

Over many years, automated stereo matching has evolved from simple feature
or gradient descent based algorithms (e.g. [4,5]) to complex optimisation based
on dynamic programming [6-9], graph minimum-cut [10-13], or belief propaga-
tion techniques [13-16] . Almost all these approaches follow the same paradigm
of searching for a single optical surface yielding the best correspondence between
images under specific constraints on surface continuity, smoothness, and visibil-
ity (or partial occlusions). Even the best performing minimum-cut algorithms

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 46-53] 2005.
© Springer-Verlag Berlin Heidelberg 2005
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use an ad hoc linear combination of signal similarity, surface smoothness, and
surface visibility criteria with empirically chosen weights of each criterion. It has
been shown that the choice of the weights strongly influences the reconstruc-
tion accuracy [18]. Moreover, few real scenes consist of a single surface, so this
assumption is also too restrictive.

Recently a paradigm of searching for a minimal photo-consistent hull contain-
ing no spatial elements (voxels) resulting in dissimilar corresponding points was
used to reconstruct a 3D surface from multiple images [19]. Also, humans tend to
analyse a scene in ‘strokes’ - the eye’s focus browsing from low to high frequency
regions, from sharp points to smooth areas and vice versa rather than scanning
line-by-line [20]. Starting with these ideas, we introduce a novel paradigm of
concurrent binocular stereo reconstruction fusing advantages and reducing dis-
advantages of previous methods. In this paper, we show that a typical stereo
pair contains many admissible matches, so that ‘best’ matching or minimization
algorithms will make many incorrect decisions. To counter this, our paradigm
separates image matching from a subsequent search for surfaces by consider-
ing all likely matching volumes instead of singleton local best matches and ex-
ploiting local surface constraints rather than global continuity ones. Concurrent
matching has two main features. First, corresponding volumes are found by
image-to-image matching at each fixed depth, or disparity value. This allows
mutual photometric distortions of images to be taken into account. Secondly,
reconstruction proceeds from foreground to background surfaces to account for
occlusions - enlarging corresponding background volumes at the expense of oc-
cluded portions. An additional colour continuity criterion is used then to select
most appropriate surfaces.

Section 2 discusses the ill-posed nature of binocular stereo using artificial
scene profiles and slices of one real image pair (the “Tsukuba” set). Note that
our aim in this paper is only to illustrate the main properties of the paradigm we
are proposing. Basic steps of the concurrent paradigm are considered in Section 3,
in particular, matching images to find corresponding spatial volumes and fitting
surfaces to those volumes.

2 IllI-Posed Binocular Stereo

Figure 1 exemplifies the main problems that can be encountered with single sur-
face binocular stereo reconstruction as well as with regularisation of a multiple
surface scene. A section through a set of surfaces along with the correspond-
ing piecewise-constant intensity profiles in the left and right images is shown in
Figure 1(a). Grey areas in Figures 1(b)-(d) show matching regions. Figure 1(b)
shows that an erroneous single surface profile may easily be constructed by ap-
plying smoothness and ordering constraints. Other reconstructions (from the
many possible) are shown in Figures 1(c) and (d). Moreover, the corresponding
(precisely matching) areas do not reflect the actual scene unless occlusions are
taken into account. Without additional constraints, it is impossible to discrimi-
nate between possible solutions.
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Fig. 1. Reconstructions from a stereo pair demonstrating the ill-posed nature of the
problem - even in the absence of noise: (a) actual surface profiles with intensity profiles
for the left and right images shown along vertical and horizontal axes - labels indicate
correspondences between surfaces and regions in the intensity profiles; (b)-(d) possible
surface reconstructions are shown by dotted lines through grey-shaded possible match-
ing regions: (b) a single continuous profile, (c) one (extreme) disjoint variant, and (d)

one restricted to a fixed disparity range - surface profiles above the line marked ’dq2’
are excluded.

Furthermore, even low level signal noise that does not mask major signal
changes in Fig. 1 hinders the conventional matching paradigm because it is
based on the maximum similarity between the signals for a reasonably con-
strained surface. In our simple example, the closest similarity between the ini-
tially equal signals distorted with independent noise can lead to selection of a
completely random surface from a set of admissible variants specified by both
signal correspondences and surface constraints.

Given a noise model, a more realistic stereo matching goal is to estimate
signal noise and specify a plausible range of differences between corresponding
signals. The noise estimates allow us to outline 3D volumes that contain all the
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surfaces ensuring such a ‘good matching’. Then the desired surface or surfaces
may be chosen using surface constraints only.

Generally, stereo matching presumes the availability of a signal similarity
model that accounts for changes in surface reflection for any potential noise
sources. However, most stereo matching algorithms in computer vision, includ-
ing the best-performing graph minimum-cut ones, use very simple similarity
criteria such as the sum of absolute signal differences (SAD) or square differ-
ences (SSD) for all the binocularly visible surface points. The underlying signal
model assumes equal corresponding signals distorted by an additive indepen-
dent noise with the same zero-centred symmetric probability distribution. Such
a simplification is justified for a few stereo pairs typically used for testing al-
gorithms, e.g., for the Middlebury data set [2]. However, it is invalid in most
practical applications, e.g. for aerial or ground stereo images of terrain collected
at different times under changing illumination and image acquisition conditions.
More realistic similarity models must take account of global or local offset and
contrast signal distortions [7,9].

For the “T'sukuba” pair, Table 1 shows empirical probability distributions of
absolute pixel-wise signal differences, 61(x,y,d) = |I.(z,y)—Ir(x—d, y)|, for the
corresponding points in the supplied ‘ground truth’ and for three single-surface
models reconstructed by symmetric dynamic programming stereo (SDPS), graph
minimum cut (GMC), and belief propagation (BP) algorithms in a given z-
disparity range A = [dmin = 0, dmax = 14]. Effectively, this distribution shows
the discrepancy in a real image pair from the assumed simple signal model:
sources for this ‘noise’ are:

1. signal-based (circuit noise, quantization, . ..),
2. geometric (discrete pixel sensors, occlusions, perspective, ...) and
3. optical (non-uniform scattering, specular reflections, ...).

Fig. 2 plots these distributions (top left) and shows grey-coded signal corre-
spondences for one epipolar line (y = 173) in terms of the pixel-wise absolute
differences - black regions correspond to 6/ = 0. The multiplicity of possible

Table 1. Distribution of intensity differences for corresponding points in the
“Tsukuba” scene: % of the corresponding points with the absolute intensity differ-
ence 81 in the indicated range where x-disparities are derived from the ground truth
(True) and the model reconstructed by SDPS, GMC and BP algorithms. The final col-
umn contains D, the sum of square distances between the distributions for the ground
truth and the reconstructed models.

o1 0 1 2 3- 6- 11- 21- 31- 61- 126- D

10 20 30 60 125 255 x107*
True 185 296 195 19.1 6.6 3.7 1.4 1.2 0.4 0.0
SDPS 20.9 309 181 179 6.7 3.7 1.2 0.6 0.0 0.0 8.5
GMC 17.2 253 155 17.3 8.9 6.9 3.3 2.2 1.4 0.0 60.9
BP 172 304 197 215 64 3.6 1.0 0.8 2.3 1.2 13.6
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Fig. 2. “Tsukuba” stereo pair: (top left) distribution of signal differences, I, for the
pair of epipolar lines marked in the actual images (y = 173); (bottom right) grey-coded
absolute signal differences, |61, for the whole image, with the actual profile marked. Dark
regions indicate good matches: the multiplicity of admissable matches is clearly shown.

matches is clearly seen!. The distribution obtained with the symmetric dynamic
programming stereo (SDPS) algorithm [9] is closest to the true one. Hence, in
these experiments, we used the pixel-wise absolute signal differences from SDPS
as estimates of the spatially variant image noise. The overlaid true surface pro-
files show that in this example the single-surface approximation is close to the
actual disjoint scene only due to a small z-disparity range A = [0, 14].

3 Concurrent Stereo Matching - Basic Features

Concurrent stereo reconstruction first matches image pixels using a signal model
to estimate random signal noise which generally is independent in both images

! Scene assumptions enable the matching regions to be delimited. Assuming no ‘out-of-
image’ matching eliminates the lower right triangle. Assuming a closest approach (or
maximum disparity) eliminates much of the upper left. However, plenty of candidate
matches remain!
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and can be spatially variant. The model takes into account possible global or
local contrast or offset deviations between corresponding image areas. In contrast
to conventional paradigms, rather than immediately trying to find the single
optical surface or its minimal visual hull, it first delimits all 3D volumes which
are reconstruction candidates, i.e. which contain all the candidate 3D points
that ensure an admissible (or good) match according to the noise model?. The
second step attempts to find surfaces fitting the candidate volumes using only
smoothness and visibility constraints that rank the surfaces according to their
appropriateness for human visual perception. The fundamentally ill-posed nature
of the problem makes discovering the true surface an unrealistic goal. Thus, we
set a more practical goal - to select from possible candidates a surface that closely
resembles the choice that a human observer would make. In the final stage,
one or more surfaces are selected and possible partial occlusions of the chosen
surfaces are analyzed. In particular, this could be done by stratifying surfaces
into foreground versus background and refining the occluded background after
eliminating the foregrounds. By retaining all likely solutions for a given set of
images, the imposition of constraints which are not always physically realistic is
delayed until the final stage where they guide choices of possible solutions.

3.1 Admissible Point-Wise Correspondences

The artificial example in Fig. 1 presumes that corresponding volumes have zero
matching error. If low-level noise is added to these signals, the pixel-wise cor-
respondences for each disparity, d, have a zero-centred cluster of small signal
differences that includes true matches and one or more distant clusters rep-
resenting only mismatches. The noise distribution estimated from the central
cluster allows us to recover the corresponding areas seen in Fig. 1.

Using the same simple model of signal distortions, natural cases such as the
“Tsukuba” set (Fig. 2) produce continuous distributions of signal differences
(see the top left quadrant of Fig. 2). Generally, the distribution of noise will be
spatially variant and has to be locally estimated. For simplicity, the noise estima-
tion process could focus on best matching scores under the same model. Table 1
shows that SDPS reconstruction along corresponding epipolar lines provides rea-
sonably close estimates of the residual pixel-wise noise for the “T'sukuba” scene.
Obviously, images with finer texture need more robust noise estimation models
taking account of sub-pixel quantisation errors [21]. These noise estimates can
be used to determine what is considered to be an admissible match.

Examples of the first step in our new paradigm are presented in Figs. 3-8
for four stereo pairs from the Middlebury database [2] (“Tsukuba”, “Venus”,
“Map”, and “Sawtooth”, respectively). The middle panels in Figs. 3 and 6 and
the upper panels in Figs. 5 and 8 show d-slices of the candidate (z,y, d) volumes.
Black points indicate candidates with signal differences within the estimated
noise ranges for each (z,y)-position, i.e., acceptable matches.

2 All good matches are equivalent with respect to the estimated noise range and within
other admissible contrast or offset image deviations.
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Fig. 3. Stereo pair “Tsukuba” — First two rows: Ideal disparity map for selected dis-
parities d. Middle two rows: First nine panels: Candidate (z,y,p) volumes sliced at
selected values of d. Large black regions clearly indicate good candidates for the final
surfaces. Tenth panel: SDPS-estimated spatial noise variation — black-to-white coding
of a noise range from [0,0] to [0,27] (white indicates the largest range). Last two rows:
Selection of reconstructed surfaces.

