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Preface

This volume consists of the 42 papers presented at the International Workshop
on Energy Minimization Methods in Computer Vision and Pattern Recogni-
tion (EMMCVPR 2005), which was held at the Hilton St. Augustine Historic
Bayfront, St. Augustine, Florida, USA, during November 9–11, 2005. This work-
shop is the fifth in a series which began with EMMCVPR 1997 held in Venice,
Italy, in May 1997 and continued with EMMCVPR 1999 held in York, UK,
in July 1999, EMMCVPR 2001 held in Sophia-Antipolis, France, in September
2001 and EMMCVPR 2003 held in Lisbon, Portugal, in July 2003.

Many problems in computer vision and pattern recognition (CVPR) are
couched in the framework of optimization. The minimization of a global quantity,
often referred to as the energy, forms the bulwark of most approaches in CVPR.
Disparate approaches such as discrete and probabilistic formulations on the one
hand and continuous, deterministic strategies on the other often have optimiza-
tion or energy minimization as a common theme. Instances of energy minimiza-
tion arise in Gibbs/Markov modeling, Bayesian decision theory, geometric and
variational approaches and in areas in CVPR such as object recognition and re-
trieval, image segmentation, registration, reconstruction, classification and data
mining.

The aim of this workshop was to bring together researchers with interests in
these disparate areas of CVPR but with an underlying commitment to some form
of not only energy minimization but global optimization in general. Although
the subject is traditionally well represented in major international conferences on
CVPR, recent advances—information geometry, Bayesian networks and graph-
ical models, Markov chain Monte Carlo, graph algorithms, implicit methods in
variational approaches and PDEs—deserve an informal and focused hearing in
a workshop setting.

We received 120 submissions each of which was reviewed by three members of
the Program Committee and the Co-chairs. Based on the reviews, 24 papers were
accepted for oral presentation and 18 for poster presentation. In this volume, no
distinction is made between papers that were presented orally or as posters.
EMMCVPR from its inception has focused on complementary (but sometimes
adversarial) optimization approaches to image analysis—both in problem formu-
lation and in solution methodologies. This “coopetition” is depicted as a mandala
in Fig. 1.

The book is organized into four sections with the section titles being Prob-
abilistic and Informational Approaches, Combinatorial Approaches, Variational
Approaches and Other Approaches and Applications. The section titles follow
the basic categories depicted in Figure 1 with the title “Other Approaches” used
to lump together methodologies that do not easily fit into the above opponent-
quadrant format.
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Fig. 1. The four dominant approaches to EMMCVPR arranged in an opponent-
quadrant format

EMMCVPR 2005 also included keynote talks by three distinguished scien-
tists: David Mumford (Brown University, USA), Christopher Small (University
of Waterloo, Canada), and Demetri Terzopoulos (New York University, USA).
The invited talks spanned the areas of differential geometry, shape analysis and
deformable models. These three researchers have played leading roles in the fields
of algebraic geometry, shape theory and image analysis, respectively.

We would like to thank Marcello Pelillo and Edwin Hancock for their pioneer-
ing efforts in launching this series of successful workshops with EMMCVPR 1997
and for much subsequent advice, organizational tips and encouragement. We also
thank Anil Jain (Co-chair of EMMCVPR 2001), Josiane Zerubia (Co-chair of
EMMCVPR 2001 and EMMCVPR 2003) and Mário Figueiredo (Co-chair of
EMMCVPR 2001 and EMMCVPR 2003) for their support. We thank the Pro-
gram Committee (and numerous un-named graduate students and postdocs who
were drafted as reviewers in the 11th hour) for careful and timely reviews which
made our task easier.

We acknowledge and thank the University of Florida for providing organiza-
tional and financial support to EMMCVPR 2005, the International Association
of Pattern Recognition (IAPR) for sponsoring the workshop and providing pub-
licity, and finally Springer for including EMMCVPR under the LNCS rubric.

August 2005 Anand Rangarajan
Baba Vemuri

Alan Yuille
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Adaptive Simulated Annealing for Energy
Minimization Problem in a Marked Point

Process Application

Guillaume Perrin1,2, Xavier Descombes2, and Josiane Zerubia2
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92290 Chatenay-Malabry, France
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http://www.inria.fr/ariana

Abstract. We use marked point processes to detect an unknown num-
ber of trees from high resolution aerial images. This is in fact an energy
minimization problem, where the energy contains a prior term which
takes into account the geometrical properties of the objects, and a data
term to match these objects to the image. This stochastic process is
simulated via a Reversible Jump Markov Chain Monte Carlo procedure,
which embeds a Simulated Annealing scheme to extract the best config-
uration of objects.

We compare here different cooling schedules of the Simulated Anneal-
ing algorithm which could provide some good minimization in a short
time. We also study some adaptive proposition kernels.

1 Introduction

We aim at extracting tree crowns from remotely sensed images in order to assess
some useful parameters such as the number of trees, their diameter, and the
density of the stem. This problem has been widely tackled in the literature over
the past years. In the case of color infrared images, some methods use a pixel
based approach and give the delineation of the tree crowns [11], other ones use
an object based approach by modelling a synthetic tree crown template to find
the tree top positions [18].

In [22], we proposed to use a marked point process approach which can em-
bed most of the geometric properties in the distribution of the trees, especially
in plantations where we obtained good results. Indeed, marked point processes
enable to model complex geometrical objects in a scene and have been exploited
for different applications in image processing [6]. The context is stochastic, and
our goal is to minimize an energy on the state space of all possible configura-
tions of objects, using some Markov Chain Monte Carlo (MCMC) algorithms

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 3–17, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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and Simulated Annealing (SA). In this paper, we will focus on the optimiza-
tion problem.

The first section is dedicated to recall some definitions about marked point
processes. Then, we present our model adapted to tree crown extraction, and
the SA algorithm. In the last section, we perform a range of tests in order to
study acceleration techniques of the SA that can be used to get good results in
a faster way.

2 Definitions and Notations

For more details about marked point processes we refer to [31], and for their
applications to image processing to [6].

2.1 Marked Point Process

Let S be a set of interest, called the state space, typically a subset of IRn. A
configuration of objects in S is an unordered list of objects :

x = {x1, . . . , xn} ∈ Ψn, xi ∈ S, i = 1, . . . , n (1)

A point process X in S is a measurable mapping from a probability space
(Ω, A, P) to configurations of points of S, in other words a random variable
whose realizations are random configurations of points. These configurations x
belong to

Ψ =
⋃

n

Ψn (2)

where Ψn contains all configurations of a finite number n of points of S.
A marked point process living in S = P × K is a point process where some

marks in K are added to the positions of the points in P. A configuration of
objects x = {(p1, k1), . . . , (pn, kn)} is also a finite set of marked points. The
marks are some parameters that fully describe the object. For example, ellipses
are described by the position of their center, their major and minor axis, and
their orientation.

The most obvious example of point processes is the homogeneous Poisson
process of intensity measure ν(.), proportional to the Lebesgue measure on S.
It induces a complete spatial randomness, given the fact that the positions are
uniformly and independently distributed.

2.2 Application to Object Extraction

The marked point process framework has been successfully applied in different
image analysis problems [3, 6, 21, 22], the main issue being that we do not know a
priori the number of objects to be extracted. The approach consists of modelling
an observed image I (see Fig. (2), lefthandside) as a realization of a marked point
process of geometrical objects. The position state space P will be given by the
image size, and the mark state space K will be some compact set of IRd.
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2.3 Energy Minimization Problem

We consider the probability distribution µ(.) of an homogeneous Poisson process
living in S with intensity measure ν(.), which gives us a probability measure on Ψ
(see [31]). Then, if the probability distribution PX (.) of a marked point process
X is uniformly continuous with respect to µ(.), the Radon Nikodym theorem
(for more details see [15] for example) defines its unnormalized density f(.) with
respect to this dominating reference measure as :

PX (dx) =
1
Z

f(x)µ(dx) =
1
Z

exp(−U(x))µ(dx) (3)

where Z is a normalizing constant, and U(x) the energy of the configuration x.
Within the Bayesian framework, given the data I , the posterior distribution

f(x|I) can be written as :

f(x|I) ∝ fp(x)L(I|x) (4)

From now on we will write f(x) = f(x|I). We aim at finding the Maximum A
Posteriori estimator xMAP of this density, which is also the minimum of the
Gibbs energy U(x). As for many energy minimization problems, the prior term
fp(x) can be seen as a regularization or a penalization term, while the likelihood
L(I|x) can be seen as a data term. We note Ψmin the set of all global minima
of U(x), of energy Umin > −∞. By analogy, Umax ≤ +∞ is the maximum of
U(x).

The landscape of U(x) in the problem of tree crown extraction is very elab-
orate. U(x) contains a lot of local minima [22], the classical SA scheme should
be adapted in order to give a good estimation of xMAP in a reasonable time.

2.4 Simulation of Marked Point Processes

A marked point process X is fully defined by its unnormalized density f(x)
under a reference measure, which is often in practice the homogeneous Poisson
measure. Sampling a realization of this process is not obvious, this requires some
MCMC algorithms, with PX (dx) as equilibrium distribution.

In particular, the Reversible Jump MCMC (RJMCMC) algorithm [12] allows
us to build a Markov Chain (Xn) which jumps between the different dimensions
of Ψ . At each step, the transition of this chain is managed by a set of proposition
kernels {Qm(x, .)}m∈M which propose the transformation of the current config-
uration x into a new configuration y. This move is accepted with a probability
α = min {1, R(x,y)}, where :

R(x,y) =
PX (dy)Qm(y, dx)
PX (dx)Qm(x, dy)

(5)

is called the Green ratio. (Xn) converges ergodically to the distribution PX under
some stability condition on the Papangelou conditional intensity [31] which must
be bounded (see [10], with a kernel containing uniform birth and death).
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Model optimization is achieved by this RJMCMC algorithm embedded in
a SA scheme. This consists of sampling f

1
Tn (.) instead of f(.), where Tn is a

temperature parameter which tends to zero as n → ∞. The Markov chain (Xn)
is now nonhomogeneous, and the convergence properties detailed in [10] do not
apply anymore.

3 Our Model for Tree Crown Extraction

We aim at extracting tree crowns from remotely sensed images of forests. Our
data contain infrared information, which enhances the chlorophyllean matter of
the trees. To perform this object extraction, we use a marked point process of
ellipses. The associated state space S is therefore a bounded set of R

5 :

S = P × K = [0, XM ] × [0, YM ] × [am, aM ] × [bm, bM ] × [0, π[ (6)

where XM and YM are respectively the width and the length of the image I ,
(am, aM ) and (bm, bM ) respectively the minimum and the maximum of the major
and the minor axes, and θ ∈ [0, π[ the orientation of our objects.

As explained in Section (2.3), we work in the Bayesian framework : the density
f(x) of one configuration is split into a prior term and a likelihood term.

3.1 Prior Energy Up(x)

As we are working on plantations of poplars, we model the periodic pattern of the
alignments in the prior term, by adding some constraints to the configurations
(see [22] for more details) :

– a repulsive term between two overlapping objects xi ∼r xj in order to avoid
over-detection. We introduce an overlapping coefficient A(x1, x2) ∈ [0, 1]
which penalizes more or less x1 ∼r x2 depending on the way they overlap :

Ur(x) = γr

∑

xi∼rxj

A(xi, xj), γr ∈ IR+ (7)

– an attractive term that favours regular alignments in the configuration. The
quality of the alignment of two objects x1 ∼a x2, with respect to two pre-
defined vectors of alignments, is assessed via a quality function Q(x1, x2) ∈
[0, 1] :

Ua(x) = γa

∑

xi∼axj

Q(xi, xj), γa ∈ IR− (8)

– for stability reasons and because of the attractive term, we have to avoid ex-
treme closeness of objects. This can be done by adding a hard core constraint
in our prior process :

Uh(x) =
{

+∞ if ∃(xi, xj) ∈ x | d(xi, xj) < 1
0 otherwise (9)
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Y

Fig. 1. Lefthandside : two overlapping objects and the quality of this interaction.
Righthandside : The four regions around one object where some alignments are
favoured.

The first two relationships are shown in Fig. (1). The prior energy is :

Up(x) = Ur(x) + Ua(x) + Uh(x) (10)

3.2 Likelihood L(I|x)

The likelihood of the data I given a configuration x is a statistical model of the
image. We consider that the data can be represented by some Gaussian mixture
of two classes (the trees with some high grey value and the background with low
grey value), where each pixel is associated to one of these two classes :

– Ci = N(mi, σi) for the pixels inside at least one of the objects of the config-
uration,

– Co = N(mo, σo) for the pixels outside.