3.2 Surfaces for the Corresponding Volumes

Surfaces were successively fitted to each separate candidate volume working from
foreground to background within a known disparity range, A. In the “Tsukuba”
scene, this implies that the large black region of the lamp in the d = 14 slice
was first accepted and then propagated ‘back’ into the scene as occluded points.
To rank surface variants in the corresponding volumes in accord with typical
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Fig. 4. Stereo pair “Venus” — Ideal disparity map for selected disparities d

visual perception, we used a preference criterion based on the surface planarity,
area, and its local expansion or shrinkage at the adjacent d-slices. In our first
set of experiments, the mean shift algorithm was used to segment the original
left colour image into a dense set of connected regions. Then each connected
region was examined for proportion of good matching points at the current d
value. If this proportion was above a threshhold (0.65 for the results shown),
then the region is labelled a ‘survivor’ for this d value and the holes filled in.
Alternative approaches based on assumptions that any detectable ‘feature’ must
have a minimum projection (in pixels) in the image plane could be used to remove
noisy outliers. This latter approach would be a practical requirement that, in
effect, requires us to ensure that the problem we are posing is realistic: accepting
isolated pixels as representing candidate volumes implies that we are attempting
to extract more information from the image pair than is physically realistic —
given a noise model. In the “Tsukuba” pair, only a small textureless region in
the background remained accepted after this criterion is applied. Note carefully,
that this is not an empirical parameter used to evaluate a cost function - as in
typical ‘best matching’ techniques: it is a criterion established at the experiment
design stage which governs the parameters of the stereo camera configuration,
including in particular, resolution in the imaging planes.

A selection of final volumes (represented by regions remaining at various d
levels) is shown in the lower rows of Figs 3, 5, 6, and 8. From Fig 2, it can
be noted that our model produces very sharp, correct edges for most objects
— evidenced by the very strong edges running through the signal differences
plot in the lower right quadrant (in comparison to the ‘fuzzy’ edges of window-
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d=9 d=10 d=11 d=12 d=13

d=15 d=16 d=17 d=18

Fig. 5. Stereo pair “Venus” — First three rows: Candidate (x,y,p) volumes sliced at
selected values of d (first 14 panels: large black regions clearly indicate good candidates
for the final surfaces)and SDPS-estimated spatial noise variation (15" panel). Last
three rows: Selection of reconstructed surfaces.

based correlation or ‘slurred’ edges of dynamic programming techniques). We
also investigated region estimation using the mean shift algorithm and further
suppression of likely matches by:
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Fig. 6. “Map” image set: First two rows: Ideal disparity map for selected disparities.
Middle two rows: Candidate (z,y,p) volumes sliced at selected values of d (first nine
panels; large black regions clearly indicate good candidates for the final surfaces) and
SDPS-estimated spatial noise variation (tenth panel). Last two rows: Selection of re-
constructed surfaces.

1. generation of connected components based on region estimation,

2. estimating the ratio of likely matches in a connected cell versus the cell area
for any given disparity slice, and

3. further processing of the connected components borders by intra- and inter-
region statistical analysis.
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Fig. 7. Stereo pair “Sawtooth” — Ideal disparity map for selected disparities d

In Table 2, the performance of two variants of our concurrent stereo matching
(CSM) algorithm are compared with the other algorithms ranked on the Middle-
bury web site. It can be seen that, with the exception of the stereo pair, “Map”,
the CSM algorithm is producing quite good results even before flexible surface
models and optimization techniques are involved to ensure the best adjustment
to the candidate volumes. The errors in the reconstructed “Map” surface are
attributed to the original noise estimation step: the SDPS algorithm allows for
significant signal mismatches in the regions where sharp jumps in disparity and
thus large partial occlusions occur. Our oversimplified noise estimation takes no
account of the occlusions, so that these mismatches translate into too large noise
estimates for these regions. We expect that an improved noise estimation pro-
cedure, e.g. based on a Markov—Gibbs random field of noise ranges, will remove
many of the poor matches accepted in this case.

4 Conclusion

Analysis of stereo images with ground truth shows that each stereo pair pro-
duces a large number of equivalent (with respect to the closest signal matching)
solutions. Traditional stereo matching paradigms mix the matching and the se-
lection of visually most appropriate surfaces. We propose that reconstruction
should be separated into two steps:

1. independent noise or signal error range estimation to outline spatial volumes
which are equivalent from the standpoint of image matching, and
2. selection of one or more surfaces to fit these volumes.
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Fig. 8. Stereo pair “Sawtooth” — First three rows: Candidate (z,y, p) volumes sliced at
selected values of d (first 14 panels; large black regions clearly indicate good candidates
for the final surfaces) and SDPS-estimated spatial noise variation (15" panel). Last
three rows: Selection of reconstructed surfaces.

The separation leads to more efficient stereo reconstruction techniques.

This key idea is that this new paradigm abandons the ‘best match’ or signal
difference minimization criterion almost universally applied to date in favour of a
likely match criterion based on a local signal noise model. The final reconstructed
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Table 2. Comparison of concurrent stereo matching (CSM) with algorithms from the
Middlebury web site http://cat.middlebury.edu/stereo/ (MA): MA-SBPO - the
best-performing symmetric belief propagation algorithm with occlusions[16]f; CSM-
MSS and CSM-NS — CSM implementations with a conventional asymmetric stereo
visibility model and with mean shift and noise based segmentation, respectively.

Algorithm Tsukuba Sawtooth Venus Map
all untex. disc.| all untex. disc.| all untex. disc.| all disc.
MA-SBPO 0.97 0.28 5.45|0.19 0.00 2.09|0.16 0.02 2.77(0.16 2.20
Rank 1 3 3 1 1 3 3 23 7 1 1
Our:CSM-MSS 1.15 0.80 1.86/0.98 0.62 1.69|1.18 1.04 1.48|3.08 7.34
Rank 3 11 1 (12 24 1 |11 9 2 |33 17
Our:CSM-NS 1.50 1.60 2.26|1.35 1.20 2.01|2.01 3.54 2.25|3.74 8.59
Rank 7 19 2 |23 27 2 124 29 4 136 19
MA+CSM: rank 1 |0.97 0.23 1.86/0.19 0.00 1.69(0.08 0.01 1.39(0.16 2.20
MA+CSM: rank 40{11.1 10.7 50.0(5.51 5.56 30.1|10.1 11.4 31.3|8.42 33.0

T The symmetric visibility model of Sun et al. [16] is close, although with no reference, to
previously published models for symmetric dynamic programming stereo [6,9, 17, 18].

surfaces exhibit excellent matching when compared to other reported algorithms
even with an oversimplified implementation of the CSM paradigm. There is one
exception — the stereo pair, “Map”, with large disparity changes and thus large
partially occluded regions that hinder our simple estimation of the image noise.
We expect that with an improved noise model - for example, one that could
easily be derived from calibrated camera systems - the errors resulting from using
the SDPS generated disparity maps as noise estimators would be substantially
reduced.

As a final note, we observe that this new paradigm is well suited to efficient
parallel hardware implementations permitting high resolution, accurate, real-
time, 3D scene reconstruction.
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Abstract. In this paper, we consider the problem of color restoration
using statistical priors. This is applied to color recovery for underwater
images, using an energy minimization formulation. Underwater images
present a challenge when trying to correct the blue-green monochrome
look to bring out the color we know marine life has. For aquatic robot
tasks, the quality of the images is crucial and needed in real-time. Our
method enhances the color of the images by using a Markov Random
Field (MRF) to represent the relationship between color depleted and
color images. The parameters of the MRF model are learned from the
training data and then the most probable color assignment for each pixel
in the given color depleted image is inferred by using belief propagation
(BP). This allows the system to adapt the color restoration algorithm to
the current environmental conditions and also to the task requirements.
Experimental results on a variety of underwater scenes demonstrate the
feasibility of our method.

1 Introduction

High quality image data is desirable for many underwater inspection and obser-
vation tasks. Particularly, vision systems for aquatic robots [3/6,Q] must cope
with a host of geometrical distortions: colour distortions, dynamic lighting condi-
tions and suspended particles (known as 'marine snow’) that are due to inherent
physical properties of the marine environment. All these distortions cause poor
visibility and hinder computer vision tasks, e.g., those based on stereo triangu-
lation or on structure from motion.

Image restoration in general, involves the correction of several types of degra-
dation in an image. Traditionally, the most common sources of degradation are
due to imperfections of the sensors, or in transmission. Underwater vision is
plagued by poor visibility [I1L[10] (even in the cleanest water). Additional factors
are the ambient light, and frequency-dependent scattering and absorption, both
between the camera and the environment, and also between the light source (the
sun) and the local environment (i.e. this varies with both depth and local water
conditions). The light undergoes scattering along the line of sight. The result
is an image that is color depleted (typically appearing bluish), blurry and out

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 60-[73] 2005.
© Springer-Verlag Berlin Heidelberg 2005
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of focus. In this paper, we focus on the specific problem of restoring/enhancing
the color of underwater images. The term color refers to the red, green and blue
values (often called the color channels) for each pixel in an image. Prominent
blue color of clear ocean water, apart from sky reflection, is due to selective
absorption by water molecules. The quality of the water determines its filter-
ing properties. The greater the dissolved and suspended matter, the greener (or
browner) the water becomes. The time of day and cloudiness of the sky also have
a great effect on the nature of the light available. Another factor is depth, once at
sufficient depth, no amount of filtration can effectively restore color loss. Due to
the nature of underwater optics, red light diminishes when the depth increases,
thus producing blue to grey like images. By 3m in depth there is almost no red
light left from the sun. By 5m, orange light is gone, by 10m most yellow is also
gone. By the time one reaches 25m only blue light remains [4]. Since many (if
not all) of the above factors are constantly changing, we cannot really know all
the effects of water.

Color recovery is not a simple linear transform since it depends on distance
and it is also affected by quantization and even light source variations. We pro-
pose a learning based Markov Random Field model for color correction based
on training from examples. This allows the system to adapt the algorithm to
the current environmental conditions and also to the task requirements. As pro-
posed in[7], our approach is based on learning the statistics from training image
pairs. Specifically, our MRF model learns the relationships between each of the
color training images with its corresponding color depleted image. This model
uses multi-scale representations of the color corrected (enhanced) and original
images to construct a probabilistic enhancement algorithm that improves the
observed video. This improvement is based on a combination of color matching
correspondences from the training data, and local context via belief propagation
(BP), all embodied in the Markov Random Field. Training images are small
patches of regions of interest that capture the maximum of the intensity varia-
tions from the image to be restored.

This paper is structured as follows. Section [2 briefly consider some of the
related prior work. Section Bl describes our method for color correction. Defining
the MRF model and the inference approach using BP. Section [ tests the pro-
posed algorithm on two different scenarios with several types of experimental
data each. Finally, in Section [0l we give some conclusions and future directions.

2 Related Work

There are numerous image retouching programs on the market that have easy-
to-use, semi-automated image enhancement features. But since they are directed
at land-based photography, these features do not always work with underwater
images. Learning to manipulate the colors in underwater images with computer
editing programs requires patience. Automated methods are essential, specially
for real-time applications (such as aquatic inspection). Most prior work on im-
age enhancement tend to approximate the lighting and color processes by ideal-
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ized mathematical models. Such approaches are often elegant, but may not be
well suited to the particular phenomena in any specific real environment. Color
restoration is an ill-posed problem since there is not enough information in the
poor colored image alone to determine the original image without ambiguity. In
their work, Ahlen et al. [I] estimate a diffuse attenuation coefficient for three
wavelengths using known reflectance values of a reference gray target that is
present on all tested images. To calculate new intensity values they use Beer’s
Law, where the depth parameter is derived from images that are taken at differ-
ent depths. Additional parameters needed are the image enhancements functions
built into the camera. In general, their results are good, but the method’s effi-
ciency depends highly on the previously noted parameters. In [I4] a method that
eliminates the backscatter effect and improves the acquisition of underwater im-
ages with very good results is presented. Their method combines a mathematical
formula with a physical filter normally used for land photography. Although the
method does not perform color correction, the clarity achieved on the underwater
images may allow for color correction.

3 Our MRF-BP Approach for Color Correction

The solution of the color correction problem can be defined as the minimum of an
energy function. The first idea on which our approach is based, is that an image
can be modeled as a sample function of a stochastic process based on the Gibbs
distribution, that is, as a Markov Random Field (MRF) [8]. We consider the color
correction a task of assigning a color value to each pixel of the input image that
best describes its surrounding structure using the training image patches. The
MRF model has the ability to capture the characteristics between the training
sets and then used them to learn a marginal probability distribution that is to
be used on the input images. This model uses multi-scale representations of the
color corrected and color depleted (bluish) images to construct a probabilistic
algorithm that improves the color of underwater images. The power of our tech-
nique is evident in that only a small set of training patches is required to color
correct representative examples of color depleted underwater images, even when
the image contains literally no color information. Each pair of the training set is
composed by a color-corrected image patch with its corresponding color-depleted
image patch. Statistical relationships are learned directly from the training data,
without having to consider any lighting conditions of specific nature, location or
environment type that would be inappropiate to a particular underwater scene.
We use a pairwise MRF model, which is of particular interest in many low-level
vision problems.

3.1 The Pairwise MRF Model

Denote the input color depleted image by B = {b;},i = 1,..., N, where N € Z
is the total number of pixels in the image and b; is a triplet containing the
RGB channels of pixel location i. We wish to estimate the color-corrected image
C={c},i=1,..., N, where ¢; replaces the value of pixel b; with a color value.



Color Correction of Underwater Images for Aquatic Robot Inspection 63

(a) (b) (c)

Fig.1. (b) Pairwise Markov Random Field used to model the joint probability dis-
tribution of the system. Observation nodes, y, represent an image patch in the bluish
image (a), and hidden nodes z, an image patch in the color image (b) to be inferred.

A pairwise MRF model (also known as Markov network) is defined as a set
of hidden nodes x; (white circles in the graph) representing local patches in the
output image C, and the observable nodes y; (shaded circles in the graph) rep-
resenting local patches in the input bluish image B. Each local patch is centered
to pixel location ¢ of the respective images. Figure [[l shows the MRF model for
color correction.

Denoting the pairwise potentials between variables z; and z; by ;; and
the local evidence potentials associated with variables z; and y; by ¢; (see Fig-
ure [2)), the joint probability of the MRF model under variable instantiation
x = (z1,...,2y) and y = (y1, ..., yn), can be written [2,]] as:

PGxy) = 5 [T it ) T] outois o). (1

where Z is the normalization constant. We wish to maximize P(x,y), that is, we
want to find the most likely state for all hidden nodes x;, given all the evidence
nodes ;.

The compatibility functions allows to set high (or low) compatibilities to
neighboring pixels according to the particular application. In our case, we wish

Fig. 2. The potential functions ¢ and 1 define the compatibilities between nodes in
the Markov network
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to preserve discontinuities (edges) in the input (color depleted) image to avoid
over smoothing the color corrected image. Thus, we set high compatibility be-
tween neighboring pixels that have similar colors, and low compatibility between
neighboring pixels with abrupt change in color values. These potentials are used
in messages that are propagated between the pixels to indicate what color or
combination of intensities each image pixel should have.

A color pixel value in C' is synthesized by estimating the maximum a posteri-
ori (MAP) solution of the MRF model using the training set. The MAP solution
of the MRF model is:

Xymap = arg max P(x | y), (2)
x

where

P(x|y) < Py | x)P(x) H@‘(%i,yz‘) H Yij (T4, ;) (3)
@ (4,5)

Calculating the conditional probabilities in an explicit form to infer the exact
MAP in MRF models is intractable. We cannot efficiently represent or determine
all the possible combinations between pixels with its associated neighborhoods.
Various techniques exist for approximating the MAP estimate, such as Markov
Chain Monte Carlo (MCMC), iterated conditional modes (ICM), maximizer of
posterior marginals (MPM), etc. See [5] for a comparison. In this work, we
compute a MAP estimate, by using a learning-based framework on pairwise
MRFs, as proposed by [7], using belief propagation (BP).

The compatibility functions ¢(z;,y;) and ¢ (z;, z;) are learned from the train-
ing set using the patch-based method in [7]. They are usually assumed to obey
a Gaussian distribution to model Gaussian noise. The ¢;(x;,y;) compatibility
function is defined as follows

i 2/207
¢Z($1,y2) :eflyt yhl /2 i (4)

where x; is a color-corrected patch candidate, vy, is the corresponding bluish
patch of z;, and y; is the bluish patch in the input image.

The image is divided so that the corresponding color-corrected patches over-
lap. If the overlapping pixels of two node states match, the compatibility between
those states is high. We define ¢ (x;, z;) as:

) /202
Wij (i, aj) = e~ ha (Fom)/20) ()

where d;; is the difference between neighborhoods i and j (Section defines
the precise similarity measure we use).

Images in the training set are pairs of small image regions of the bluish image
with its corresponding color-corrected image, thus the compatibility functions
depend on each particular input image.

3.2 MRF-MAP Inference Using BP

Belief propagation (BP) was originally introduced as an exact algorithm for
tree-structured models [12], but it can also be applied for graphs with loops,
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in which case it becomes an approximate algorithm, leading often to good ap-
proximate and tractable solutions [I5]. For MRFs, BP is an inference method
to efficiently estimate Bayesian beliefs in the network by the way of iteratively
passing messages between neighboring nodes.

The message send from node 4 to any of its adjacent nodes j € N(¢) is

m;(z;) = ZZW%,%)(?(%,%) H M (1) (6)
Ti kEN()\{j}

where Z is the normalization constant. The maximum a posteriori scene patch
for node 1 is:
TiMAP = aIg mglgi( (i, yi) H m;i (). (7)
JEN(3)

The BP algorithm is not guaranteed to converge, but if it does so, then it
converges to a local stationary point of the Bethe approximation to the free
energy [I7]. In our experiments, the BP algorithm usually converges in less than
10 iterations. And it is also notable that BP is faster than many traditional
inference methods.

Candidate states for each patch are taken from the training set. Fore each
bluish patch in the image, we search the training set for patches that best re-
semble the input. The color-corrected patches corresponding the best & patches
are used as possible states for the hidden nodes.

The algorithm for color correction can be summarized as follows:

1. Divide the training images (both the bluish and color images) into small
patches, which form the sets of x;’s and y;’s.

2. For each input patch y;, find the k closest y.,’s. The corresponding x;’s are
the candidates for that patch. Calculate the compatibility function ¢(xs,y:)
according to Eq. [l

3. For each pair of neighboring input patches, calculate the k x k compatibility
function (x;, x;) according to Eq.

4. Estimate the MRF-MAP solution using BP.

5. Assign the color value of the center pixel of each estimated maximum
probability patch z;arap to the corresponding pixel in output image C.

3.3 Implementation Issues

Measuring the dissimilarity between image patches is of crucial for obtaining
quality results, especially when there is a prominent color (blue or green) as in
underwater images. Color information can be specified, created and visualized
by different color spaces (see [16] for more information about color spaces). For
example, the RGB color space, can be visualized as a cube with red, green and
blue axes. Color distance is a metric of proximity between colors (e.g. Euclidean
distance) measured in a color space. However, color distance does not necessar-
ily correlate with perceived color similarity. Different applications have different
needs which can be handled better using different color spaces. For our needs
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it is important to be able to measure differences between colors in a way that

matches perceptual similarity as good as possible. This task is simplified by the

use of perceptually uniform color spaces. A color space is perceptually uniform if

a small change of a color will produce the same change in perception anywhere

in the color space. Neither RGB, HLS or CIE XYZ is perceptually uniform.
The (nonlinear) conversions from RGB to CIE Lab are given by

X 0.412453 0.357580 0.180423 R
Y | = 10.212671 0.715160 0.072169 G
A 0.019334 0.119193 0.950227 B

I = 116(Y/Y,)Y? — 16 if Y/Y,, > 0.008856
1 903.3(Y/Yy) otherwise

a* = 500[f(X/X,) /3 — f(Y]Y,)'/3
b* = 200[f(Y/ Y)Y/ — £(Z)Zn)"/3]

where
() = /3 if Y/Y, > 0.008856
~ | 7787t +16/116 otherwise

We use the CIE Lab space which was designed such that the equal distances in
the color space represent equal perceived differences in appearance. Color differ-
ence is defined as the Euclidean distance between two colors in this color space:

AE!, = /(AL*)2 + (Aa*)? + (Ab*)2 (8)

where AL*, Aa*, and Ab* are the differences between two color pixel values.

This is the similarity measure used to select possible candidates to define the
compatibility functions and also to evaluate the performance of our method. Our
algorithm uses a pixel-based synthesis, i.e. one pixel (color) value ¢; is estimated
at a time.

4 Experimental Results

We test the proposed approach in two different scenarios. In the first scenario,
we use color underwater images available on the weHd as our ground truth data.
These images were taken with a professional camera and in most of the cases
they were also enhanced by using a commercial software. The second scenario,
involves the acquisition of underwater video by our aquatic robot. Sections [4.]
and describe these scenarios with the experimental results.

b Following ITU-R Recommendation BT.709, we use Dgs as the reference white point
so that [Xn,Yn, Z,] = [0.9504511.088754] (see [13]).
2 http://www.pbase.com/imagine
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4.1 Scenario 1

In order to simulate the effects of water, an attenuation filter were applied to
each of the color underwater image. Figure [Bh shows the ground truth (color)
image and Figure Bb, the simulated (color depleted) image after applying the
attenuation filter. Since we have ground truth information, we can compute
the performance of our algorithm. The images in the training set correspond
to small image regions extracted from the ground truth image and the color
depleted image (see Figure M.

These images correspond to regions of interest in terms of the variations in
pixel color values , thus the intention is that they capture the intrinsic statistical
dependencies between the color depleted and ground truth pixel values. The size
of the neighborhoods in all experiments were 5 x 5 pixels, the overlapping area
between image patches 2 x 5 pixels, and the number of possible candidates k,
was fixed to be 10. Figure [Bh shows the training image patches from where our
algorithm learns the compatibility functions and Figure Bb shows the resulted
image after running our learning-based method. The color-corrected image looks
good, the discontinuities and edges are preserved since our method assign colors
pixel by pixel, thus avoiding over-smoothing. Also, there are no sudden changes
in color which are typically both unrealistic and perceptually unappealing. To

Fig. 3. (a) The ground truth (color) image. (b) The simulated bluish image (this is the
test image to be color corrected by our algorithm).