Other models to define the likelihood are studied in [22].

3.3 RJMCMC Algorithm

As explained in Section (2.4), we use a RJMCMC dynamics to sample our
marked point process. The proposition kernel contains uniform birth and death,
translation, dilation, split and merge, and birth and death in a neighbourhood.
More details about this kernel can be found in [22].

3.4 Data and Results

Here we present one extraction result obtained on an aerial image of forests
provided by the French Forest Inventory (IFN). The parameters of the model can
be found in [22]. To compare this result to those obtained in the next sections, a
very slow plateau cooling schedule was chosen in order to have a good estimation
of Umin. Tab. (1) presents some statistics related to the simulation, and Fig. (2)
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Table 1. Statistics about the extraction after a slow decrease of the temperature
(N = 30 millions iterations)

Final energy UN = 134662
Number of objects n(XN ) = 292

Fig. 2. Lefthandside : some data provided by IFN (resolution 50cm/pixel). Righthand-
side : the poplar extraction result, after 30 millions iterations (45 minutes on a Red
Hat Linux 3GHz machine).

shows the image and the extraction result. In the following, each scenario will
be simulated 10 times, and the statistics will represent the mean values of the
statistics observed during these simulations.

4 Simulated Annealing

The SA algorithm is a stochastic global optimization procedure which exploits
an analogy between the search of the minima x ∈ Ψmin and a statistical thermo-
dynamic problem. As explained in [29], the thermal mobility of molecules is lost
when the temperature is slowly decreased, going from a liquid state to a pure
crystal which is a stable state of minimum energy. Cerny [5] and Kirpatrick [17]
simultaneously applied this analogy and proposed an algorithm using a Metropo-
lis Monte Carlo method and some temperature parameters, in order to find the
global minima of an energy function U(x). Ever since it has been widely used
in many optimization problems including applications in image analysis [34]. In
this section, we present this algorithm, its convergence properties and some ideas
to accelerate it.

4.1 The Algorithm

At each iteration of the SA algorithm, a candidate point y is generated from the
current position x using the distribution Q(x, .), and accepted or refused via an
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acceptance ratio α(x, y). This acceptance ratio is controlled by a parameter T
called the temperature [5, 17], which slowly decreases to 0 during the algorithm:

α(x, y) = min
{

1, exp
(

−U(y) − U(x)
T

)}
(11)

The principle of SA is also to accept some random ascent moves since the tem-
perature parameter is high, in order to escape local minima of the energy. When
T → ∞, the algorithm tends to sample a uniform distribution on S, while for
T → 0 it tends to a Dirac distribution on Ψmin. The evolution of the temperature
parameter Tn during the optimization process is called a cooling schedule. SA
also samples a nonhomogeneous Markov chain (Xn) which obliges to attain the
states of minimum energy Ψmin with an appropriate cooling schedule. A schedule
is said to be asymptotically good [2] if it satisfies :

lim
n→∞ P (Xn ∈ Ψmin) = 1 (12)

4.2 Convergence Results

Originally, SA algorithm was introduced for combinatorial problems (especially
the Traveling Salesman Problem and Graph Partitioning) on some large finite
solution set S. Thus, most of the convergence proofs have been obtained in the
case of 	(S) < ∞.

Geman and Geman [9] showed that some logarithmic decrease of the tem-
perature

lim
n→∞Tn log(n) ≥ K > 0 (13)

with K large enough, depending on ∆ = Umax−Umin, was sufficient to guarantee
the convergence (12). Then, Hajek [14] proved that K could be the maximum
of the depths dxm of local minima xm. He also linked the constant K with the
energy landscape, we will see how crucial it is to adapt SA to the energy of the
problem at hand. Details about this theorem, and speed of convergence can be
found in [29].

More recently, some results have been established in the case of general state
spaces for continuous global optimization. Most of the time, the case of compact
sets was studied [19], while in [1, 13] more general state spaces were taken. The
logarithmic schedule Tn ≥ K

log(n+2) was proven to be asymptotically good for
some constant K depending on the energy landscape. This cooling schedule can
be accelerated with some restrictions on the proposal distribution Q(x, .).

Finally, point process theory and SA have been linked in [30] and [24], where
some convergence proofs of inhomogeneous Markov chain were established re-
spectively in the case of a birth and death process and a RJMCMC scheme.

4.3 Acceleration Methods

In the previous subsection, we noticed that a logarithmic decrease was needed
to ensure the convergence of SA. However, these schedules require too much
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computation time and are not achievable in practice. Even if we are bound
to lose the convergence conditions, we prefer implementing some faster cooling
schedules. Many methods have been proposed in that prospect (see [2, 7, 23, 32]
for instance), and we will test some of them in our application.

The first family of methods consists in adapting the cooling schedule itself [7,
29, 32]. Most of the cooling schedules in the literature rely on exponential, also
called geometrical, cooling schedules of the form :

Tn = T0 ∗ an (14)

with a < 1 and very close to 1 (see [29] for more details). A slight adap-
tation of this schedule brings us to the fixed length plateau cooling sched-
ule, where the temperature parameter is decreased every k ∗ n iterations of
the algorithm (k fixed, n ∈ N). This enables the Markov chain to have more
time, at a given temperature, to reach its equilibrium distribution PTn

X (dx) =
f(x)

1
Tn µ(dx).

Another family of methods consists in adapting the candidate distribution
at each step [8, 13, 16]. In the Fast SA [26] or in the Adaptive SA (ASA) [16]
for instance, the convergence relies on the asumption that we globally explore
at each step the feasible region, i.e. that each state is reachable from the current
position Xk, though the probability of sampling points far from Xk decreases
to 0 when n → ∞. An additional temperature parameter tn is added in the
proposition density of the next candidate, which can decrease to 0 much faster
than logarithmically (exponentially for the ASA), while the cooling schedule of
the temperature parameter Tn → 0 without any speed constraint.

In practice, we will run some finite schedules, starting from a temperature T0
and ending with a temperature TN . Some papers tackle this problem of optimal
schedules in some finite time in combinatorial optimization problems [4, 25]. The
goal is to find the optimal temperature schedule for a given number of iterations
N , i.e. the schedule that gives the lowest expected value of energy. This leads
to the “Best So Far” for instance, which consists in taking the minimum value
of the energy U(Xn) encountered during the simulation, instead of the “Where
You Are” (last) value U(XN).

However, finite schedules lead all to what is called broken ergodicity [23], es-
pecially in applications with a continuous state space of varying dimension. The
Markov chain is no longer ergodic because the state space is too big to be ex-
plored and would require a huge number of iterations at each temperature, even
if there is a nonzero probability of reaching any state from any other state. This
phenomenon have been studied in [20], and a new adaptive annealing schedule
which takes into account the convergence delay has been proposed. This one was
inspired by [7, 27], where the authors proposed to decrease the temperature in
a plateau cooling schedule only if the mean of the energy during the current
plateau was bigger than the former one :

Tn+1 =
{

Tn if E[U(X)]n ≤ E[U(X)]n−1
a ∗ Tn otherwise (15)
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where E[U(X)]n = 1
k

∑i=(k+1)n
i=kn U(Xi). In practice this schedule is very long,

that is why Ortner [20] proposed to accept the decrease with less constraints.
Moreover, he remarked that the selection of the minimum was done during a
specific period of the cooling schedule, called the critical temperature. He also
constructed an heuristic that enables the cooling schedule to decrease faster when
the region is not interesting, and to go slower, or even to warm the tempera-
ture, when the temperature is critical. This adaptive schedule is very interesting
because it fits the energy landscape of the problem.

To conclude, in complex optimization problems in a finite time like the prob-
lem we have to solve, the adaptability of the algorithm is of high interest, in
order to avoid too much computation. We compare in the next section a few
results obtained with some of these schedules.

5 Comparative Results

Different experiments were carried out in order to compare some cooling sched-
ules of the SA in our energy minimization problem. As explained above, we
simulated 10 times each experiment to avoid too much imprecision.

5.1 Initial and Final Temperature

We still have not discussed the choice of the two bounds T0 and TN . In the
literature, it is often suggested to link T0 with the standard deviation of the
energy U(x) of random objects x ∈ S, typically twice as large (see [33]). We
can, for example, calculate this value by sampling at infinite temperature. For
the stopping temperature TN , it is more difficult to estimate a good value in
continuous problems, while in discrete problems [33] suggests taking it of the or-
der of the smallest energy scale. Generally speaking, the cooling schedule should
always take into account the energy to be optimized, its scale, its landscape, the
number and the size of local minima (see [23]).

First, we would like to assess the influence of the initial temperature T0 in
our problem. To that prospect, we use Fig. (3) and take twice the standard devi-
ation as a first initialization of the temperature : T0 
 25000. Then, we compare
this value with a bigger value T0 = 1000000 and some smaller ones T0 = 100
and T0 = 1, in a plateau cooling schedule of fixed length k = 5000. Only a is
varying in order to end the cooling schedule at the same final temperature :
TN = 10−9. Some statistics are presented in Tab. (2), and compare the mean
value of the last energy U(XN) (Where-You-Are), the standard deviation of this
energy, and the mean value of the total number of extracted objects. What can
be deduced from these results is that the estimation of the initial temperature
with the standard deviation is not the best one, considering the final value of
the energy. With T0 = 100, we obtain better results. One can suppose that at
higher temperature, we lose some time and that the selection of the minimum
begins around T = 100 (critical temperature). When the cooling starts with
T0 = 1 < 100, it is ’too late’.
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Fig. 3. Estimation of the standard deviation of the energy during an infinite temper-
ature simulation

Table 2. Different starting temperatures T0, with the same number of iterations (N =
2000000) and the same final temperature TN = 10−9

T0 = 1000000 T0 = 25000 T0 = 100 T0 = 1

Iterations (∗106) 2 2 2 2
Plateau length k 500 500 500 500

Cooling parameter a 0.9914 0.9923 0.9937 0.9948
Mean E[U(XN )] 136317 136200 136002 136713

Standard deviation σ[U(XN )] 216.12 222.05 139.07 314.65
Mean E[n(XN )] 282.0 283.6 284.3 285.3

Then, we could try to change the final temperature, starting from T0 = 100.
The results are presented in Tab. (3). It is interesting to note that it is less impor-
tant to end with a very low temperature than it is to spend more time around the
critical temperature. It seems that TN = 10−4 is a good final temperature. We also
deduce that the interesting part of the schedule is 100 > T > 10−4. The best sched-
ule would be perhaps the one which decreases quickly to this critical temperature,
then waits, and then goes fast to a very low temperature for a quasi-ICM schedule.

Table 3. Different ending temperatures TN , with the same number of iterations (N =
2000000) and the same starting temperature T0 = 100

TN = 10−3 TN = 10−4 TN = 10−5 TN = 10−7 TN = 10−9 TN = 10−13

Iter. (∗106) 2 2 2 2 2 2
k 500 500 500 500 500 500
a 0.9971 0.9966 0.996 0.9948 0.9937 0.9914

E[U(XN )] 135914 135843 135848 135961 136002 136713
σ[U(XN )] 113.43 239.11 140.88 187.77 139.07 96.70
E[n(XN )] 284.1 284.7 285.0 284.9 284.3 284.6
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5.2 Parameters a and k of the Plateau Cooling Schedule

The problem in this cooling schedule is also to determine the two parameters a
and k. During how many iterations should the Markov chain Xn stay at a given
temperature ? Some tests have been performed in order to see the influence
of these parameters. The results are shown in Tab. (4). It appears that the
parameters a and k (keeping the same number of iterations) do not have a big
impact on the results. This makes sense, because whatever they are, the Markov
chain will spend the same time in the critical zone of the temperature.

Table 4. Different fixed length plateau schedules, with the same number of iterations
(N = 2000000), initial temperature T0 = 100 and stopping temperature TN = 10−9

k = 10 k = 100 k = 500 k = 1000

Iter. (∗106) 2 2 2 2
a 0.99987 0.99874 0.9937 0.9874

E[U(XN )] 135944 136054 136002 135876
σ[U(XN )] 151.24 266.65 139.07 226.07
E[n(XN )] 286.1 285.1 284.3 286.4

5.3 Adaptive Cooling Schedule

In the previous results, we noticed that some better values for T0 and TN could
be found. Unfortunately, we cannot afford doing so many simulations for every
image for which we want to use our model. That is why the cooling schedule
proposed in [20, 21] is interesting, because it adapts the cooling speed to the
energy landscape.