D___E_L: Training ;:Ek"l:l
> image
D/D7 ol /{\D
L]
Color image Eluish Image
{ground truth) (given input)

Fig. 4. Diagram showing how the training image pairs are acquired for the Scenario 1
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T
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(2)
L
(a) (b)

Fig.5. (a) The training image patches used to learn the compatibility functions. (b)
The color corrected image.

evaluate the performance of our algorithm, we compute the mean absolute resid-
ual (MAR) error between the ground truth and the color corrected images. As
mentioned in Section B3] the CIELab metric was used to calculate the simi-
larities between pixels in the images. For this case, the MAR error is 6.5. For
comparison purposes, we calculate the MAR error between the input (color de-
pleted) image and the ground truth image, this is 22.03.

Fig. 6. Color correction results using different training sets. The input image is shown
in Figure[Bb. The training pairs (labeled) are shown in Figure[Bh. Results using training
pair (a) (1) and (3); (b) (2) and (3); (c) (1) and (2), and (d) (1).
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Using the same input image (Figure Bb), we now show how the final result
varies depending on the training data. In Figure [, 4 examples when using dif-
ferent training pairs are shown. For example, Figure [Bh shows a color-corrected
image when using training pairs (1) and (3) (see FigureBh). The MAR errors are
9.43, 9.65, 9.82, and 12.20, respectively. It can be seen that the resulting images
are limited to the statistical dependencies captured by the training pairs.

Three more examples of underwater scenes are shown in Figure [l Each row
shows from left to right, the ground truth color image, the input bluish image
and the color corrected image after running our algorithm. The training image
regions are shown by squares in the corresponding color and bluish images. In
general the results looks very good. For the last two examples, the size of the
image patches in the training set is very small and enough to capture all the
statistical dependencies between bluish and color information, as a result, the
number of total comparisons in our algorithm is reduced and speed is achieved.

It was previously mentioned, that underwater images also contain some blur-
riness. In Figure B we show an example of applying our algorithm to a blurry
and color depleted image at the same time. From left to right are, the ground

Fig. 7. More examples. The training pairs are indicated by the squares in the original
and input images respectively.
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Fig. 8. An example of color correcting and deblurring at the same time. The training
pairs are indicated by the boxes in the original (a) and input images (b) respectively.
(c) is the color-corrected and deblurred image.

truth image, the input image given to our algorithm and the color-corrected and
deblurred image after running our algorithm.

4.2 Scenario 2: The Aquatic Robot in Action

As our aquatic robot [9] swims through the ocean, it takes video images. Figure[dl
shows a picture of our aquatic robot in action.

In order to be able to correct the color of the images, training data from the
environment that the robot is currently seeing needs to be gathered. How can
better images be acquired? As light is absorbed selectively by water, not only
does it get darker as you go deeper, but there is a marked shift in the light source

Fig. 9. The aquatic robot
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Input frame t,  Input frame t, ! ! Input frame Input frame t,,

Frame ty
(training set)

Fig. 10. The scenario 2

color. In addition, there are non-uniformities in the source amplitude. Therefore,
the aquatic robot needs to bring its own source of white light on it. However,
due to power consumption, the light cannot be left turned on. Therefore, only
at certain time intervals, the robot stops, turns its light on and take an image.
These images are certainly much better, in terms of color and clarity, than the
previous ones, and they can be used to train our algorithm to color correct
neighboring frames (under the assumption that neighboring frames are similar).
Figure [0 shows this scenario, here frame t3 represents the image pair to be used
to train our model for color correction.

Now we show an example. Figures [[Th,b show the training image pair cap-
tured at time ¢. The robot moves around and then at time ¢ + ¢ takes an image
(Figure [[Ik), which is input to our algorithm. The resulting color-corrected im-
age is shown in Figure [[Id. Since we do not have ground truth data for this
scenario, we cannot measure the performance of our algorithm, however it can
be seen that the resulting image looks visually good.

Fig.11. (a)-(b) The training image pair captured at frame ¢. (c) Image taken at frame
t 4+ 6 and input to our algorithm. (d) The color corrected image.
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5 Summary and Conclusions

Color restoration and image enhancement are ubiquitous problems. In particular,
underwater images contain distortions that arise from multiple factors making
them difficult to correct using simple methods. In this paper, we show how to for-
mulate color recovery and more general enhancement as an energy minimization
problem using learned constraints. This approach’s novelty lies in using a pair
of images to constrain the reconstruction. There are some factors that influence
the quality of the results, such as the adequate amount of reliable information
as an input and the statistical consistency of the images in the training set.
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Abstract. The goal of segmentation is to partition an image into a finite
set of regions, homogeneous in some (e.g., statistical) sense, thus being an
intrinsically discrete problem. Bayesian approaches to segmentation use
priors to impose spatial coherence; the discrete nature of segmentation
demands priors defined on discrete-valued fields, thus leading to difficult
combinatorial problems.

This paper presents a formulation which allows using continuous pri-
ors, namely Gaussian fields, for image segmentation. Our approach com-
pletely avoids the combinatorial nature of standard Bayesian approaches
to segmentation. Moreover, it’s completely general, i.e., it can be used
in supervised, unsupervised, or semi-supervised modes, with any proba-
bilistic observation model (intensity, multispectral, or texture features).

To use continuous priors for image segmentation, we adopt a formula-
tion which is common in Bayesian machine learning: introduction of hid-
den fields to which the region labels are probabilistically related. Since
these hidden fields are real-valued, we can adopt any type of spatial prior
for continuous-valued fields, such as Gaussian priors. We show how, under
this model, Bayesian MAP segmentation is carried out by a (generalized)
EM algorithm. Experiments on synthetic and real data shows that the
proposed approach performs very well at a low computational cost.

1 Introduction

Image segmentation has been one of the most studied problems in computer
vision. Although remarkably successful approaches have been proposed for spe-
cific domains in which the goals are well defined (e.g., segmentation of magnetic
resonance images, segmentation of remote sensing images), a general purpose
segmentation criterion remains an elusive concept. In the past couple of decades,
many different approaches, formulations, and tools have been proposed.

Most segmentation methods work by combining cues from the observed im-
age (via image features) with some form of regularization (or prior, in Bayesian
terms), embodying the concept of “acceptable” (or “a priori probable”) seg-
mentation. Arguably, all the work on image segmentation can be classified as
belonging to on one (or even both) of the following two research fronts:

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 74-[83] 2005.
© Springer-Verlag Berlin Heidelberg 2005
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(a) Development of image features, and feature models, which are as informa-
tive as possible for the segmentation goal. Some of the most recent propos-
als combine intensity, texture, and contour-based features, with the specific
goal of mimicking human image segmentation [26]. Another recent approach
combining several types of features is reported in [27]. Classical examples for
texture-based segmentation include Gabor features [16], wavelet-based fea-
tures [29], co-occurrence matrices [11], features derived from Markov random
field local texture models [7], [8]. It’s possible to perform segmentation using
nonparametric statistical measures of texture similarity by resorting to pair-
wise clustering techniques [14]. The literature on texture features and models
is vast; [25] provides a reasonably recent survey. There are many other exam-
ples of features developed for specific domains, such as color segmentation,
segmentation of medical images, or segmentation of remote sensing images.

(b) Development of methods that impose some form of spatial regularity to the
segmentation, i.e., that integrate local cues (from features) into a globally co-
herent segmentation. The recent graph-based methods [28], [30], [32], achieve
this by formulating image segmentation as the partitioning of a graph. Spa-
tial coherence may also be achieved by constraining the class of image par-
titions which are considered by the segmentation algorithm (e.g., [I3] and
[24] consider hierarchies of polygonal and quad-tree-like partitions, respec-
tively) or by imposing some prior on the length or the smoothness of the
region boundaries [34]; see recent work and many references in [I7], which
also advances research front (a). In a probabilistic Bayesian approach, as
adopted in this paper, the preference for some form of spatial regularity is
usually formulated via a Markov random field (MRF) prior (see [20], for a
comprehensive set of references).

This paper belongs to research front (b): it describes a new way of introducing
spatial priors for Bayesian image segmentation. The proposed approach uses
priors on real-valued fields/images, rather than MRF priors for discrete labels,
thus removing any combinatorial nature from the problem. Our formulation,
is very general in that it can be used in supervised, unsupervised, or semi-
supervised manners, as well as with generative or discriminative features.

To open the door to the use of priors on real-valued fields/images for image
segmentation, we adopt an approach which is used in Bayesian machine learning:
introduction of a (collection of) real-valued hidden field(s), to which the region
labels are probabilistically related; these hidden field(s), being real-valued, can
then be given any type of spatial prior, e.g., it can be modelled as a (collection
of) Gaussian field(s). This approach is used in the very successful approach
to Bayesian learning of classifiers known as “Gaussian processes” [31]. In this
paper, Gaussian field priors are adopted as a means of encoding a preference
for spatially coherent segmentations. We show how the proposed approach can
be used in supervised, unsupervised, and semi-supervised modes, by deriving
(generalized) expectation-maximization (EM) algorithms for the three cases. In
the supervised case, the resulting segmentation criterion consists in minimizing a
convex cost function, thus initialization problems do not arise. If the underlying
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Gaussian process prior is stationary, the M-step can be implemented in a very
fast way using FFT-based processing in the Fourier domain. This is, arguably,
one of the key advantages of the proposed approach.

Finally, we should mention that our formulation is close, in spirit, to the
“hidden Markov measure fields” proposed in [22]; however, our hidden fields are
real valued, and totally unconstrained, thus much easier to model and manipulate
than measure fields. Recently, we have used a similar formulation to allow the
use of wavelet-based spatial priors for image segmentation [9].

In the next section, we introduce notation and the proposed formulation. In
Section 3, we present our segmentation criterion and derive the EM algorithm
for implementing it. Section 4 describes the extensions to unsupervised, semi-
supervised and discriminative segmentation. Finally, experiments are presented
in Section 5, and Section 6 concludes the paper.

2 Formulation

2.1 Images and Segmentations

Let £ = {(n,m), n =1,..,N, m = 1,.., M} be a 2D lattice of |£| = MN
sites/pixels on which observed images, and their segmentations, are defined. An
observed image x is a set of (maybe vector valued) observations, indexed by the
lattice £, that is, x = {z; € R?%, i € L}. A segmentation R = {Ry C L, k =
0,..., K — 1} is a partition of £ into K regions, in an exhaustive and mutually
exclusive way:

URe=£ and  (Rj(\Re=0) < (i #h).

In the sequel, it will be convenient to represent partitions by a set of binary
indicator images y*) = {ygk), i€ L}, for k=0,..,K —1, where ygk) € {0,1},
such that (y; (k) = 1) & (i € Rg). We denote as y the set of all these binary
images, y = {y(o),...,y(K_l)}7 and as y; the set of all ygk)
i, that is, y; = {ygo),...,ngd)
information.

for a given site
}. Of course, y and R carry exactly the same

2.2 Observation Model

Given a segmentation y, we follow the standard assumption that the observed
“pixels” are (conditionally) independently distributed,

(k)

p(xly) = H I pile™) =] H[ (ilo™)]" (1)

k=0 i€Ry €L k=0

where the p(o|¢(k)) are region-specific distributions. This type of model may be
used for intensity-based segmentation, for texture-based segmentation (each x;
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is then a d-dimensional vector containing the values of d local texture features),
or for segmentation of multi-spectral images (such as color images, or remote
sensing images, with each x; being in this case a d-dimensional vector, where
d is the number of spectral bands). The region-specific densities p(~|¢(k)) can
be simple Gaussians, or any other arbitrarily complex models, such as finite
mixtures, kernel-based density representations, or even histograms. When the
p(-|¢(k)) are fully known a priori, we are in the context of supervised segmenta-
tion with generative models. This is the case we will focus on first; later, it will be
shown how the approach can be extended to unsupervised and semi-supervised
scenarios, and to “discriminative features”.