We still set k = 500, and k′ = 50 the length of the 10 sub-plateaus. We note
E[U(X)]in = 1

k′
∑j=kn+(i+1)k′

j=kn+ik′ U(Xj) the mean of the energy on the ith sub-
plateau. We have E[U(X)]n = 1

10

∑i=9
i=0 E[U(X)]in. A decrease of the temperature

would be accepted if at least one sub-plateau has a mean energy E[U(X)]in lower
than the global former energy E[U(X)]n−1. Moreover, the cooling parameter an

now depends on n, and we can accelerate or even warm the temperature (if the
ergodicity is broken) according to :

Tn+1 =

⎧
⎪⎨

⎪⎩

1
an

∗ Tn if 	
{
E[U(X)]in ≤ E[U(X)]n−1

}
= 0 and an = a

1
r
n

an ∗ Tn if 	
{
E[U(X)]in ≤ E[U(X)]n−1

}
∈ [1, 4]

an ∗ Tn if 	
{
E[U(X)]in ≤ E[U(X)]n−1

}
≥ 5 and an = ar

n

(16)

We use r = 0.9, and threshold the parameter an in order that 0.96 < an < 0.996.
Obviously, starting from a temperature T0 and ending at a temperature TN , we
cannot predict the number of iterations it will take.

In Tab. (5), we compare the results of different adaptive schedules with
T0 = 25000 and TN = 10−9. S1 is the simple plateau schedule with a constant
speed studied before (a = 0.9923). Then, S2 and S3 are some adaptive plateau
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Table 5. Comparison of different schedules with T0 = 25000 and TN = 10−9

S1 S2 : 80% S3 : 90% S4 : 100% S5

Iter. (∗106) 2 2 2 2 E[N ] = 2.03
Plateau length k 500 500 500 500 500

Cooling parameters a = 0.9923 a1 = 0.9789 a1 = 0.9583 a = 0.9966 0.96 < a < 0.996
a2 = 0.9957 a2 = 0.9962

E[U(XN )] 136200 136048 135952 135843 135805
σ[U(XN )] 222.05 218.65 193.58 239.11 132.84

Mean E[n(XN )] 283.6 283.5 284.5 284.7 285
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Fig. 4. Lefthandside : Comparison of the adaptive plateau schedule and the adaptive
schedule. Righthandside : Cooling schedule of an adaptive plateau schedule, p being
the percentage of iterations spent in the critical zone. For T0 > T > 100 and 10−4 >
T > TN , an = a1. For 100 > T > 10−4, an = a2. In order to spend more time in the
critical zone, 1 > a2 > a1.

schedules for which the speed changes during the simulation in accordance with
the previous observations (see Fig. (4), lefthandside). S2 and S3 spend respec-
tively p = 80% and p = 90% of the time in the critical zone 100 > T > 10−4.
S4 is the limit adaptive geometric schedule (p = 100% studied before) where
T0 = 100 and TN = 10−4. Finally, S5 is the adaptive schedule presented above,
which accelerates or warm the temperature.

As expected, the adaptive schedule makes the most of the N iterations and
spend much more time in the interesting part of the temperature (see Fig. (4)).
We see that our estimation (around T = 100) of the beginning of the critical
zone is quite good.

5.4 Adapting the Proposition Kernel to the Temperature

A last optimization can be performed on the proposition kernel Q(x, y). Indeed,
this influences the global optimum of the SA, considering that at low tempera-
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Table 6. Comparison between a classical kernel and an adaptive proposition kernel

classical kernel adaptive kernel
Iterations (∗106) 2 2
Plateau length k 500 500

Cooling parameter a 0.9923 0.9923
E[U(XN )] 136200 135669
σ[U(XN )] 222.05 78.8
E[n(XN )] 283.6 284.1

ture, the system is looking preferably for small perturbations. We also decrease
along with the temperature our parameters in the translation, the rotation, and
the dilation moves in order to propose smaller perturbations. Results are shown
in Tab. (6). We can see that the results are much better with an adaptive propo-
sition kernel. This can be understood because whatever the temperature is, the
energy of the configuration should vary at the same order on the scale of one
transition [23]. At a very low temperature for example, many costly energy eval-
uations will be required to reach any improvement of the objective function if
we propose big moves to some of the objects of the configuration. It seems that
keeping a good acceptance ratio even for low temperatures is crucial.

6 Conclusion

In this paper, we have performed some optimization tests on a marked point
process algorithm applied to tree crown extraction. It is in fact an energy min-
imization, which can be studied using a SA scheme embedded in RJMCMC
procedure.

First, it appears that the adaptive cooling schedule proposed in [20] gives
better results that any geometric schedule, knowing the starting and the ending
temperatures of the schedule. It fits well the energy landscape, and accelerates or
warms the temperature in order to minimize the broken ergodicity phenomenon,
which always occurs in finite schedules. Then, adapting the proposition kernel
itself is also interesting. It increases the acceptance ratio of the proposition kernel
for low temperatures, and also finds better local minima of the energy.

Future work could involve the implementation of another optimization algo-
rithm, such as genetic algorithms. Moreover, other techniques which could im-
prove the Markov chain speed will be studied. Among all, Data Driven Markov
Chain Monte Carlo [28] achieves high acceleration by using the data (clustering
or edge detection in the image segmentation problem for instance) to compute
importance proposal probabilities which drive the Markov chain.
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Abstract. We develop a computational approach to non-parametric
Fisher information geometry and algorithms to calculate geodesic paths
in this geometry. Geodesics are used to quantify divergence of probabil-
ity density functions and to develop tools of data analysis in information
manifolds. The methodology developed is applied to several image anal-
ysis problems using a representation of textures based on the statistics of
multiple spectral components. Histograms of filter responses are viewed
as elements of a non-parametric statistical manifold, and local texture
patterns are compared using information geometry. Appearance-based
object recognition experiments, as well as region-based image segmen-
tation experiments are carried out to test both the representation and
metric. The proposed representation of textures is also applied to the
development of a spectral cartoon model of images.

1 Introduction

Large ensembles of data are often modeled as random samples of probability
distributions. As such, the algorithmic analysis of complex data sets naturally
leads to the investigation of families of probability density functions (PDFs). Of
particular interest is the development of metrics to quantify divergence of PDFs
and to model similarities and variations observed within a family of PDFs.

Information geometry studies differential geometric structures on manifolds
of probability distributions and provides important tools for the statistical anal-
ysis of families of probability density functions. While this area has experienced
a vigorous growth on the theoretical front in recent decades (see e.g. [1, 2, 18]),
the development of corresponding computational tools for data analysis is still
somewhat incipient. In this paper, we develop novel computational methods and
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strategies for the algorithmic study of non-parametric Fisher information geom-
etry and investigate applications to problems in image analysis.

As geodesics are natural interpolators in Riemannian manifolds, a key ele-
ment developed in this paper is an algorithm to calculate geodesics and geodesic
distances in the geometry associated with Fisher information. This basic tool will
allow us to devise computational approaches to problems such as: (i) quantifying
similarity and divergence of PDFs; (ii) interpolating and extrapolating PDFs;
(iii) clustering probability density functions; (iv) dimensionality reduction in the
representation of families of PDFs; (v) development of statistical models that
account for variability observed within a class of density functions. For simplicty,
we shall focus our investigation on PDFs defined on a finite interval, which will
be normalized to be I = [0, 1], with respect to the Lebesgue measure. However,
the techniques apply to more general settings.

Since the introduction of the discrete cartoon model of images by Geman and
Geman [8] and Blake and Zisserman [3], and its continuous analogue by Mumford
and Shah [17], many variants followed and have been applied to a wide range
of image processing tasks [4]. In these models, an image is typically viewed as
composed of two basic elements: (i) a cartoon formed by regions bounded by
sharp edges, within which the variation of pixel values is fairly smooth; (ii) a
texture pattern within each region, which is frequently modeled as white noise. A
drawback in such approaches is the texture model adopted; the view that texture
is not noise, but some form of structured appearance is becoming prevalent. To
address this problem, models such as the spectrogram model [15, 24] have been
proposed (see also [9]). A common strategy in texture analysis has been to de-
compose images into their spectral components using bandpass filters and utilize
histograms of filter responses to represent textures. Zhu et al. [23] have shown
that marginal distributions of spectral components are sufficient to characterize
homogeneous textures; other studies of the statistics of spectral components in-
clude [19, 6, 22]. Experiments reported in [14] offer empirical evidence that the
same applies to non-homogeneous textures if adequate boundary conditions are
available; that is, enough pixel values near the boundary of the image domain
are known.

In this paper, we model local and global texture patterns using histograms of
spectral components viewed as elements of a non-parametric information mani-
fold. Geodesic distances in this manifold are used to quantify texture similarity
and divergence. Multi-scale texture representation and analysis can be carried
out within this framework by restricting spectral components to sub-windows of
the image domain of varying sizes. Several experiments involving appearance-
based object classification and recognition, as well as region-based image seg-
mentation are carried out to test the proposed representation and methodology.
We also introduce a multi-scale spectral cartoon model of images based on this
information theoretical representation of textures.

The paper is organized as follows. In Sec. 2, we briefly review basic facts
about Fisher information geometry for parametric families of PDFs. Secs. 3 and
4 are devoted to a computational treatment of non-parametric Fisher informa-
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tion and to the development of an algorithm to calculate geodesics in information
manifolds. Secs. 5.1, 5.2 address the calculation of basic statistics of collections
of PDFs such as means and tangent-space covariance; this is followed by a dis-
cussion of clustering techniques in Sec. 5.3. In the remaining sections, the tech-
niques developed are applied to various problems in image analysis including
appearance-based recognition and segmentation of images. In the last section,
we propose a new spectral cartoon model of images, which is a modified version
of the well-known Mumford-Shah model that includes a novel representation
of textures using histograms of spectral components viewed as elements of a
non-parametric information manifold.

2 Fisher Information

Let I = [0, 1] and p : I × R
k → R

+, (x, θ) �→ p(x; θ), a k-dimensional family
of positive probability density functions parameterized by θ ∈ R

k. In classical
information geometry, the Riemannian structure on the parameter space R

k

defined by the Fisher information matrix g, whose (i, j)-entry is

gij(θ) =
∫ 1

0

(
∂

∂θi
log p(x; θ)

) (
∂

∂θj
log p(x; θ)

)
p(x; θ) dx ,

is regarded as the most natural Riemannian structure on the family from the
viewpoint of information theory (see e.g. [2]). Recall that if p1, p2 : I → R are
positive PDFs, the Kullback-Leibler (KL) divergence is defined by

KL(p1, p2) =
∫ 1

0
log

(
p1(x)
p2(x)

)
p1(x) dx.

If restricted to the family p(x; θ), the KL divergence may be viewed as a function
of parameters, with domain R

k × R
k. If θ, ξ ∈ R

k, we use the notation KL(θ, ξ)
for KL(p(·, θ), p(·, ξ)). Infinitesimally, the double of the KL divergence is known
to coincide with the quadratic form

ds2 =
k∑

i,j=1

gij(θ) dθidθj

associated with the Fisher information matrix g. That is, if Eθ : R
k → R is the

energy functional Eθ(ξ) = KL(θ, ξ), the Hessian of Eθ at the point ξ = θ is given
by g(θ). This fact is often expressed as

KL(θ, θ + dθ) =
1
2

ds2.

In [5], Dawid suggested the investigation of non-parametric analogues of this
geometry and such model was developed by Pistone and Sempi in [18]. This
extension to non-parametric families of a.e. positive density functions involves the
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study of infinite-dimensional manifolds. For technical reasons, the geometry that
generalizes Fisher information falls in the realm of infinite-dimensional Banach
manifolds, spaces whose geometries are more difficult to analyze. One of our
main goals is to develop computational approaches to discrete versions of non-
parametric Fisher information obtained by sampling density functions p : I → R

at a finite set of points.

3 Non-parametric Information Manifolds

We investigate a non-parametric statistical manifold P whose elements represent
the log-likelihood of positive probability density functions p : I → R

+. The mani-
fold P will be endowed with an information-theoretic geometric structure which,
among other things, will allow us to quantify variations and dissimilarities of
PDFs.

Each tangent space TϕP will be equipped with a natural inner product 〈 , 〉ϕ.
Although a Hilbert-Riemannian structure might seem to be the natural geomet-
ric structure on P to expect, one is led to a manifold locally modeled on Banach
spaces [18]. Since, in this paper, we are primarily interested in computational
aspects of information geometry, we construct finite-dimensional analogues of
P by sampling probability density functions uniformly at a finite set of points
under the assumption that they are continuous. Then, arguing heuristically, we
derive an expression for the inner product on the tangent space TϕP, which in-
duces a Riemannian structure on finite-dimensional, non-parametric analogues
of P. From the viewpoint of information theory, the geodesic distance between
two PDFs can be interpreted as a measurement of the uncertainty or unpre-
dictability in a density function relative to the other. Throughout the paper, we
abuse notation and refer to both continuous and discrete models with the same
symbols; however, the difference should be clear from the context.

Positive PDFs will be represented via their log-likelihood ϕ(x) = log p(x).
Thus, a function ϕ : I → R represents an element of P if and only if it satisfies∫

I

eϕ(x) dx = 1 . (1)

Remark. In the discrete formulation, ϕ denotes the vector (ϕ(x1), . . . , ϕ(xn)),
where 0 = x1 < x2 < . . . < xn = 1 are n uniformly spaced points on the unit
interval I.

Tangent vectors f to the manifold P at ϕ represent infinitesimal (first-order)
deformations of ϕ. Using a “time” parameter t, write such variation as ϕ(x, t),
x ∈ I and t ∈ (−ε, ε), where

ϕ(x, 0) = ϕ(x) and f(x) =
d

dt
ϕ(x, 0).

Differentiating constraint (1) with respect to t at t = 0, it follows that f : I → R

represents a tangent vector at ϕ if and only if∫
I

f(x)eϕ(x) dx = 0. (2)
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This simply means that f(x) has null expectation with respect to eϕ(x) dx. Thus,
the tangent space TϕP to the manifold P at ϕ can be described as

TϕP = {f : I → R |
∫ 1

0
f(x)eϕ(x) dx = 0}.

What is the natural inner product on TϕP that generalizes Fisher informa-
tion? In Sec. 2, we remarked that the Fisher information matrix can be viewed
as the Hessian of an energy functional associated with the KL divergence. In the
non-parametric setting, for ϕ ∈ P, the corresponding energy is given by

Eϕ(ψ) = KL(eϕ, eψ) =
∫ 1

0
(ϕ(x) − ψ(x)) eϕ(x) dx.

Calculating the Hessian of Eϕ at ψ = ϕ, it follows that the inner product induced
on TϕP is given by

〈v, w〉ϕ =
∫

I

v(x)w(x)eϕ(x) dx, (3)

which agrees with Fisher information on parametric submanifolds. A similar
calculation with the Jensen-Shannon (JS) entropy divergence, which is a sym-
metrization of KL, leads to the same inner product, up to a multiplicative factor
independent of ϕ. This means that both KL and JS essentially yield the same
infinitesimal measure of relative uncertainty or lack of information.

Continuing with this informal argument, Eq. 2 can be rewritten as 〈f, 1〉ϕ = 0,
where 1 denotes the constant function 1. Thus, f is tangent to P if and only if
it is orthogonal to 1.

To discretize this model, let 0 = x1 < x2 < . . . < xn−1 < xn = 1 be n
uniformly spaced points on the interval I. Heretoforth, all functions ψ : I → R

will be viewed as n-vectors obtained by sampling the function at these points;
that is, ψ = (ψ1, . . . , ψn) ∈ R

n, with ψi = ψ(xi). Eqn. 3 suggests that, at each
ϕ ∈ R

n, we consider the inner product

〈f, g〉ϕ =
n∑

i=1

figi eϕi , (4)

where f, g ∈ R
n. From (1), it follows that ϕ ∈ R

n represents a (discretized) PDF
if and only if

∑n
i=1 eϕi = 1. More formally, consider the function F : R

n → R

given by

F (ϕ) =
n∑

i=1

eϕi . (5)

The differential of F at ϕ evaluated at a vector f ∈ R
n is

dFϕ(f) =
n∑

i=1

fie
ϕi = 〈f, 1〉ϕ ,
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which shows that the gradient of F at ϕ with respect to the inner product
〈 , 〉ϕ is ∇F (ϕ) = (1, . . . , 1), for any ϕ. This implies that the level sets of F are
(n − 1)-dimensional submanifolds of R

n. Of particular interest, is the manifold

Pn = F−1(1),

which is our finite-dimensional analogue of P. As in (2), the tangent space TϕPn

consists of all vectors f ∈ R
n satisfying 〈f, 1〉ϕ = 0 ; that is, vectors f ∈ R

n

orthogonal to (1, . . . , 1) with respect to the inner product 〈 , 〉ϕ. The geodesic
distance between ϕ, ψ ∈ Pn will be denoted d(ϕ, ψ).

4 Geodesics in Pn

We are interested in developing an algorithm to calculate geodesics in Pn (with
respect to the Levi-Civita connection) with prescribed boundary conditions; that
is, with given initial and terminal points ϕ and ψ, respectively. Following a
strategy similar to that adopted in [13] for planar shapes, we propose to construct
geodesics in two stages. First, we describe a numerical strategy to calculate
geodesics in Pn with prescribed initial position ϕ0 and initial velocity f0.

4.1 Geodesics with Prescribed Initial Conditions

Recall that Pn is a submanifold of the Riemannian manifold (Rn, 〈 , 〉ϕ). From
(4), R

n with this metric can be expressed as the n-fold Cartesian product of the
real line R equipped with the Riemannian metric

〈u, v〉x = uvex,

x ∈ R. This allows us to easily calculate the differential equation that governs
geodesics in R

n with this non-standard (flat) metric and derive explicit expres-
sions for geodesics with initial conditions prescribed to first order. To solve the
corresponding initial value problem in Pn, we adopt the following strategy:

(i) Infinitesimally, follow the geodesic path α0 in R
n satisfying the given initial

conditions.
(ii) The end point ϕ̄1 of this small geodesic arc in (Rn, 〈 , 〉ϕ) will typically fall

slightly off of Pn; to place it back on the level set Pn = F−1(1) (i.e., to
have equation F (ϕ̃1)−1 = 0 satisfied), we use Newton’s method. Since the
gradient of F is 1 = (1, . . . , 1) at any point, this projection can be accom-
plished in a single step since it is equivalent to simply adding a constant to
ϕ̃1 so that

∫ 1
0 eϕ̃1(x) dx = 1. This gives ϕ1 ∈ Pn.

(iii) To iterate the construction, we need to parallel transport the velocity vector
f0 to the new point ϕ1 along the estimated geodesic arc. As an approxi-
mation to the parallel transport, from the velocity vector of α0 at the end
point ϕ̃1, subtract the component normal to Pn at ϕ1 and rescale it to have
the same magnitude as f0 to obtain the velocity vector f1 at ϕ1. This is
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done because geodesics have constant speed. One can show that this ap-
proximation of the parallel transport is a mild variant of Euler’s method
applied to the differential equation of geodesics in Pn.

(iv) Iterate the construction.

We denote this geodesic by Ψ(t; ϕ0, f0), where t is the time parameter. The
position Ψ(1; ϕ0, f0) of the geodesic at time t = 1 is known as the exponential
of f0 and denoted

expϕ0
(f0) = Ψ(1; ϕ0, f0).

One often refers to f0 as a logarithm of ϕ1 = Ψ(1; ϕ0, f0), denoted f0 = logϕ0
ϕ1.

The procedure just described can be interpreted as a first-order numerical in-
tegration of the differential equation that governs geodesics in Pn. Higher-order
methods can be adapted similarly.

4.2 Geodesics with Boundary Conditions

Given two points ϕ, ψ ∈ Pn, how to find a geodesic in Pn connecting them?
Similar to the strategy for computing geodesics in shape manifolds developed in
[13], we propose to use a shooting method. If we solve the equation

Ψ(1; ϕ, f) = ψ (6)
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Fig. 1. Examples of geodesics in Pn
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for f ∈ TϕPn (i.e., if we find the correct direction f0 to shoot a geodesic to reach
ψ in unit time), then Ψ(t; ϕ, f0), 0 ≤ t ≤ 1, gives the desired geodesic. Solving
Eqn. 6 is equivalent to finding the zeros of the miss function

E(f) = ‖Ψ(1; ϕ, f) − ψ‖2

on the tangent space TϕPn, where ‖.‖ denotes the standard Euclidean norm.
This problem can be approached numerically via Newton’s method.

Fig. 1 shows some examples of geodesics in Pn computed with the algorith-
mic procedure described above. The examples involve probability density func-
tions obtained by truncating Gaussians, generalized Laplacians and mixtures of
Gaussians.

5 Data Analysis

Probability density functions are often used to model large ensembles of data
viewed as random samples of the model. To compare different ensembles, it is
desirable to adapt existing data analysis tools to the framework of Fisher in-
formation. In this section, we consider the problem of defining and computing
means and covariance of families of PDFs, as well as extending clustering tech-
niques to the manifold Pn. Note that each PDF will be treated as a point on an
information manifold.

5.1 Fréchet Means

We begin with the problem of defining and finding the mean of a family of PDFs
on the interval I = [0, 1].

Let S = {ϕ1, . . . , ϕ�} ⊂ Pn be a collection of 	 probability distributions over
I represented by their discretized log-likelihood functions. We are interested in
defining and computing sample statistics such as mean and covariance of S. We
propose to use the intrinsic notion of Fréchet mean [12], which is defined as a
(local) minimum of the total variance function

V (ϕ) =
1
2

�∑
i=1

d2 (ϕ, ϕi) ,

where d denotes geodesic distance in Pn. It can be shown [12] that if fi is the
initial velocity of the geodesic that connects ϕ to ϕi in unit time, then

∇V (ϕ) = −
�∑

i=1

fi .

Thus, if we compute the velocity vectors fi, 1 ≤ i ≤ 	, using the algorithmic
procedure described in Sec. 4, the calculation of Fréchet means can be approached
with gradient methods. Fig. 2 shows examples of Fréchet means computed with
the techniques just described.
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Fig. 2. Examples of Fréchet means of PDFs

5.2 Covariance, Dimension Reduction and Learning

Given S = {ϕ1, . . . , ϕ�} ⊂ Pn, let ϕ̂ ∈ Pn be a Fréchet mean of the collection S,
and let fi = logϕ̂ ϕi be the initial velocity of the geodesic that connects ϕ̂ to ϕi

in unit time, which can be calculated with the techniques of Sec. 4.
The vectors fi, 1 ≤ i ≤ 	, yield an alternative tangent-space representation

of the elements of S as vectors in Tϕ̂Pn. This type of representation of data on
Riemannian manifolds via the inverse exponential map was introduced in the
context of shape analysis using landmark representations of shapes (see e.g. [7]).
Note that the original data point ϕi can be recovered from fi via the exponential
map. The advantage of this representation is that each fi lies in the inner-product
space (Tϕ̂Pn, 〈 , 〉ϕ̂), where classical data analysis techniques such as Component
Analysis can be used. This tangent-space representation may, in principle, distort
the geometry of the data somewhat. However, the distortion is small if the data
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Fig. 3. Reconstructing the data shown in Fig. 2(b) with tangent-space Principal Com-
ponent Analysis using (a) one and (b) three principal components, respectively
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does not exhibit very large spread. This is often the case, in practice, if we
assume that the data has been pre-clustered and we are analyzing individual
clusters separately.

Once the data has been lifted to (Tϕ̂Pn, 〈 , 〉ϕ̂), covariance can be defined as
usual. One can learn probability models for the family {fi, 1 ≤ i ≤ 	} using
standard techniques (see e.g. [7, 21]). For example, Principal Component Analy-
sis (PCA) can be applied to the tangent-space representation of S to derive a
Gaussian model. Fig. 2(b) shows a set of six PDFs and their mean. Figs. 3 (a) and
(b) show tangent-space PCA reconstructions of the data using projections over
one and three principal directions, respectively. Other well-known data anal-
ysis methods such as Independent Component Analysis and Kernel PCA (see
e.g. [11, 20, 10]) can be applied to tangent-space representations, as well.