The goal of segmentation is, of course, to estimate y, having observed x.
The maximum likelihood (ML) estimate, ymr, = argmaxy p(x|y), can clearly
be obtained pixel-by-pixel, due to the independence assumption. However, it’s
well known that pixel-wise segmentations may lack spatial coherence [20], [33].
To overcome this, one of the standard approaches consists in adopting an MRF
prior p(y), expressing the a priori preference for segmentations in which neigh-
boring sites belong to the same region (see [20] for details and references). Given
this prior, it is then most common to adopt the mazimum a posteriori (MAP)
criterion, ymap = arg maxy[log p(y) + log p(x|y)] (although there are other cri-
teria). Due to the discrete nature of y, finding yyap involves a combinatorial
optimization problem, to which much research has been devoted [20]. A recent
breakthrough in MRF-type approaches (to segmentation [33] and other vision
problems [5]) is the adoption of fast algorithms based on graph cutsl.

2.3 Logistic Model

To keep the notation initially simple, consider the binary case (K = 2, thus each

yi = [yl(o), yz( )]) Instead of designing a prior for y (the field of discrete labels),

we consider a “hidden” (or latent) image z = {z; € IR, i € L}, such that

2z

. e
p(y|z) = Hp Vilzi) with p(yl(l) =1lz) = Tren = o(z), (2)
where o(+) is called the logistic function and, obviously, p(ygo) =1|z;) = 1—0(z).

In general, for K regions, we need K hidden images z = {Z(O), ...,Z(K_l)},
where z(¥) = {sz) € IR, i € L}. The region label probabilities are obtained via
a multinomial logistic model (also known as a “soft-max”),

w (= o\
((k)—1|z)—el (Z(w ) , k=0,..,K—1, (3)
j=0
(0), e sz_l)}. Since these probabilities verify the normalization

condition Zk:o p(yl(k) = 1|z;) = 1, one of the hidden images can be set to

where z; = {z

! See http://www.cs.cornell.edu/~rdz/graphcuts.html for details and references.
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zero; without loss of generality, we set z(®) = 0 (see, e.g., [3]). Notice that
z = {z,...,28 =D} is not under any type of constraint; any assignment of real
values to its elements leads to valid probabilities for each site of y.

2.4 Gaussian Random Field Prior

It is now formally simple to write priors for z, due to its unconstrained real-valued
nature. Among the several possibilities, we will focus here on what is arguably
the simplest choice: a Gauss-Markov random field (GMRF) prior defined on the
lattice L.

The goal of the prior on z is to express preference for segmentations such
that neighboring sites have high probability of belonging to the same region.
This is achieved by encouraging neighboring values of each z(*) to be close to
each other. A GMRF prior that embodies this preference is

L\ 0 _ W)
p(z) x exp{ ~1 Z (e (z2 -2 ) } , (4)

i~j k=1

where i ~ j denotes that sites ¢ and j are neighbors (in some neighborhood
system defined in £), and the w; ; are (non-negative) weights. It is clear that ()
models the set of hidden fields z = {z(l), . z(K*U} as a priori independent, i.e.,

K-1
p(z) = ] p(z") ()
k=1

with ) )
(k) _ - o (k) _ (k)
p(z'\")) x exp { 1 ;wm (z2 z; ) } , (6)

where the sum is now over all 7, j because we encode the neighborhood structure
in the w; ; by letting w; ; = 0 when 4 and j are not neighbors. Let now z*) =

[2(%) MNT ¢ [RIZI denote an |L|-vector obtained by stacking all the zi(k)

21 e 2|
variables (for a given k) in standard lexicographical order. Also, let W be the
|£] x |£] matrix with the w; ; weights. With this notation, we can write

pa®) xexp{ = 3 (674 ) }. ©
where

I£] I£]
A:diag{ Zij,...,wam } -W (8)
Jj=1 Jj=1

is called the graph-Laplacian matriz [6]; in our case, the graph nodes are the sites
of the lattice £ and the edge weights are given by w; ; (with w; ; = 0 denoting
absence of edge between nodes 7 and j). Notice that A has (at least) one zero
eigenvalue since A[l,1,...,1]T = 0; thus, p(z®)) is an improper prior (it can’t
be normalized [2]), but this is will not be a problem for MAP estimation. In the
GMREF literature, A is also called the potential matriz [1].
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3 Estimation Criterion and Algorithm

3.1 Marginal MAP Criterion

Let us summarize our model: we have the observed field x, and unobserved fields
y and z. These fields are probabilistically related by p(x|y), given by ), p(y|z),
given by @) - @), and a prior p(z) = p(zV)) - - - p(2K 1) with each p(z*)) given
by [@). Given x, the posterior probability of y and z is thus

p(z,ylx) < p(x|y) p(y|z) p(z). 9)

Among the several possible Bayesian decision theoretic criteria, we consider
the marginal mazimum a posteriori (MMAP), given by

a—argmgx{pmp(xz)}—argmzax{ DREE y|z} (10)

where p(x|z) = > p(x|y) p(y|z) is the marginal likelihood obtained by summing
over (the huge set of) all possible segmentations.

The estimate z is a probabilistic segmentation in the sense that it provides
the probability that each pixel belongs to each region, via the logistic model
[B). To obtain a hard segmentation, one can simply choose the a posteriori most
probable class /EZ at each site ¢ which is

/k\:i = argmkax{p(ygk) =1|z;)}. (11)

Clearly, the maximization in (I0) can not be done directly, due to the combi-
natorial nature of p(x|z). In the next subsections, we will derive an EM algorithm
for this purpose.

3.2 Why the EM Algorithm?

The following observations clearly suggest using the EM algorithm [23], treating
y as missing data, to solve (I0):

— If y was observed, estimating z would reduce to standard logistic regression
under prior p(z), that is, one could solve z = arg max,[log p(y|z) + log p(z)].
— The so-called complete log-likelihood logp(y|z) (based on which we could

estimate z if y was observed) is linear with respect to the hidden y( ) vari-

ables. In fact, log p(y|z) is the standard logistic regression log-likelihood with
an identity design matrix (see, e.g., [3], [12], [18]):

(k)

K
log p(y|2) Zzy(k) logzi > ( Zy(k) ® _1og 3 et ) (12)
k=0

i k=0 j=o0 © i
The EM algorithm proceeds by iteratively applying the following two steps [23]:

E-step: Compute the expected value of the complete log-likelihood, given the
current estimate z and the observations x: Q(z|z) = Ey[log p(y|2z)|z, x].
M-step: Update the estimate: Z <« Zyew = arg max, {Q(z|z) + logp(z)}.
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3.3 The E-Step

The fact that the complete log-likelihood is linear w.r.t. the missing variables is
very important for EM: the E-step reduces to computing the expectation of the
missing variables, with these expectations then plugged into the complete log-

likelihood [23]. Moreover, as in finite mixtures [I0], the missing yi(k) are binary,
thus their expected values are equal to their probabilities of being equal to one,

which can be obtained via Bayes law:

5" = Bly” < = p(u? = 10 x) =

p(zi|6™) p(y™® = 1[7)
K—-1

Notice that this is essentially the same as the E-step for finite mixtures [10],
Ek) = 1/z;) and with fixed
component densities p(x|¢(k)) (recall that we're temporarily assuming that all
the qb(k) are known). Finally, Q(z|z) is obtained by plugging the ﬂz(k) (which
depend on 7 via ([3)) into the logistic log-likelihood ([I2I):

K K
-~ - z(k)
Qlz) =Y ( SR log 3 e ) . (14)
k=0 k=0

%

with site-specific mixing probabilities given by p(y

Notice that Q(z|z) is formally a standard logistic regression log-likelihood, but
*) ¢ {0,1} replaced by “soft”

g

with the usual hard (binary) training labels y
labels gjfk) € [0,1].

3.4 Solving the M-Step

Our M-step, Znew = argmax, {Q(z|z) + logp(z)}, consists in solving a logistic
regression problem with identity design matrix, given soft labels @fk), and under
a prior p(z). It is well known that this problem does not have a closed form
solution and has to be solved by an iterative algorithm [3]. The standard choice
for maximum likelihood logistic regression (i.e., for maximizing only Q(z|z) w.r.t.
z) is Newton’s algorithm [I2]. However, as shown below, we will obtain a much
simpler method by adopting the bound optimization approach [19], introduced
for logistic regression in [3] and [4] (see also [I§]).

Let us temporarily ignore the log-prior log p(z) and consider only Q(z|z), sim-
ply denoted as g(z) for notational economy. In the bound optimization approach,
the maximization of ¢(z) is achieved by iterating the two following steps

Znew = argmax(z|Z), Z <« Znew, (15)
z

where [(2z|Zz) is a so-called “surrogate” function verifying the following condition:
q(z) — 1(z|z) attains its minimum for z = Z (see [19]). This condition is sufficient
to guarantee that this iteration monotonically increases q(2z), i.e., ¢(Znew) > ¢(Z).
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Thus, by running iteration (IH]) one or more times, after each application of the
E-step (equations (I3)-(4)), the resulting procedure is a generalized EM (GEM)
algorithm [23].

It is important to notice that, in the supervised mode, the objective function
being maximized in concave (since the logistic log-likelihood and the logarithm
of the GMRF prior are both concave) and so there are no initialization problems.

From this point on, we assume that z is organized into a ((K — 1)|£|)-vector
by stacking the several z(¥) vectors, i.e., z = [(z")7T, ..., (25T, In [3], the
following surrogate for logistic regression was introduced:

z—-2)"B(z—-2
lzlf) = (@) + () 'a(3) - 222D

where g(z) is the gradient of ¢(z) computed at z and B is a positive definite
matrix which provides a lower bounds for the (negative definite) Hessian H(z)
of q(z), i.e., H(z) = —B (in the matrix sense, i.e., H(z) + B is positive semi-
definite). Since ¢(z) — l(z|z) > 0, with equality if and only if z = Z, I(z|Z) is
a valid surrogate function; any other function differing from it by an additive
constant (irrelevant for (IH])) is also a valid surrogate. Matrix B is given by

(16)

1 1 1 1%
B= 5 (IKI - T ®I|[,|a (17)
where I, denotes an a x a identity matrix, 1, = [1,...,1]7 is an a-dimensional

vector of ones, and ® is the Kroenecker product.
The following simple Lemma (proved in the Appendix) will allow further
simplification of the algorithm, by using a less tight, but simpler bound matrix.

Lemma 1. Let us define i as

_ 12 if K>2
5K{1/4 if K=2. (18)

Then, B = &k Lix_1)|z), with equality if K = 2.

This lemma allows us to replace B by x I(x_1))z in (I8) and still have
a valid surrogate; the advantage is that in this new surrogate the several z(*)
become decoupled. Performing some simple manipulation, using the fact that
one is free to add to the surrogate any terms independent of z (thus irrelevant
for the maximization), leads to

fx A d®
zz) = === ) [z —v® )3 with v® =20 4 — (19)
2 = £k
where || - |3 denotes squared Euclidean norm,
(k)

7" —p(yt? = 10z1)
d® = : : (20)

(k SR
Il = pyly] = 1Bz
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and the p(yik) = 1|z1) are given by the logistic model (3.
Since a surrogate for Q(z|z) is also valid for Q(z|z)+log p(z), and (see ([{@)- (D))

K—-1
2T A (2(F), (21)

l\DlH

K—1
logp(z Z log p(z
k=1 k:l

(A is an irrelevant constant) the following decoupled update equation results:

zT Az
§x

Z{ch, = argmin {llz — v+ } = (Gl +4) 7 v, (22)

fork=1,...,K —1.