5.3 Clustering

Classical clustering algorithms can be adapted to the present setting to group
large collections of PDFs into smaller subclasses. For example, starting with
single-element clusters formed by each element in a dataset, one can use hierar-
chical clustering techniques to successively combine clusters using the geodesic
distance between clusters in Pn as a merging criterion. Fig. 4 shows the cluster-
ing dendrogram obtained for a family twelve PDFs using the nearest-neighbor
merging criterion. The techniques for calculating Fréchet means described in
Sec. 5.1 allow us to adapt the classical k-Means Clustering Algorithm to families
of PDFs using the geodesic distance, as well.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.5

1

1.5

2

2.5

3 9

8

12

6

52

7

4

10+11

1+3

 1  3  2  4 10 11  5  6 12  7  8  9
0

0.02

0.04

0.06

0.08

0.1

Fig. 4. Twelve PDFs and a “nearest-neighbor” hierarchical clustering dendrogram

6 Spectral Representation and Clustering of Texture

In this section, we employ histograms of spectral components to represent tex-
ture patterns in images at different scales. We carry out appearance-based object
recognition experiments to test the representation, geodesic metric, and geodesic
interpolation. We also use the geodesic metric and a variant of the clustering tech-
niques discussed in Sec. 5.3 to identify regions of similar appearance in images.
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6.1 Texture Representation

Given a bank of filters F = {F j , 1 ≤ j ≤ K} and an image I, let Ij be the asso-
ciated spectral components obtained by applying filter F j to the image. Assume
that the histogram of the jth spectral component is modeled on a PDF with log-
likelihood ϕj ∈ P. The (texture of) image I will be represented by the K-tuple
Φ =

(
ϕ1, . . . , ϕK

)
∈ P × . . . × P = PK . We should point out that this is a global

representation of the image I, but the same construction applied to local windows
leads to multi-scale representations of texture patterns. If ΦA, ΦB ∈ PK represent
images IA and IB, respectively, let dT be the root-mean-square geodesic distance

dT (ΦA, ΦB) =

⎛
⎝ 1

K

K∑
j=1

d2(ϕj
A, ϕj

B)

⎞
⎠

1/2

, (7)

which defines a metric on the space PK of texture representations.

Remark. In specific applications, one may wish to attribute different weights to
the various summands of dT (ΦA, ΦB) in order to emphasize particular filters.

6.2 Region-Based Segmentation

In this section, we present results obtained in image segmentation experiments
with the ideas discussed above. To illustrate the ability of the metric dT to dis-
cern and classify local texture patterns, we grouped the pixels of some images
into two clusters. We used local histograms associated with five distinct spec-
tral components and the metric dT as measure of dissimilarity; a hierarchical
“centroid” clustering was adopted.

Fig. 5. In each row, the leftmost panel displays a test image. On the other panels, the
regions obtained by clustering the pixels into two clusters using histograms of local
responses to 5 filters are highlighted in two different ways.
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Fig. 6. A low-resolution segmentation of an image into three regions by clustering pixels
using 5 spectral components and the geodesic metric derived from Fisher information

On each row of Fig. 5, the leftmost panel shows the original images. The other
two panels display the two clusters obtained highlighted in different ways; observe
that clusters may be disconnected as in the image with a butterfly. Since cluster-
ing was performed at a low resolution, the boundaries of the regions are some-
what irregular. Note that because of the resolution and the local window size uti-
lized in the spectral analysis, the relatively thin white stripes on the fish are clus-
tered with the rest of the fish, not with the background. Fig. 6 shows the results
of a similar experiment, where the image was decomposed into three regions.

6.3 Appearance-Based Recognition

As an illustration of possible uses of the proposed spectral representation of tex-
tures using information manifolds, we carried out a small object recognition exper-
iment using 10 objects from the COIL-100 database. Each object in the database
is represented by 72 images taken at successive views that differ by 5-degree an-
gles. We used histograms of 39 spectral components, as well as the histograms of
the original images, so that each image is represented as an element of P40.

In the first recognition experiment, the training set consisted of 4 images cor-
responding to 90-degree rotations of the objects, with the 68 remaining images
used as test images. Table 1 compares the recognition rates achieved with 4 train-
ing images for each object to those obtained by estimating four additional views
using geodesic interpolations. Similar results are shown for a training set of 8
images. Examples of histograms of intermediate views estimated using geodesic
interpolations are shown in Fig. 7. On the first row, we display histograms of
images of an object from angles differing by 90◦ and the corresponding interpo-
lation. A similar illustration for a spectral component of the image is shown on
the second row.
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Table 1. Recognition rates in an experiment with 10 objects from the COIL-100
database

# of Training # of Test Performance with Performance with

Images Images no Interpolations Interpolations

4 68 93% 95%

8 64 97% 100%
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Fig. 7. First row: the left panel shows histograms of images of an object taken from
different views and the right panel displays histograms of intermediate views estimated
using geodesic interpolations. Second row: similar illustration for a spectral component.

7 The Spectral Cartoon Model

To model texture patterns using multi-resolution spectral components of images,
we localize the notion of appearance, as follows. Given a bank of filters F =
{F1, . . . , FK} and an image I, let Ij , 1 ≤ j ≤ K be the associated spectral
components. For a pixel p, consider a window of fixed size (this determines the
scale) centered at p and let hj

p be the histogram of Ij restricted to this window.
The histograms hj

p yield an s-tuple Φp =
(
ϕ1

p, . . . , ϕ
K
p

)
∈ PK , which encodes the

local texture pattern near the pixel p. If p, q are two pixels, we use the distance
dT (Φp, Φq) defined in (7) to quantify texture divergence.

To simplify the discussion, we consider a binary model and assume that the
image consists of two main regions: a background and a single foreground ele-
ment, which are separated by a closed contour C. The proposed model can be
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modified to allow more complex configurations as in [17]. A key difference to
be noted is that unlike the classical Ising image model, where a binary cartoon
is adopted (see e.g. [15]), we make a similar assumption at the level of spectral
representations, so that even cartoons can be non-trivially textured. Thus, vari-
ations of pixel values, often treated as white noise, will be modeled on random
fluctuations of more richly structured texture patterns.

Let I : D → R be an image, where D is the image domain, typically a rect-
angle in R

2. Consider triples (Φin, Φout, C), where C is a closed contour in D,
and Φin, Φout ∈ PK represent cartoon models for the local texture patterns in
the regions inside and outside C, respectively. We adopt a Bayesian model, with
a prior that assumes that C is not “unnecessarily” long, so that the prior energy
will be a multiple of the length 	(C). This can be easily modified to accom-
modate other commonly used priors such as the elastic energy; a probabilistic
interpretation of the elastic energy is given in [16]. The proposed data likelihood
energy is of the form

Ed(I|Φin, Φout, C) = α

∫
Din

d2
T (Φp, Φin) dp

+ β

∫
Dout

d2
T (Φp, Φout) dp ,

(8)

where α, β > 0, and Din, Dout are the regions inside and outside C, respectively.
The idea is that Ed will measure the compatibility of local texture patterns in
an image I with the texture of a proposed cartoon. The spectral cartoon of I is
represented by the triple (Φin, Φout, C) that minimizes the posterior energy

E(Φin, Φout, C|I) = α

∫
Din

d2
T (Φp, Φin) dp

+ β

∫
Dout

d2
T (Φp, Φout) dp + γ 	(C) ,

(9)

γ > 0.
Since the estimation of the triple (Φin, Φout, C) may be a costly task, one

may modify the model, as follows. For a given curve C, the optimal Φin can
be interpreted as the average value of Φp in the region Din, and the integral∫

Din
d2

T (Φp, Φin) dp as the total variance of Φp in the region. We propose to
replace d2(Φp, Φin), the distance square to the mean, with the average distance
square from Φp to Φq, for q ∈ Din, q 
= p, which is given by

1
Pin − 1

∑
q∈Din

q�=p

d2(Φp, Φq) .

Here, Pin is the number of pixels in Din. Proceeding similarly for the region
outside, the task is reduced to the simpler maximum-a-posteriori estimation of
the curve C; that is, the curve that minimizes the energy functional
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E(C|I) =
α

Pin − 1

∑
p, q ∈Din

q�=p

d2(Φp, Φq)

+
β

Pout − 1

∑
p, q ∈Dout

q�=p

d2(Φp, Φq) + γ 	(C) .

8 Summary and Comments

We introduced new computational methods and strategies in non-parametric
Fisher information geometry. A basic tool developed is an algorithm to calcu-
late geodesics in information manifolds that allows us to address computational
problems arising in the analysis of families of probability density functions such
as clustering PDFs and the calculation of means and covariance of families of
PDFs. To demonstrate its usefulness, the methodology developed was applied to
various image analysis problems such as appearance-based recognition of imaged
objects and image segmentation based on local texture patterns. A spectral car-
toon model of images was proposed using a new representation of local texture
patterns. More extensive testing of the methodos introduced in the context of
image analysis will be carried out in future work.
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Abstract. This paper addresses the problem of efficient information
theoretic, non-parametric data clustering. We develop a procedure for
adapting the cluster memberships of the data patterns, in order to maxi-
mize the recent Cauchy-Schwarz (CS) probability density function (pdf)
distance measure. Each pdf corresponds to a cluster. The CS distance is
estimated analytically and non-parametrically by means of the Parzen
window technique for density estimation. The resulting form of the cost
function makes it possible to develop an efficient adaption procedure
based on constrained gradient descent, using stochastic approximation of
the gradients. The computational complexity of the algorithm is O(MN),
M � N , where N is the total number of data patterns and M is the num-
ber of data patterns used in the stochastic approximation. We show that
the new algorithm is capable of performing well on several odd-shaped
and irregular data sets.

1 Introduction

In data analysis, it is often desirable to partition, or cluster, a data set into sub-
sets, such that members within subsets are more similar to each other according
to some criterion, than to members of other subsets. Clustering has many impor-
tant applications in computer vision and pattern recognition. See for example
ref. [1] for a review.

Most of the traditional algorithms, such as fuzzy K-means [2] and the
expectation-maximization algorithm for a Gaussian mixture model (EMGMM)
[3], work well for hyper-spherical and hyper-elliptical clusters, since they are
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often optimized based on a second order statistics criterion. Therefore, in re-
cent years, the main thrust in clustering has been towards developing efficient
algorithms capable of handling odd-shaped and highly irregular clusters.

Information theoretic methods appear as particularly appealing alternatives
as clustering cost functions when it comes to capturing all the structure in a
data set. The reason is that pdf distance measures in theory do capture all the
information contained in the data distributions in question. Several information
theoretic approaches to clustering have been proposed in recent years, see for
example refs. [4, 5, 6, 7]. The problem with many such methods is often that the
information theoretic measure can be difficult to estimate. Analytical estimation
most often requires the user to choose a parametric model for the data distribu-
tions. Hence, the clustering algorithm will only perform well if the parametric
model matches the actual densities. Also, the optimization of the cost function
is often computationally demanding.

In this paper, we address the problem of efficient information theoretic, non-
parametric data clustering. We develop a procedure for adjusting the cluster
memberships of the data points, which seeks to maximize the CS pdf distance
measure. Since the estimated pdfs, at each iteration cycle, are based on the
current clusters, the approach is to assign the memberships of the data such that
the CS distance between the obtained clusters is maximized. The CS distance
can be estimated analytically and non-parametrically by means of the Parzen
window technique for density estimation. Hence, the cost function captures all
the statistical information contained in the data.

By estimating the cluster pdfs using the Parzen window technique, the CS
distance can be expressed in terms of cluster memberships with respect to a
predetermined number of clusters. Of course, in clustering, the memberships
are not known beforehand, and have to be initialized randomly. The adaption
procedure for these memberships, maximizing the CS cost function, is carried out
by means of the Lagrange multiplier formalism. The procedure can be considered
a constrained gradient descent search, with built in variable step-sizes for each
coordinate direction.

The resulting algorithm has a complexity of order O(N2), where N is the
number of data patterns. In practical clustering problems, the data sets may
be very large. Thus, it is of crucial importance to reduce the complexity of the
algorithm. To achieve this goal, we derive a stochastic approximation approach
to estimating the gradients used in the clustering rule. Instead of calculating the
gradients based on information from the memberships corresponding to all the
data points, we stochastically sample the membership space, using only M � N
randomly selected membership functions and their corresponding data points, to
calculate the gradients. As a result, we obtain an efficient information theoretic
clustering algorithm of only O(MN) complexity.

The Parzen window size will also be used to avoid a pitfall of gradient descent
learning in non-convex cost functions, i.e., the convergence to a local optimum of
the cost function. We show that in our algorithm, this problem can to a high degree
be avoided, by allowing the size of the Parzen kernel to be annealed over a range
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of values around the optimally estimated value. The effect of using a large kernel
compared to the optimal kernel size, is to obtain an over-smoothed version of the
CS cost function, such that many local optima are eliminated. As the algorithm
converges toward the optimum of the smoothed CS distance, the kernel size is
continuously decreased, leading the algorithm toward the true global optimum.
We propose a method to select a suitable annealing scheme based on the optimal
Parzen kernel, which is, however, rather heuristic at this point.

The organization of this paper is as follows. In section 2, we review the Cauchy-
Schwarz pdf distance measure. In section 3, we develop the Lagrange multiplier
optimization procedure, and show how the gradients can be stochastically approx-
imated to obtain an efficient clustering algorithm. We present some clustering ex-
periments in section 4, and make our concluding remarks in section 5.

2 Cauchy-Schwarz PDF Distance

Based on the Cauchy-Schwarz inequality; ||x||2 ||y||2 ≥ (xT y)2, the following
holds;

− log
xT y

√
||x||2 ||y||2

≥ 0. (1)

By replacing inner products between vectors in (1), by inner products between
pdfs, i.e. 〈p, q〉 =

∫
p(x)q(x)dx, we define the following distance measure [8]

D(p, q) = − log
∫

p(x)q(x)dx
√∫

p2(x)dx
∫

q2(x)dx
≥ 0. (2)

We refer to D(p, q) as the Cauchy-Schwarz pdf distance measure. It can be seen
that D(p, q) is always non-negative, it obeys the identity property, and it is also
symmetric. The D(p, q) goes to infinity when the overlap between the two pdfs
goes to zero. The measure does however not obey the triangle inequality, such
that it does not satisfy the strictly mathematical definition of a distance measure.

Since the logarithm is a monotonic function, maximization of D(p, q) is equiv-
alent to minimization of the argument of the log in (2). In this paper, we refer to
this quantity as J(p, q), and the goal is to develop an efficient minimization scheme
for this quantity.

Assume that we estimate p(x) based on the data points in cluster C1 = {xi}, i
= 1, . . . , N1, and q(x) based on C2 = {xj}, j = 1, . . . , N2. By the Parzen [9]
method

p̂(x) =
1

N1

N1∑

i=1

G(x − xi, σ
2I),

q̂(x) =
1

N2

N2∑

j=1

G(x − xj , σ
2I), (3)
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where we have used symmetric Gaussian kernels, G(x,Σ), where Σ = σ2I. Ac-
cording to the convolution theorem for Gaussians, the following relation holds

∫
G(x − xi, σ

2I)G(x − xj , σ
2I)dx = Gij,2σ2I, (4)

where Gij,2σ2I = G(xi − xj , 2σ2I).
Thus, when we plug the Parzen pdf estimates of (3) into (2), and utilize (4),

we obtain
∫

p(x)q(x)dx ≈ 1
N1N2

N1,N2∑

i,j=1

Gij,2σ2I, (5)

∫
p2(x)dx ≈ 1

N2
1

N1,N1∑

i,i′=1

Gii′,2σ2I, (6)

and likewise for
∫

q2(x)dx, such that

J(p, q) =
1

N1N2

∑N1,N2
i,j=1 Gij,2σ2I

√
1

N2
1

∑N1,N1
i,i′=1 Gii′,2σ2I

1
N2

2

∑N2,N2
j,j′=1 Gjj′ ,2σ2I

. (7)

For each data pattern xi, i = 1, . . . , N , N = N1+N2, we now define a membership
vector mi. If xi belongs to cluster C1 (C2), the corresponding crisp membership
vector equals mi = [1, 0]T ([0, 1]T ). This allows us to rewrite (7) as a function of
the memberships, obtaining;

J(p, q) =
1
2

∑N,N
i,j=1

(
1 − mT

i mj

)
Gij,2σ2I

√∏2
k=1

∑N,N
i,j=1 mikmjkGij,2σ2I

, (8)

where mik (mjk), k = 1, 2, denotes element number k of mi (mj). In the sequel we
will make explicit that the variable quantities in (8) are the membership vectors,
thus, we will use the notation J(m1, . . . ,mN ) instead of J(p, q).

In the case of multiple clusters, Ck, k = 1, . . . , K, we extend the previous
definition as follows

J(m1, . . . ,mN) =
1
2

∑N,N
i,j=1

(
1 − mT

i mj

)
Gij,2σ2I

√∏K
k=1

∑N,N
i,j=1 mikmjkGij,2σ2I

, (9)

where each mi, i = 1, . . . , N , is a binary K dimensional vector. Only the k’th
element of any mi equals one, meaning that the corresponding data pattern xi is
assigned to cluster k.

The cost function J(m1, . . . ,mN ) is related to the cluster evaluation function
used by Gokcay and Principe [10]. They basically clustered based on the numer-
ator of (9), which can be considered equivalent to a “between-cluster” Renyi en-
tropy measure. Their clustering technique was based on calculating the cluster
evaluation function for all clustering possibilities, hence impractical for anything
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but very small data sets. We incorporate the “within-cluster” Renyi entropies in
the cost function, which are equivalent to the quantities in the denominator of
(9). This helps balance the cost function, and avoids problems such as obtaining
a minimum of the cost function when only one data point is isolated in a cluster,
and all the other data points in the remaining cluster. In addition, in the following
we will derive an efficient optimization technique for minimizing J(m1, . . . ,mN).

We assume a-priori knowledge about the number, K, of clusters inherit in the
data set. This may seem to be a strict assumption, and in some cases it probably is.
However,much researchhas been conducted with regard to estimating the number
of clusters present in a data set. See e.g. [11] for an overview of different cluster
indicies.

3 Lagrange Optimization

In order to minimize (9) using differential calculus techniques, we need to fuzzify
the membership vectors such that mi ∈ [0, 1], i = 1, . . . , N . Accordingly, we sug-
gest to solve the following constrained optimization problem

min
m1,...,mN

J(m1, . . . ,mN), (10)

subject to mT
j 1− 1 = 0, j = 1, . . . , N , where 1 is a K-dimensional ones-vector.

Now we make a convenient change of variables. Let mik = v2
ik, k = 1, . . . , K.

Consider
min

v1,...,vN

J(v1, . . . ,vN ), (11)

subject to vT
j vj − 1 = 0, j = 1, . . . , N . The constraints for the problem stated

in (11) are equivalent to the constraints for (10).The optimization problem, (11),
amounts to adjusting the vectors vi, i = 1, . . . , N , such that

∂J

∂vi
=

(
∂J

∂mi

T ∂mi

∂vi

)T

= Γ
∂J

∂mi
→ 0, (12)

where Γ = diag(2
√

mi1, . . . , 2
√

miK). We force all elements 2
√

mik, k = 1, . . . , K,
to always be positive by adding a small positive constant ε during each member-
ship update. Hence, ∂J

∂vi
→ 0 implies ∂J

∂mi
→ 0. Thus, these scalars can be in-

terpreted as variable step-sizes built into the gradient descent search process, as a
consequence of the change of variables that we made. We will return to the deriva-
tion of ∂J

∂mi
in subsection 3.2, and to the stochastic approximation of this quantity.

The necessary conditions for the solution of (11) are commonly generated by
constructing the Lagrange function, given by

L = J(v1, . . . ,vN ) +
N∑

j=1

λj

(
vT

j vj − 1
)
, (13)
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where λj , j = 1, . . . , N , are the Lagrange multipliers. The necessary conditions
for the extremum of L are given by

∂L

∂vi
=

∂J

∂vi
+

N∑

k=1

λk
∂

∂vi

(
vT

k vk − 1
)

= 0, (14)

∂L

∂λj
= vT

j vj − 1 = 0, (15)

for i, j = 1, . . . , N . From (14) we derive the following fixed-point adaption rule for
the vector vi as follows

∂J

∂vi
+ 2λivi = 0 ⇒ v+

i = − 1
2λi

∂J

∂vi
, (16)

i = 1, . . . , N , and where v+
i denotes the updated vector.

We solve for the Lagrange multipliers, λi, i = 1, . . . , N , by evaluating (15),
yielding

λi =
1
2

√
∂J

∂vi

T ∂J

∂vi
. (17)

After convergence of the algorithm, or after a predetermined number of iterations,
we designate the maximum value of the elements of each mi, i = 1, . . . , N , to one,
and the rest to zero.

We initialize the membership vectors randomly according to a uniform distri-
bution. That way mi ∈ [0, 1] ∀i, even though the constraint of (10) is not obeyed.
We have observed that after the first iteration through the algorithm, the con-
straint is always obeyed. Better initialization schemes may be used, although in
our experiments, the algorithm is very little affected by the actual initialization
used.

3.1 Kernel Size and Annealing Scheme

In section 2, the same kernel size, σ, was used in the Parzen estimate of both (all)
the pdfs of the clusters. Obviously, to obtain a perfect pdf estimate for each cluster,
this assumption may not be valid. But since we don’t know which data points
belong to which cluster (since this is exactly what we are trying to determine) it
is impossible to obtain a separate kernel size for each cluster. Given an input data
set, the best we can do is to estimate the optimal kernel size σ based on the whole
data set. In section 4, we show that for the purpose of clustering, using a single
kernel size for each cluster gives promising results, even though the underlying
densities are not necessarily optimally estimated.

We will use Silverman’s rule-of-thumb to determine the optimal kernel size
with respect to a mean integrated square error criterion between the estimated
and the actual pdf. It is given by [12]

σopt = σX

{
4N−1(2d + 1)−1} 1

d+4 , (18)
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where d is the dimensionality of the data and σ2
X = d−1 ∑

i ΣXii and ΣXii are the
diagonal elements of the sample covariance matrix.

The new CS-clustering algorithm that we propose can be operated in a fully
automatic mode by selecting the kernel size using (18), assuming that the correct
number of clusters, K, has been estimated beforehand. Hence no user-specified pa-
rameters are needed. However, since the CS-cost function is non-convex, it may
exhibit more than one optimum. For many data sets, the algorithm may always
converge to the correct solution, but for other data sets, it may in some cases con-
verge to a local non-optimal solution.

The Parzen windowing makes it possible to incorporate a learning strategy
into the algorithm to help avoid local minima. The kernel size is allowed to be
annealed over a range of values around the optimal value. We start out with a
relatively large kernel size, which has the effect of smoothing out local minima of
the cost function. As the algorithm converges toward the global minimum of the
smoothed cost function, which is biased wrt. the location of the true minimum, the
kernel size is continuously annealed, such that the minimum of the smoothed cost
function gets more and more aligned with the true minimum. By incorporating the
annealing into the algorithm, we can be more certain that the solution obtained
is close to the desired solution.

3.2 Stochastic Approximation

In this subsection we examine the stochastic approximation approach for calcu-
lating the gradient ∂J

∂mi
.

Let J = U
V , where

U =
1
2

N,N∑

i,j=1

(
1 − mT

i mj

)
Gij,2σ2I,

V =

√√
√
√

K∏

k=1

vk and vk =
N,N∑

i,j=1

mikmjkGij,2σ2I. (19)

Hence
∂J

∂mi
=

V ∂U
∂mi

− U ∂V
∂mi

V 2 , (20)

∂U

∂mi
= −

N∑

j=1

mjGij,2σ2I, (21)

∂V

∂mi
=

1
2

K∑

k′=1

√√
√√

∏K
k�=k′
k=1

vk

vk′

∂vk′

∂mi
, (22)

where ∂vk′
∂mi

=
[
0 . . . 2

∑N
j=1 mjk′Gij,2σ2I . . . 0

]T

. Thus, only element number k′

of this vector is nonzero.



Optimizing the Cauchy-Schwarz PDF Distance 41

The key point to note, is that we can calculate all quantities of interest in
(20), by determining (21), for ∀i. Since (21) is a sum over N elements, calculat-
ing all these quantities is an O(N2) procedure. An O(N2) algorithm may become
intractable for large data sets. To reduce complexity, we estimate (21) by stochas-
tically sampling the membership space, and utilize M randomly selected member-
ship vectors, and corresponding data points, to compute

−
M∑

m=1

mmGim,2σ2I, (23)

as an approximation to (21). Hence, the overall complexity of the algorithm is
reduced to O(MN) for each iteration. We will show that we obtain very good
clustering results, even selecting M to be as small as 15% of N .

4 Clustering Experiments

In this section we report clustering results on two artificially created data sets,
and one real. In all experiments, we use (18) to estimate the kernel size with re-
spect to Parzen pdf estimation. The upper limit of the kernel size, which we start
out with in the annealing procedure, is chosen to be σupper = 2σopt, and the lower
limit is selected as σlower = 0.5σopt. The kernel size is linearly decreased using a
step size ∆σ = (σupper − σlower)/100. If convergence is not obtained when reach-
ing σlower, the algorithm continues using σlower as the kernel size. These values
are selected based on our experimental experience. It should be said that the al-
gorithm is quite robust with regard to these values. Also, the value of M is always
selected as 15% of the value of N (rounded to the nearest integer). Our experi-
ments show that even thought we only use a few randomly chosen points to es-
timate the gradients, the results are as good as utilizing the whole data set. The
memberships are initialized as proposed in section 3, and the constant ε = 0.05.
In order to stop the algorithm, we examine the crisp memberships every tenth it-
eration. If there is no change in crisp memberships over these ten iterations, it is
assumed that the algorithm has either converged to a reasonable solution, or that
the algorithm is trapped in a local minimum from which it cannot escape. Hence,
when the algorithm terminates, it has in practice converged at least ten iterations
earlier.