3.5 FFT-Based Implementation of the M-Step

For a general matrix A (i.e., an arbitrary choice of W), ([22]) is computation-
ally very expensive, requiring O(|£|?) operations. However, for certain choices
of W (correspondingly of A), we can resort to fast frequency-domain methods.
Suppose that w; ; only depends on the relative position of ¢ and j (the Gaussian
field prior is stationary) and that the neighborhood system has periodic bound-
ary condition; in this case, both W and A are block-circulant matrices, with
circulant? blocks [1]. It is well known that block-circulant matrices with circu-
lant blocks can be diagonalized by a two-dimensional discrete Fourier transform
(2D-DFT): A = U”DU, where D is a diagonal matrix, U is the matrix repre-
sentation of the 2D-DFT, and the superscript (-)* denotes conjugate transpose.
Since U is an orthogonal matrix (U7 U = UU# =1), the inversion in ([22) can
be written as

728 = ¢ UM (¢xT 0 + D) UV, (23)

where (£xIjz)+D) ™! is a trivial diagonal inversion, and the matrix-vector prod-
ucts by U and U¥ (the 2D-DFT and its inverse) are not carried out explicitly
but via the efficient (O(|£|log|L])) fast Fourier transform (FFT). Notice that
this can be seen as a smoothing operation, applied to each v(¥) in the dis-
crete Fourier domain. Since the computational cost of the E-step is essentially
O(|£L]), as is obvious from (3], the leading cost of the proposed algorithm is
O(1£] g |£]).

Finally, we should mention that the condition of periodic boundary condi-
tions can be relaxed; in that case, the resulting matrix A is block-Toeplitz with
Toeplitz blocks, but not block-circulant. Nevertheless, it is still possible to em-
bed a block-Toeplitz matrix into a larger block-circulant one, and still work in
the DFT domain [15].

2 Recall that a circulant matrix is characterized by the fact that each row is a circularly
shifted version of the first (or any other) row.
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3.6 Summary of the Algorithm
We now summarize the algorithm, showing that it is in fact very simple.

Inputs: Observed image x, number of regions K, observation models p(-|<1)(k))7
matrix W or A, stopping threshold ¢, number of inner iterations r.
Output: Estimates z(®), for k =1,..., K — 1.
Initialization: For k=1,..., K — 1, set z(¥) = 0.
Step 1: Run the E-step (I3)), producing K images {y(©, ..., y(K-1},
Step 2: Store the current estimate: zZglq «— 2.
Step 3: Repeat r times (for k =1,..., K — 1):
Step 3.a: Compute the images d®) (according to (20)).
Step 3.b: Compute the images v(¥) =z®) + d®) /¢ (see ([TT)).
Step 3.c: Compute zge)w according to (23]). Update z(k) ZI(IIZL,
Step 3.d: Go back to Step 3.a.

Step 4: If max, ||Eg’f3 —2M |« < €, then stop; otherwise, return to Step 1.

4 Extensions

4.1 Unsupervised and Semi-supervised Segmentation

The model and algorithm above described can be extended to the unsupervised
case, where the parameters qb(k) of the observation models p(~|¢(k)) are consid-
ered unknown. In this case, the full posterior in ([@) has to be modified to

p(z, ¢, y[x) x p(x|y, @) p(y|z) p(z). (24)

where ¢ = {(;’)(0), vy qb(K*l)}, assuming the absence of any prior on ¢ (although
one could easily be considered with little additional cost). Let us adopt again
the MMAP criterion, now jointly w.r.t. z and ¢. The following observations can
now be added to those made in Section

— If y was observed, estimating ¢ would be a simple ML parameter estimation
problem, based on the complete log-likelihood log p(x|y, ¢).
— The complete log-likelihood (see () is linear w.r.t. the missing variables y:

K-1
log p(xly, ¢ ZZy og p(z:lo™).

€L k=

The algorithm presented in Section can thus be modified by inserting an
extra step, say between steps 2 and 3:

Step 2.5: Update the observation model parameters according to the following

weighted ML criterion:
~ (k) ~(k)
¢ =argmax» 7;" logp(xi|e).

€L
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If, for example, the feature densities are Gaussians, p(~|¢(k)) = N(-|p®, Ch),
these update equations coincide with those of the EM algorithm for Gaussian
mixture estimation:
0 Tiee 8w sy Tiec i (@A) - p®)”
B= PN - () - (29)
iecYi iec Ui
In the semi-supervised case, instead of previous knowledge of {qb(o),...,d)(K 71)},
one is given a subset of pixels for which the exact true label/region is known.
In this case, the EM algorithm derived for the unsupervised case is applied, but
holding the labels of the pre-classified pixels at their known values.
Of course, in the unsupervised or semi-supervised cases, the log-posterior is
no longer concave, and the results will depend critically on the initialization.

4.2 Discriminative Features

The formulation presented above (and most of the work on probabilistic segmen-
tation) uses what can be classified as “generative feature models”: each p(-|®)
is a probabilistic model that is assumed to describe how features/pixel values
are generated in each region. However, discriminative models, such as logistic
regression, Gaussian processes [31], support vector machines, or boosting (see
references in [12]) are currently considered the state-of-the-art in classification.

Observe that all the EM segmentation algorithm requires, in the E-step de-
fined in ([I3]), is the posterior class probabilities, given the pixel values and the
current estimates Z(®). These estimates provide some prior class probabilities in
([@3). Consider a probabilistic discriminative classifier, that is, a classifier that,
for each pixel x;, provides estimates of the posterior class probabilities p(y; (k) _
1|z;), for k =0,..., K — 1 (this can be obtained, e.g., by logistic regression, or a
tree classifier). Let us assume that this classiﬁer was trained on balanced data,
i.e., using the same amount of data from each class. It can thus be assumed that
these posterior class probabilities verify p(y; (k) = 1|x;) x p(x1|y(k) =1), as can
be easily verified by plugging uniform class priors p(y, k) — =1) = 1/K in Bayes
rule. It is then possible to “bias” these classes, with given prior probabilities
p(yl(k) =1), for k=0,..., K — 1, by computing

, ® o e =1z p® = 1)
p blased(yi - ]-‘xz) - K_1 &) ) .
Yo Py = 1lai) py;” = 1)

This procedure allows using a pre-trained probabilistic discriminative classifier,
which yields p(y; (k) _ = 1|z;), in our EM algorithm, by using the “biased” proba-
bilities in the E- Step. We have not yet performed experiments with this discrim-
inative approach.

5 Experiments

In the first experiment, we consider a simple synthetic segmentation problem,
with known class models. Each of the four regions follows a Gaussian distribution
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Fig. 1. Top row: true regions and observed image. Bottom row: maximum likelihood
segmentation and the one obtained by our algorithm.

with standard deviation 0.6 and means 1, 2, 3, and 4. We have used (in this and
all the following examples) r = 4, and £ = 0.001. We choose the simplest possible
GMRF prior: w; ; =, if j is one of the four nearest neighbors of 4, and is zero
otherwise. The true regions, observed image, the maximum likelihood segmen-
tation (obtained by maximizing (I]) with respect to y), and the (hard, obtained
via ([[))) segmentation produced by our algorithm are shown in Fig. 1. This is
comparable to what would be obtained by an MRF-based method; however, it
must be stressed that the algorithm herein proposed is optimal (in the sense
that we are minimizing a convex objective function), fully deterministic, and
fast (due to the use of the FFT-based M-step). This result illustrates the ability
of the proposed method to use Gaussian priors to regularize image segmentation
via the logistic modelling approach, producing well defined boundaries.

In Fig. 2 we show the final estimates z(!), z(?), and 2(®) as well as the corre-
sponding yV, 3§63 and ¥, obtained from the Z(*) via the logistic model
[B)). Notice the higher uncertainty near the region boundaries. The hard segmen-
tation shown in Fig. 1 was obtained by choosing, for each site, the maximum of
the four $(*) images.

The previous experiment was repeated using the unsupervised version of
the algorithm; a threshold-based segmentation was used for initialization. The
segmentation obtained is visually very similar to the one in Fig. 1, and it’s not
shown here, for the sake of space. The parameter estimates are within 1% of the
true values.
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Fig. 2. Top row: final estimates 2", 2®, and 2®. Bottom row: corresponding V),

7@, 3@ and §¥, obtained by the logistic model ().

Fig. 3. Observed image, maximum likelihood segmentation, and segmentation obtained
by our algorithm

Fig. 4. Observed image, maximum likelihood segmentation, and segmentation obtained
by our algorithm
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For segmentation of real images, the results depend critically on the features
and feature models used, and that is not the focus of this paper. We will only
show two examples of color image segmentation (d = 3), using Gaussian den-
sities for each region. In Fig. 3, the goal is to segment the image into three
regions: clothe, skin, and background. Fig. 4 shows a figure-ground segmenta-
tion problem. The results shown were produced by the unsupervised version of
our algorithm, initialized with the ML segmentations which result from fitting
mixtures of Gaussians to the observed (RGB) pixels.

6 Summary and Conclusions

A new formulation for Bayesian image segmentation was introduced. This ap-
proach allows using priors for continuous-valued fields as regularizers for im-
age segmentation; in particular, it was used with Gaussian field priors, which
(if stationary) can be easily and efficiently manipulated in the frequency do-
main using the FFT algorithm. An EM algorithm was derived for supervised
segmentation; it was shown how this algorithm is extended to handle unsu-
pervised and semi-supervised problems, as well as discriminative features.
Preliminary experiments show that the proposed approach has promising
performance.

Future research will include a thorough experimental evaluation of the
method, namely in comparison with graph-based and MRF-based methods. We
are currently developing criteria for selecting the number of classes/regions, fol-
lowing the approach in [I0].

Appendix: Proof of Lemma 1

Recall (see ([IT)) that

T
B= % <1K1 - %) ®L (26)
For K = 2, it is obvious that B = 1/4.

For K > 2, the matrix inequality I/2 > B is equivalent to Apin(I/2 — B) >
0. Now, since A\;(I/2 — B) = (1/2) — X\;(B), we need to show that Apax(B)
< (1/2).

To study the eigenvalues of B, the following fact (see, e.g., [21]) is used: let M
and P be m xm and p x p matrices, with eigenvalues {1, ..., A } and {71, ..., vp},
respectively; then, M ® P has eigenvalues {\;vy;, ¢ = 1,...,m, j = 1,...,p}.
Since 1 is a vector with K — 1 ones, 117 is a rank-1 matrix with eigenvalues
{0,...,0, K — 1}; thus, the eigenvalues of (I — (1/K)117) are {1,...,1,1/K}.
Because the eigenvalues of I are of course all ones, the maximum eigenvalue of
B is Anax(B) =1/2. ]
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Abstract. The reconstruction of rigid scenes from multiple images is a
central topic in computer vision. Approaches merging partial 3D models
in a hierarchical manner have proven the most effective to deal with large
image sequences. One of the key building blocks of these hierarchical
approaches is the alignment of two partial 3D models, which requires
to express them in the same 3D coordinate frame by computing a 3D
transformation. This problem has been well-studied for the cases of 3D
models obtained with calibrated or uncalibrated pinhole cameras.

We tackle the problem of aligning 3D models — sets of 3D points —
obtained using uncalibrated affine cameras. This requires to estimate 3D
affine transformations between the models. We propose a factorization-
based algorithm estimating simultaneously the aligning transformations
and corrected points, exactly matching the estimated transformations,
such that the reprojection error over all cameras is minimized. In the
case of incomplete image data our algorithm uses an Expectation Max-
imization (EM) based scheme that alternates prediction of the missing
data and estimation of the affine transformation.

We experimentally compare our algorithm to other methods using
simulated and real data.

1 Introduction

Threedimensional reconstruction from multiple images of a rigid scene, often
dubbed Structure-From-Motion (SFM), is one of the most studied problems in
computer vision. The difficulties come from the fact that, using only feature
correspondences, both the 3D structure of the scene and the cameras have to be
computed. Most approaches rely on an initialisation phase optionally followed by
self-calibration and bundle adjustment. Existing initialisation algorithms can be
divided into three families, namely batch, sequential and hierarchical processes.
Hierarchical processes [I] have proven the most successful for large image se-
quences. Indeed, batch processes such as the factorization algorithms [2] which
reconstruct all features and cameras in a single computation step, do not easily

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 90-[I06} 2005.
© Springer-Verlag Berlin Heidelberg 2005
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first reconstruction
second reconstruction

f camer:

.
first set o as second set of cameras

Fig. 1. The problem tackled in this paper is the Maximum Likelihood Estimation of 3D
affine transformations between two affine reconstructions obtained from uncalibrated
affine cameras

handle occlusions, while sequential processes such as [3] which reconstruct each
view on turn, may typically suffer from accumulation of the errors. Hierarchical
processes merge partial 3D models obtained from sub-sequences, which allows
to distribute the error over the sequence, and efficiently handle open and closed
sequences. A key step of hierarchical processes is the fusion or the alignment of
partial 3D models, which is done by computing 3D motion from 3D feature cor-
respondences. This problem has been extensively studied in the projective [4,[1]
and the metric and Euclidean [5] cases.

We focus on the affine camera model [6], which is a reasonable approxima-
tion to the perspective camera model when the depth of the observed scene is
small compared to the viewing distance. In this case, the partial 3D models ob-
tained from sub-sequences, i.e. multiple subsets of cameras, are related by 3D
affine transformations. We deal with the computation of such transformations
from point correspondences, as illustrated on Fig. [l We propose a Maximum
Likelihood Estimator based on factorizing modified image point coordinates. We
compute a 3D affine transformation and a set of 3D point correspondences which
perfectly match, such that the reprojection error in all sets of cameras is mini-
mized. It is intended to fit in hierarchical affine SFM processes of which the basic
reconstruction block is, e.g. the affine factorization [2]. Our method does not
make any assumption about the cameras, besides the fact that a reconstruction
of each camera set using an affine camera model has been performed. The method
relies on the important new concept of orthonormal bases. In the occlusion-free
case, our algorithm needs one Singular Value Decomposition (SvD). However, in
the case of incomplete measurement data, i.e. when some of the 3D points used
for the alignment are not visible in all views, the factorization algorithm must
be extended. We propose an Expectation-Maximization (EM) based scheme.
The Expectation step predicts the missing data while the Maximization step
maximizes the log likelihood.

We proposed the Maximum Likelihood Estimator in the case of complete
data in [7]. The contribution of this paper with respect to the former one resides
in the handling of missing data. We have also completed the experiments.
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This paper is organized as follows. We give our notation and preliminaries in
Sect. 2l In Sect. Bl we review the factorization approach to uncalibrated affine
Structure-From-Motion. Our alignment method is described in Sect. @l while
other methods are summarized in Sect. Bl Experimental results are reported in
Sect. [l Our conclusions are given in Sect. [

2 Notation and Preliminaries

Vectors are typeset using bold fonts, e.g. x, and matrices using sans-serif, cal-
ligraphic and greek fonts, e.g. A, @ and A. We do not use homogeneous co-
ordinates, i.e. image point coordinates are 2-vectors: x' = (x y), where ' is
transposition. The different sets of cameras are indicated with primes, e.g. Py
and P} are the first cameras of the camera sets. Index i = 1...n is used for the
cameras of a camera set and index j = 1...m is used for the 3D points. The
mean vector of a set of vectors, say {Q;}, is denoted Q. The Moore-Penrose
pseudoinverse of matrix A is denoted Af.

Let Q; be a 3-vector and x;; a 2-vector representing respectively a 3D and
an image point. The uncalibrated affine camera is modeled by a (2 x 3) matrix
P, and a (2 x 1) translation vector t;, giving the projection equation

xij =PiQ;j +t; . (1)
Calligraphic fonts are used for the measurement matrices, e.g.
T
X(2n><m) = (yl e ym) and yj = (leT A anT) ,

where V; contains all the measured image coordinates for the j-th point. The
(2n x 3) ‘joint projection’ and (3 x m) ‘joint structure’ matrices are defined by

D= (PlT PnT)T and 9=(Qi-- Qn)

We assume that the noise on the image point positions has a Gaussian centered
distribution and is i.i.d. Under these hypotheses, minimizing the reprojection
error yields Maximum Likelihood Estimates.

3 Structure-from-Motion Using Factorization

Given a set of point matches {x;;}, the factorization algorithm is employed to

recover all cameras {P;, t;} and 3D points {Q;} at once [2]. Under the aforemen-
tioned hypotheses on the noise distribution, this algorithm computes Maximum
Likelihood Estimates [8] by minimizing the reprojection error

1 n m
R2(P, O, {t ith R%*(P,Q,{t;}) = — d*(x;:,P;Q, +t;) ,
Préu{ri} (P,Q,{t:}) wi (P, Q, {t:}) m;; (xij,PiQj+t:)
(2)

where d(x,y) = ||x — y|| is the Euclidean distance between x and y.
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Step 1: Computing the translation. Given the uncalibrated affine projection (),
the first step of the algorithm is to compute the translation t; of each camera in
order to cancel it out from the projection equation. This is achieved by nullifying
the partial derivatives of the reprojection error (@) with respect to t;: %—752 =0.
A short calculation shows that if we fix the arbitrary centroid of the 3D Lpoints
to the origin, then t; = X;. Each set of image points is therefore centered on its

centroid, i.e. X;; < X;; — X;, to obtain centered coordinates: x;; = P;Q;.

Step 2: Factorizing. The problem is reformulated as

R R 1 n m
minR*(P,Q)  with R*P,Q)=— > > d(x;,PiQ;) .
P,Q nm = j=1
The reprojection error can be rewritten by gathering the terms using the mea-
surement, the ‘joint projection’ and the ‘joint structure’ matrices as

R*(P,Q) o< X = PQJ*

and the problem is solved by computing the Singular Value Decomposition [9]
of matrix X, Xopxm = UanmZmeVILXm. Let ¥ = ¥,X, be any decompo-
sition of matrix X. The motion and structure are obtained by ‘truncating’ the

decomposition or nullifying all but the 3 first singular values, which leads to
P=yUL,) and Q=¢T(VY]),

where ¥ (W) returns the matrix formed with the 3 leading columns of matrix W.
Note that the solution P = ¥ (U) and Q = %" (VX) has the property PTP =1,
which is useful for our alignment method, see Sect. [l

The 3D model is obtained up to a global affine transformation. Indeed, for
any (3 x 3) invertible matrix B,

P=PB and Q=B7"'Q (3)

give the same reprojection error that P and Q since R2(P,Q) = |X¥ —PQ| =
|X —PBBL1Q|? = |X — PQ|? = R*(P, Q).

As presented above, the factorization algorithm do not handle occlusions.
Though some algorithms have been proposed, see e.g. [10], they are not appro-
priate for Structure-From-Motion from large image sequences.

4 Alignment of 3D Affine Reconstructions

We formally state the alignment problem in the two camera set case and present
our algorithm, dubbed ‘FACTMLE-EM’.

4.1 Problem Statement

Consider two sets of cameras {(P;, t;)}7_, and {(P}, t})}?, and associated struc-
tures {Q; < Q;};”:l obtained by reconstructing a rigid scene using e.g. the
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above-described factorization algorithm. Without loss of generality, we take
n =mn’ and the reprojection error over two sets is given by

C(Q.Q) = 5 (RA(P,Q{t) +RAP, Q) - (&)

Letting (/:\, t) represent the aligning (3 x 3) affine transformation, the Maximum
Likelihood Estimator is formulated by

minC*(Q,Q) st Qj=AQ;+t . (5)
Q,Q’

4.2 A Factorization-Based Algorithm

Our method to solve problem (Bl uses a three-step factorization strategy. We first
describe it in the occlusion-free case and then propose an iterative extension for
the missing data case.

Step 1: Orthonormalizing. We propose the important concept of orthonormal
bases. We define a reconstruction to be in an orthonormal basis if the joint
projection matrix is column-orthonormal. Given a joint projection matrix P,
one can find a 3D affine tranformation represented by the (3 x 3) matrix N,
which applies as B in (), such that PN is column-orthonormal, i.e. such that
NTPTPN = [(3x3)- We call the transformation N an orthonormalizing transfor-
mation. The set of orthonormalizing tranformations is 3-dimensional since for
any 3D rotation matrix U, NU still is an orthonormalizing transformation for
P. We use the Qr decomposition P = QR, see e.g. [9], giving an upper trian-
gular orthonormalizing transformation N = R=!. Other choices are possible for
computing an N, e.g. if P = UXVT is an svD of P, then N = VI ! has the
required property. Henceforth, we assume that all 3D models are expressed in
orthonormal bases

P — PN d QN9
PPN M Q « Nl

An interesting property of orthonormal bases is that P = PT. Hence, triangu-
lating points in these bases is simply done by Q = PTX.

Note that the matrix P computed by factorization, see Sect. 3] may already
satisfy PTP = 1. However, if at least one of the cameras is not used for the
alignment, e.g. if none of the 3D point correspondences project in this camera,
or if the cameras come as the result of the alignment of partial 3D models, then
P will not satisfy PTP = I, thus requiring the orthonormalization step.

Step 2: Eliminating the translation. The translation part of the sought-after
transformation can not be computed directly, but can be eliminated from the
equations. First, center the image points to eliminate the translation part of the
cameras: X;; < X;; — t; and xj; « x;; — t;. Second, consider that the partial
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derivatives of the reprojection error (@) with respect to t must vanish: %—‘? =0.

By using the constraint Q; = AQ] +t from (@) and expanding using (@), we get

Sy (P;TP;E — X, + P;TP;AQj) —0

i=1 j=1

> (PTPE-P Ty PTPAQ;) =0
j=1

mP Pt —mP Y +mP TPAQ =0 |

~ —1 — NN
which leaves us with ¢ = (P/'P') (P''Y — P'"P'AQ) that, thanks to the
orthonormal basis property Pt =p T, further simplifies to

t=pP"Y —AQ . (6)

Note that if the same entire sets of reconstructed points are used for the align-

ment, then we directly obtain t = 0 since )’ = 0 and Q = 0. This is rarely the

case in practice, especially if the alignment is used to merge partial 3D models.
Third, consider that the m partial derivatives of the reprojection error (@)

with respect to each Qj must vanish as well: ggi = 0, and expand as above

; (PZTPZ-QJ- - ijij) + i (ATP;TP;AQj —ATPTx! + ATP;TP;E) -0
= i=1

i=1

PTPQ; -~ PTY; + ATPTPAQ; — ATPT Y + ATP TP =0 .
The sum over j of all these derivatives also vanishes, giving
PTPO—PTY +ATPTPAQ - ATP Y + ATP TP =0 .
By replacing t by its expression (@), and after some minor algebraic manipula-
tions, we obtain ~ ~
PTPO-PYV=0 = Q=P (7)
and by substituting in (@) and using the orthonormal basis property, we get

t=P"Y -APTY . ®)

It is common in factorization methods to center the data with respect to their
centroid to cancel the translation part of the transformation. Equation (§) means
that the data must be centered with respect to the reconstructed centroid of the
image points, not with respect to the actual 3D centroid.