In our first experiment, we consider the data set shown in Fig. 1 (a). A human
can observe that it contains two “half-moon”-shaped clusters with a highly non-
linear cluster boundary. There are totally N = 419 data patterns. The data set
is clustered 20 times using the CS-clustering algorithm. In absolutely all trials,
a result similar to that shown in Fig. 1 (b) is produced, after on average about
100 iterations. It can be seen that the clustering reveals the structure of the data
set. It should be said that a similar result is also obtained in 80% of the trials
using the fixed kernel mode, that is, the kernel is not annealed. Hence, in fixed
kernel mode, the algorithm converges to a local optimum in 20% of the trials. For
comparison, a typical result using the EMGMM algorithm is shown in Fig. 1 (c).
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(d) SL-clustering

Fig. 1. The CS-clustering algorithm performs very well on this two-cluster data set,
where the boundary between the clusters is highly non-linear, and there are some overlap

The EMGMM algorithm never obtaines the desired result, but always produces
a near-linear cluster boundary. The same is the case for the Fuzzy K-means al-
gorithm, which produces a result similar to the EMGMM (not shown). Also, the
result using the single-link clustering algorithm [1] is shown in Fig. 1 (d). It can
be seen that it isolates a single point in one cluster, and links together all the rest.
This behavior is typical for the single-link algorithm when the clusters have some
overlap. Fortunately, the CS-clustering algorithm shows no such tendency. Note
that all the clustering methods we compare with are popular and often used in
practice.

In the second experiment, we cluster the data set shown in Fig. 2 (a). It con-
tains N = 819 data patterns. As can be observed, there seems to be three clusters,
but the boundaries are not very clear. Consistently, the CS-algorithm produces a
clustering result as shown in Fig. 2 (b), after on average about 120 iterations. The
result clearly seems to be reasonable, considering the structure of the data set. For
comparison, the result obtained using fuzzy K-means is shown in Fig. 2 (c). The
linear cluster boundaries this method produces are shown by the straight lines,
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(a) Three clusters data set
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(c) FCM-clustering
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(d) Normalized Cut clustering

Fig. 2. Data set consisting of three clusters used in second clustering experiment

obviously not capturing the non-linear nature of the data. The result obtained
using the EMGMM algorithm is quite similar, and is not shown. The single-link
algorithm fails completely on this kind of data, because the data is noisy. We also
include a comparison to a recent graph-based clustering algorithm known as the
Normalized Cut method [13]. The scale parameter used in this method to define
graph edge-weights was recommended by the authors to be in the range 10−20%
of the total range of the Euclidean feature vector distances. We use 15%. The re-
sulting clustering is shown in Fig. 2 (d). It is clearly an improvement over fuzzy
K-means, but seems not to capture the cluster structure to the same degree as
our proposed method.

As a final experiment, the Wisconsin breast-cancer (WBC) data set [14] is clus-
tered. It consists of 683 data points (444 benign and 239 malignant). WBC is a
nine-dimensional dataset with features related to clump thickness, uniformity of
cell size, shape, and so forth. See [14] for details. On average, we obtained a correct
classification rate of 94.5%, which is comparable to the best results reported for
other clustering schemes on this data set.
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5 Conclusions

In this paper, we have developed a clustering algorithm that is based on optimizing
the Cauchy-Schwarz information theoretic distance measure between densities.
The optimization is carried out using the Lagrange multiplier formalism, and can
be considered a constrained gradient descent search. The gradients are stochasti-
cally approximated, reducing the complexity from O(N2) to O(MN), M � N .
We have shown that the algorithm performs well on several data sets, and that it is
capable of clustering data sets where the cluster boundaries are highly non-linear.
We attribute this property to the information theoretic metric we use, combined
with non-parametric Parzen density estimation.

Jenssen et al. [15] in fact discovered a relationship between the Cauchy-
Schwarz pdf distance and the graph theoretic cut. This means that our proposed
method can also be considered to belong to the family of graph-based clustering
cost functions, and it is hence related to the Normalized Cut method and spec-
tral clustering. However, in our method, there is no need to compute eigenvectors,
which is known to be a computationally demanding procedure. In future work,
we will further pursue this link between our information theoretic approach and
graph theory. See also [16] for comments on this link.
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Abstract. Most published techniques for reconstructing scenes from
stereo pairs follow a conventional strategy of searching for a single sur-
face yielding the best correspondence between the images. The search
involves specific constraints on surface continuity, smoothness, and vis-
ibility (occlusions) embedded in a matching score - typically an ad hoc
linear combination of distinctly different criteria of signal similarity. The
coefficients or weighing factors are selected empirically because they dra-
matically effect accuracy of stereo matching. The single surface assump-
tion is also too restrictive - few real scenes have only one surface.

We introduce a paradigm of concurrent stereo that circumvents in part
these problems by separating image matching from a choice of the 3D
surfaces. Concurrent stereo matching first detects all likely matching 3D
volumes instead of single best matches. Then, starting in the foreground,
the volumes are explored, selecting mutually consistent optical surfaces
that exhibit high point-wise signal similarity. Local, rather than global,
surface continuity and visibility constraints are applied.

1 Introduction

Many strategies for 3D reconstruction from stereo pairs have been proposed [1, 2].
Universally, matching corresponding points in the left and right images is a
critical step. Stereo reconstruction remains an ill-posed inverse optical problem
because many different optical surfaces may produce the same stereo pair due to
homogeneous (i.e. uniform or repetitive) texture, partial occlusions and optical
signal distortions. Occlusions result in image areas with no correspondence and
texture homogeneity produces multiple equivalent matches.

Over many years, automated stereo matching has evolved from simple feature
or gradient descent based algorithms (e.g. [4, 5]) to complex optimisation based
on dynamic programming [6–9], graph minimum-cut [10–13], or belief propaga-
tion techniques [13–16] . Almost all these approaches follow the same paradigm
of searching for a single optical surface yielding the best correspondence between
images under specific constraints on surface continuity, smoothness, and visibil-
ity (or partial occlusions). Even the best performing minimum-cut algorithms

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 46–59, 2005.
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use an ad hoc linear combination of signal similarity, surface smoothness, and
surface visibility criteria with empirically chosen weights of each criterion. It has
been shown that the choice of the weights strongly influences the reconstruc-
tion accuracy [18]. Moreover, few real scenes consist of a single surface, so this
assumption is also too restrictive.

Recently a paradigm of searching for a minimal photo-consistent hull contain-
ing no spatial elements (voxels) resulting in dissimilar corresponding points was
used to reconstruct a 3D surface from multiple images [19]. Also, humans tend to
analyse a scene in ‘strokes’ - the eye’s focus browsing from low to high frequency
regions, from sharp points to smooth areas and vice versa rather than scanning
line-by-line [20]. Starting with these ideas, we introduce a novel paradigm of
concurrent binocular stereo reconstruction fusing advantages and reducing dis-
advantages of previous methods. In this paper, we show that a typical stereo
pair contains many admissible matches, so that ‘best’ matching or minimization
algorithms will make many incorrect decisions. To counter this, our paradigm
separates image matching from a subsequent search for surfaces by consider-
ing all likely matching volumes instead of singleton local best matches and ex-
ploiting local surface constraints rather than global continuity ones. Concurrent
matching has two main features. First, corresponding volumes are found by
image-to-image matching at each fixed depth, or disparity value. This allows
mutual photometric distortions of images to be taken into account. Secondly,
reconstruction proceeds from foreground to background surfaces to account for
occlusions - enlarging corresponding background volumes at the expense of oc-
cluded portions. An additional colour continuity criterion is used then to select
most appropriate surfaces.

Section 2 discusses the ill-posed nature of binocular stereo using artificial
scene profiles and slices of one real image pair (the “Tsukuba” set). Note that
our aim in this paper is only to illustrate the main properties of the paradigm we
are proposing. Basic steps of the concurrent paradigm are considered in Section 3,
in particular, matching images to find corresponding spatial volumes and fitting
surfaces to those volumes.

2 Ill-Posed Binocular Stereo

Figure 1 exemplifies the main problems that can be encountered with single sur-
face binocular stereo reconstruction as well as with regularisation of a multiple
surface scene. A section through a set of surfaces along with the correspond-
ing piecewise-constant intensity profiles in the left and right images is shown in
Figure 1(a). Grey areas in Figures 1(b)-(d) show matching regions. Figure 1(b)
shows that an erroneous single surface profile may easily be constructed by ap-
plying smoothness and ordering constraints. Other reconstructions (from the
many possible) are shown in Figures 1(c) and (d). Moreover, the corresponding
(precisely matching) areas do not reflect the actual scene unless occlusions are
taken into account. Without additional constraints, it is impossible to discrimi-
nate between possible solutions.
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(a) (b)

(c) (d)

Fig. 1. Reconstructions from a stereo pair demonstrating the ill-posed nature of the
problem - even in the absence of noise: (a) actual surface profiles with intensity profiles
for the left and right images shown along vertical and horizontal axes - labels indicate
correspondences between surfaces and regions in the intensity profiles; (b)-(d) possible
surface reconstructions are shown by dotted lines through grey-shaded possible match-
ing regions: (b) a single continuous profile, (c) one (extreme) disjoint variant, and (d)
one restricted to a fixed disparity range - surface profiles above the line marked ’dmax’
are excluded.

Furthermore, even low level signal noise that does not mask major signal
changes in Fig. 1 hinders the conventional matching paradigm because it is
based on the maximum similarity between the signals for a reasonably con-
strained surface. In our simple example, the closest similarity between the ini-
tially equal signals distorted with independent noise can lead to selection of a
completely random surface from a set of admissible variants specified by both
signal correspondences and surface constraints.

Given a noise model, a more realistic stereo matching goal is to estimate
signal noise and specify a plausible range of differences between corresponding
signals. The noise estimates allow us to outline 3D volumes that contain all the
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surfaces ensuring such a ‘good matching’. Then the desired surface or surfaces
may be chosen using surface constraints only.

Generally, stereo matching presumes the availability of a signal similarity
model that accounts for changes in surface reflection for any potential noise
sources. However, most stereo matching algorithms in computer vision, includ-
ing the best-performing graph minimum-cut ones, use very simple similarity
criteria such as the sum of absolute signal differences (SAD) or square differ-
ences (SSD) for all the binocularly visible surface points. The underlying signal
model assumes equal corresponding signals distorted by an additive indepen-
dent noise with the same zero-centred symmetric probability distribution. Such
a simplification is justified for a few stereo pairs typically used for testing al-
gorithms, e.g., for the Middlebury data set [2]. However, it is invalid in most
practical applications, e.g. for aerial or ground stereo images of terrain collected
at different times under changing illumination and image acquisition conditions.
More realistic similarity models must take account of global or local offset and
contrast signal distortions [7, 9].

For the “Tsukuba” pair, Table 1 shows empirical probability distributions of
absolute pixel-wise signal differences, δI(x, y, d) = |IL(x, y)−IR(x−d, y)|, for the
corresponding points in the supplied ‘ground truth’ and for three single-surface
models reconstructed by symmetric dynamic programming stereo (SDPS), graph
minimum cut (GMC), and belief propagation (BP) algorithms in a given x-
disparity range ∆ = [dmin = 0, dmax = 14]. Effectively, this distribution shows
the discrepancy in a real image pair from the assumed simple signal model:
sources for this ‘noise’ are:

1. signal-based (circuit noise, quantization, . . .),
2. geometric (discrete pixel sensors, occlusions, perspective, . . .) and
3. optical (non-uniform scattering, specular reflections, . . .).

Fig. 2 plots these distributions (top left) and shows grey-coded signal corre-
spondences for one epipolar line (y = 173) in terms of the pixel-wise absolute
differences - black regions correspond to δI = 0. The multiplicity of possible

Table 1. Distribution of intensity differences for corresponding points in the
“Tsukuba” scene: % of the corresponding points with the absolute intensity differ-
ence δI in the indicated range where x-disparities are derived from the ground truth
(True) and the model reconstructed by SDPS, GMC and BP algorithms. The final col-
umn contains D, the sum of square distances between the distributions for the ground
truth and the reconstructed models.