Obviously, if the 3D models have been obtained by the factorization method
of Sect. Bl then the centroid of the 3D points corresponds to the reconstructed
centroid, i.e. Q@ = PTY and Q' = P'")”, provided that the same sets of views
are used for reconstruction and alignment.
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To summarize, we cancel the translation part out of the sought-after trans-
formation by translating the reconstructions and the image points as shown

below _ _
Qi —Q;-P'Y Xij — Xij — PyPTY

/ / PIT {/ and / / P/PIT YA
Q; —Q;—-PY Xjj X5 — PP Y

j
The reprojection error [ is rewritten

2 / 1 2 ! O |12
= — (|| - X —
C*(Q,Q) = 5— (IX = PQI* + || = P'Q'||?) 9)
and problem ([f) is reformulated as
min C*(Q,Q) st. Q) =AQ; . (10)
Q,Q

Step 3: Factorizing. Thanks to the orthonormal basis property PP = I, and
since for any column-orthonormal matrix A, ||Ax| = ||x||, we can rewrite the
reprojection error for a single set of cameras as

R*(P,Q) o« [X¥-PQ* = |[PTx¥-Q|*.

This allows to rewrite the reprojection error (@) as

A A N Tx )
C(0.0) « |IPTX QP +[PTx — Q| = ||(7’ )(Q) .

P/TX/ Ql
—_—— ——
A A

By introducing the constraint O’ = AQ from (I0) and, as in Sect. 3, an unknown
global affine transformation B we can write

C (Nania  (B\ao
s - (Dsso - (2)se
H/_/ Q

M

The problem is reformulated as
min [[A — MQJ* .
M, Q
A solution is given by the sVD of matrix A
N6xm) = U(ex6)Z(6x6)V{oxm) -

As in Sect. 3, let ¥ = ¥,¥, be any decomposition of matrix ¥. We obtain

M =(UL,) and Q = ¢T(VET). Using the partitioning M = <|{\~/|/|,), we get

/Bfl .
Q

> w
Il
o=
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Obviously, one needs to undo the effect of the orthonormalizing transformations,
as follows

Q—NQ
This algorithm runs with m > 4 point correspondences.

Note that it is possible to solve the problem without using the orthonor-
malizing transformations. This solution requires however to compute the svD of
a (2(n + n') x m) matrix, made by stacking the measurement matrices X and
X', and is therefore much more computationally expensive than the algorithm
above, and may be intractable for large sets of cameras and points.

{ A« N'AN-!

4.3 Dealing with Missing Data

The missing data case arises when some of the 3D points used for the alignment
are not visible in all views. We propose an Expectation Maximization based
extension of the algorithm to handle this case.

The EM algorithm is an iterative method which estimates the model parame-
ters, given an incomplete set of measurement data. The main idea is to alternate
between predicting the missing data and estimating the model. Since the log
likelihood cannot be maximized using factorization, due to the missing data, it
is replaced by its conditional expectation given the observed data, using the cur-
rent estimate of the parameters. In the case where the log likelihood is a linear
function of the missing data, this simply consists in replacing the missing data
by their conditional expectations given the observed data at current parameter
values. This approximated log likelihood is then maximized so as to yield a new
estimate of the parameters. Monotone convergence to a local minimum of the
Maximum Likelihood residual error (@) is shown e.g. in [11].

Since the reconstruction of both camera sets using factorization needs a com-
plete data set, we are limited to the points visible in all views for the initial
reconstruction. This allows to reconstruct all cameras, but only part of the 3D
points. We then triangulate the missing points in order to complete the 3D point
cloud. This preliminary expectation step yields a completed set of 3D data, that
can be used in the alignement algorithm.

However, the reprojection error, i.e. the negative log likelihood, still cannot
be minimized because of the incomplete measurement matrix X'. The expectation
step predicts the missing image points by reprojecting them from the completed
3D points, namely for the missing point x;;, we set x;; « Pin + t;.

The maximization step consists in applying the algorithm described in the
complete data case. This yields an estimate of the sought-after transformation
(/:\, t) as well as corrected point positions {QJ — Q;}

These two steps are alternated, thus forming an iterative procedure where
the corrected points are used in the expectation at the next iteration. In order to
decide whether convergence is reached, the change in reprojection error between
two iterations is measured. When the reprojection error stabilizes, the final result
is returned.

Table [l gives a summary of the algorithm with its EM extension.
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Table 1. The proposed Maximum Likelihood alignment algorithm

OBJECTIVE

Given m > 4 3D point correspondences {Q; < Q;} obtained by affine reconstruction
and triangulation of the missing data from two sets of images, with respectively n
cameras {(P;,t;)} and n’ cameras {(P;,t;)}, as well as measured image points {x;;}
and {x};} forming an incomplete data set, compute the affine transformation (A, t) and

corrected point positions {Q] — QJ} such that the reprojection error e is minimized.

ALGORITHM

1. Compute the orthonormalizing transformations:
-
(...piT...)T @ pN-! and (P;T) N NG

2. Form the ‘joint projection’ and the measurement matrices:
X=] - (x5 —ti) - and X = ce (X — ) -

3. Expectation-Maximization:
a) Expectation. Predict the missing point x;; by setting x;; « P;Q;. Compute
g J g Xij J
the reconstructed centroids:

m /T m .
P— Xij and c’ 7) X
m 4 -
j=1 Jj=1
Cancel the translations:
X=|- (xi; —P;C) --- and X = (X;J*P;C/)

(b) Maximization. Factorize:

T .
X > ~
<7;P,TX,) T UZV' and set <,\'§/1|,> =¢UVE) and Q=1 (VW) .
(c) Recover the corrected points. Set QO =NMQ and @' = NM' Q.
(d) Transfer the points to the original coordinate frames. Extract the
corrected points Q; from Q. Translate them as Q; — Q; + C.
(e) Compute the reprojection error:
Set e? = 7o (S, (Zimy d2(xiy = PiQy) + L1, d(xi; — PIQ))) ).
(f) Loop. If convergence is not reached (see Sect. B3], loop on step (a).
4. Recover the transformation: Set A = N'M'M~!N~! and t = C' — AC.
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5 Other Algorithms

We briefly describe two other alignment algorithms. They do not yield Maxi-
mum Likelihood Estimates under the previously-mentioned hypotheses on the
noise distribution. They rely on 3D measurements and therefore naturally handle
missing image data.

5.1 Minimizing the Non-symmetric Transfer Error

This algorithm, dubbed “TRERROR’, is specific to the two camera set case. It is
based on minimizing a non-symmetric 3D transfer error £(A) as follows
1 m

min £2(A, with  &%(A) = — Q —AQ, —t|? .

A,é(’) ()m;H] i —tll
Differentiating £2 with respect to t and nullifying the result allows to eliminate
the translation by centering each 3D point set on its centroid. By rewriting the
error function and applying standard linear least-squares, one obtains

A= 0Q09o and t = Q-AQ.
5.2 Direct 3D Factorization

This algorithm, dubbed ‘FACT3D’, is based on directly factorizing the 3D recon-
structed points. It is not restricted to the two camera set case, but for simplicity,
we only describe this case. Generalization to multiple camera sets is trivial. The
algorithm computes the aligning transformation (A, t) and perfectly correspond-
ing points {Q; < Q;} The reconstructed cameras are not taken into account
by this algorithm, which entirely relies on 3D measures on the reconstructed
points. Under certain conditions, this algorithm is equivalent to the proposed
FaAcTMLE-EM.
The problem is stated as

min D?(Q, Q)  s.t. Q; = AQJ +t,

Q,Q’
where the 3D error function employed is defined by

Ao 1 A A
D*(Q,Q) =5 (le- QP +IQ - QI?) .

Minimizing this error function means that if the noise on the 3D point coordi-
nates were Gaussian, centered and i.i.d., which is not the case with our actual
hypotheses, then this algorithm would yield the Maximum Likelihood Estimate.

Step 1: Eliminating the translation. By using the technique from Sect. L2 we
obtaint = Q’ ,/:\Q As in most factorization methods, cancelling the translation
part out according to the error function D is done by centering each set of 3D
points on its actual centroid: Qj — Qj —Q and Q; — Q; — Q’. Henceforth, we
assume to work in centered coordinates. The problem is rewritten as

min DZ(Q, Q/) s.t. Q; = AQJ .

Q,Q
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Step 2: Factorizing. Following the approach in Sect. 2], we rewrite D as

2.0 x1(g)-(3)1r= ||@@gign2 .

A M

Using svD of matrix A = UZVT, we obtain M = ¢(UZ,) and @ = ¢T(VE]).
By using the partitioning M = (I\7II\7I’)T, we get

A=MM1 and Q= MQ .

6 Experimental Evaluation

We evaluate our algorithm using simulated and real data. The implementation
of all three compared algorithms, i.e. FACTMLE-EM, TRERROR and FACT3D,
as well as the generation of simulated data, have been done in C++.

6.1 Simulated Data

We generate m 3D points and two sets of n weak perspective cameras each. The
pose of a camera is defined by its three dimensional location, viewing direction
and roll angle (rotation angle around the optical axis). The corresponding affine
projection matrix is given by a (2 x 3), truncated, rotation matrix R; together
with a two-dimensional translation vector t;, both of which premultiplied by
an internal calibration matrix. More precisly, we use weak perspective cameras
P, = A,R; and t; = /—\Z-TZ-, where A; is the internal calibration matrix

0
As = "(81)

The scale factor k; models the average depth of the object and the focal length
of the camera, and 7 models the aspect ratio that we choose very close to 1.
The 3D points are chosen from a uniform distribution inside a thin rectangular
parallelepiped with dimensions 1 x 1 x (1 —d), and the scale factors k; are chosen
so that the points are uniformly spread in 400 x 400 pixel images.

We generate three point sets containing the point visibles (i) in the first
camera set, (ii) in the second one and (iii) in both camera sets. The third subset
contains m. points, whereas the two first subsets both contains m — m. points.
Hence, m points are used to perform SFM on each camera set, while m. points
are used for the alignment. The points are projected onto the images where they
are visible and gaussian noise with zero mean and standard deviation o is added.

In order to assess the behaviour of the algorithms in the presence of non-
perfectly affine cameras, we introduce the factor 0 < a < 1. Let Z;; be the depth
of the j-th 3D point with respect to camera ¢, we scale the projected points x;;
by xi; %xij with v = a + (1 — @)Z;j, meaning that for a = 1, the points
does not change and the projection is perfectly affine, and when a tends towards
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0, the points undergo stronger and stronger perspective effects. The points are
further scaled so that their standard deviation remains invariant, in order to
keep them wellspread in the images.

So as to simulate the problem of incomplete data, e.g. due to occlusions, we
generate a list of missing image points. We introduce the probability ppein: that
any given 3D point is occluded in some images and the probability pimage that it