δI 0 1 2 3- 6- 11- 21- 31- 61- 126- D
10 20 30 60 125 255 ×10−4

True 18.5 29.6 19.5 19.1 6.6 3.7 1.4 1.2 0.4 0.0
SDPS 20.9 30.9 18.1 17.9 6.7 3.7 1.2 0.6 0.0 0.0 8.5
GMC 17.2 25.3 15.5 17.3 8.9 6.9 3.3 2.2 1.4 0.0 60.9
BP 17.2 30.4 19.7 21.5 6.4 3.6 1.0 0.8 2.3 1.2 13.6
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Fig. 2. “Tsukuba” stereo pair: (top left) distribution of signal differences, δI , for the
pair of epipolar lines marked in the actual images (y = 173); (bottom right) grey-coded
absolute signal differences, |δI |, for the whole image, with the actual profile marked. Dark
regions indicate good matches: the multiplicity of admissable matches is clearly shown.

matches is clearly seen1. The distribution obtained with the symmetric dynamic
programming stereo (SDPS) algorithm [9] is closest to the true one. Hence, in
these experiments, we used the pixel-wise absolute signal differences from SDPS
as estimates of the spatially variant image noise. The overlaid true surface pro-
files show that in this example the single-surface approximation is close to the
actual disjoint scene only due to a small x-disparity range ∆ = [0, 14].

3 Concurrent Stereo Matching - Basic Features

Concurrent stereo reconstruction first matches image pixels using a signal model
to estimate random signal noise which generally is independent in both images
1 Scene assumptions enable the matching regions to be delimited. Assuming no ‘out-of-

image’ matching eliminates the lower right triangle. Assuming a closest approach (or
maximum disparity) eliminates much of the upper left. However, plenty of candidate
matches remain!
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and can be spatially variant. The model takes into account possible global or
local contrast or offset deviations between corresponding image areas. In contrast
to conventional paradigms, rather than immediately trying to find the single
optical surface or its minimal visual hull, it first delimits all 3D volumes which
are reconstruction candidates, i.e. which contain all the candidate 3D points
that ensure an admissible (or good) match according to the noise model2. The
second step attempts to find surfaces fitting the candidate volumes using only
smoothness and visibility constraints that rank the surfaces according to their
appropriateness for human visual perception. The fundamentally ill-posed nature
of the problem makes discovering the true surface an unrealistic goal. Thus, we
set a more practical goal - to select from possible candidates a surface that closely
resembles the choice that a human observer would make. In the final stage,
one or more surfaces are selected and possible partial occlusions of the chosen
surfaces are analyzed. In particular, this could be done by stratifying surfaces
into foreground versus background and refining the occluded background after
eliminating the foregrounds. By retaining all likely solutions for a given set of
images, the imposition of constraints which are not always physically realistic is
delayed until the final stage where they guide choices of possible solutions.

3.1 Admissible Point-Wise Correspondences

The artificial example in Fig. 1 presumes that corresponding volumes have zero
matching error. If low-level noise is added to these signals, the pixel-wise cor-
respondences for each disparity, d, have a zero-centred cluster of small signal
differences that includes true matches and one or more distant clusters rep-
resenting only mismatches. The noise distribution estimated from the central
cluster allows us to recover the corresponding areas seen in Fig. 1.

Using the same simple model of signal distortions, natural cases such as the
“Tsukuba” set (Fig. 2) produce continuous distributions of signal differences
(see the top left quadrant of Fig. 2). Generally, the distribution of noise will be
spatially variant and has to be locally estimated. For simplicity, the noise estima-
tion process could focus on best matching scores under the same model. Table 1
shows that SDPS reconstruction along corresponding epipolar lines provides rea-
sonably close estimates of the residual pixel-wise noise for the “Tsukuba” scene.
Obviously, images with finer texture need more robust noise estimation models
taking account of sub-pixel quantisation errors [21]. These noise estimates can
be used to determine what is considered to be an admissible match.

Examples of the first step in our new paradigm are presented in Figs. 3–8
for four stereo pairs from the Middlebury database [2] (“Tsukuba”, “Venus”,
“Map”, and “Sawtooth”, respectively). The middle panels in Figs. 3 and 6 and
the upper panels in Figs. 5 and 8 show d-slices of the candidate (x, y, d) volumes.
Black points indicate candidates with signal differences within the estimated
noise ranges for each (x, y)-position, i.e., acceptable matches.

2 All good matches are equivalent with respect to the estimated noise range and within
other admissible contrast or offset image deviations.
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d = 5 d = 6 d = 8 d = 9 d = 10

d = 11 d = 12 d = 13 d = 14 Disparity map

d = 5 d = 6 d = 8 d = 9 d = 10

d = 11 d = 12 d = 13 d = 14 Noise range

d = 4 d = 5 d = 6 d = 8 d = 9

d = 10 d = 11 d = 12 d = 13 d = 14

Fig. 3. Stereo pair “Tsukuba” – First two rows: Ideal disparity map for selected dis-
parities d. Middle two rows: First nine panels: Candidate (x, y, p) volumes sliced at
selected values of d. Large black regions clearly indicate good candidates for the final
surfaces. Tenth panel: SDPS-estimated spatial noise variation – black-to-white coding
of a noise range from [0,0] to [0,27] (white indicates the largest range). Last two rows:
Selection of reconstructed surfaces.

3.2 Surfaces for the Corresponding Volumes

Surfaces were successively fitted to each separate candidate volume working from
foreground to background within a known disparity range, ∆. In the “Tsukuba”
scene, this implies that the large black region of the lamp in the d = 14 slice
was first accepted and then propagated ‘back’ into the scene as occluded points.
To rank surface variants in the corresponding volumes in accord with typical
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d = 4 d = 5 d = 6 d = 7 d = 8

d = 9 d = 10 d = 11 d = 12 d=13

d = 14 d = 15 d = 16 d = 17 d=18

Fig. 4. Stereo pair “Venus” – Ideal disparity map for selected disparities d

visual perception, we used a preference criterion based on the surface planarity,
area, and its local expansion or shrinkage at the adjacent d-slices. In our first
set of experiments, the mean shift algorithm was used to segment the original
left colour image into a dense set of connected regions. Then each connected
region was examined for proportion of good matching points at the current d
value. If this proportion was above a threshhold (0.65 for the results shown),
then the region is labelled a ‘survivor’ for this d value and the holes filled in.
Alternative approaches based on assumptions that any detectable ‘feature’ must
have a minimum projection (in pixels) in the image plane could be used to remove
noisy outliers. This latter approach would be a practical requirement that, in
effect, requires us to ensure that the problem we are posing is realistic: accepting
isolated pixels as representing candidate volumes implies that we are attempting
to extract more information from the image pair than is physically realistic –
given a noise model. In the “Tsukuba” pair, only a small textureless region in
the background remained accepted after this criterion is applied. Note carefully,
that this is not an empirical parameter used to evaluate a cost function - as in
typical ‘best matching’ techniques: it is a criterion established at the experiment
design stage which governs the parameters of the stereo camera configuration,
including in particular, resolution in the imaging planes.

A selection of final volumes (represented by regions remaining at various d
levels) is shown in the lower rows of Figs 3, 5, 6, and 8. From Fig 2, it can
be noted that our model produces very sharp, correct edges for most objects
– evidenced by the very strong edges running through the signal differences
plot in the lower right quadrant (in comparison to the ‘fuzzy’ edges of window-
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d = 4 d = 5 d = 6 d = 7 d = 8

d = 9 d = 10 d = 11 d = 12 d=13

d = 14 d = 15 d = 16 d = 17 Noise range

d = 4 d = 5 d = 6 d = 7 d = 8

d = 9 d = 10 d = 11 d = 12 d=13

d = 14 d = 15 d = 16 d = 17 d=18

Fig. 5. Stereo pair “Venus” – First three rows: Candidate (x, y, p) volumes sliced at
selected values of d (first 14 panels: large black regions clearly indicate good candidates
for the final surfaces)and SDPS-estimated spatial noise variation (15th panel). Last
three rows: Selection of reconstructed surfaces.

based correlation or ‘slurred’ edges of dynamic programming techniques). We
also investigated region estimation using the mean shift algorithm and further
suppression of likely matches by:
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d = 4 d = 5 d = 22 d = 23 d = 24

d = 25 d = 26 d = 27 d = 28 d=29

d = 4 d = 5 d = 22 d = 23 d = 24

d = 25 d = 26 d = 27 d = 28 Noise range

d = 4 d = 5 d = 22 d = 23 d = 24

d = 25 d = 26 d = 27 d = 28 d = 29

Fig. 6. “Map” image set: First two rows: Ideal disparity map for selected disparities.
Middle two rows: Candidate (x, y, p) volumes sliced at selected values of d (first nine
panels; large black regions clearly indicate good candidates for the final surfaces) and
SDPS-estimated spatial noise variation (tenth panel). Last two rows: Selection of re-
constructed surfaces.

1. generation of connected components based on region estimation,
2. estimating the ratio of likely matches in a connected cell versus the cell area

for any given disparity slice, and
3. further processing of the connected components borders by intra- and inter-

region statistical analysis.
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d = 3 d = 4 d = 5 d = 6 d = 7

d = 8 d = 9 d = 10 d = 11 d=12

d = 13 d = 14 d = 15 d = 16 d=17

Fig. 7. Stereo pair “Sawtooth” – Ideal disparity map for selected disparities d

In Table 2, the performance of two variants of our concurrent stereo matching
(CSM) algorithm are compared with the other algorithms ranked on the Middle-
bury web site. It can be seen that, with the exception of the stereo pair, “Map”,
the CSM algorithm is producing quite good results even before flexible surface
models and optimization techniques are involved to ensure the best adjustment
to the candidate volumes. The errors in the reconstructed “Map” surface are
attributed to the original noise estimation step: the SDPS algorithm allows for
significant signal mismatches in the regions where sharp jumps in disparity and
thus large partial occlusions occur. Our oversimplified noise estimation takes no
account of the occlusions, so that these mismatches translate into too large noise
estimates for these regions. We expect that an improved noise estimation pro-
cedure, e.g. based on a Markov–Gibbs random field of noise ranges, will remove
many of the poor matches accepted in this case.

4 Conclusion

Analysis of stereo images with ground truth shows that each stereo pair pro-
duces a large number of equivalent (with respect to the closest signal matching)
solutions. Traditional stereo matching paradigms mix the matching and the se-
lection of visually most appropriate surfaces. We propose that reconstruction
should be separated into two steps:

1. independent noise or signal error range estimation to outline spatial volumes
which are equivalent from the standpoint of image matching, and

2. selection of one or more surfaces to fit these volumes.
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d = 3 d = 4 d = 5 d = 6 d = 7

d = 8 d = 9 d = 10 d = 11 d=12

d = 13 d = 14 d = 15 d = 16 Noise range

d = 3 d = 4 d = 5 d = 6 d = 7

d = 8 d = 9 d = 10 d = 11 d=12

d = 13 d = 14 d = 15 d = 16 d=17

Fig. 8. Stereo pair “Sawtooth” – First three rows: Candidate (x, y, p) volumes sliced at
selected values of d (first 14 panels; large black regions clearly indicate good candidates
for the final surfaces) and SDPS-estimated spatial noise variation (15th panel). Last
three rows: Selection of reconstructed surfaces.

The separation leads to more efficient stereo reconstruction techniques.
This key idea is that this new paradigm abandons the ‘best match’ or signal

difference minimization criterion almost universally applied to date in favour of a
likely match criterion based on a local signal noise model. The final reconstructed
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Table 2. Comparison of concurrent stereo matching (CSM) with algorithms from the
Middlebury web site http://cat.middlebury.edu/stereo/ (MA): MA-SBPO – the
best-performing symmetric belief propagation algorithm with occlusions[16]†; CSM-
MSS and CSM-NS – CSM implementations with a conventional asymmetric stereo
visibility model and with mean shift and noise based segmentation, respectively.

Algorithm Tsukuba Sawtooth Venus Map
all untex. disc. all untex. disc. all untex. disc. all disc.

MA-SBPO 0.97 0.28 5.45 0.19 0.00 2.09 0.16 0.02 2.77 0.16 2.20
Rank 1 3 3 1 1 3 3 2-3 7 1 1
Our:CSM-MSS 1.15 0.80 1.86 0.98 0.62 1.69 1.18 1.04 1.48 3.08 7.34
Rank 3 11 1 12 24 1 11 9 2 33 17
Our:CSM-NS 1.50 1.60 2.26 1.35 1.20 2.01 2.01 3.54 2.25 3.74 8.59
Rank 7 19 2 23 27 2 24 29 4 36 19
MA+CSM: rank 1 0.97 0.23 1.86 0.19 0.00 1.69 0.08 0.01 1.39 0.16 2.20
MA+CSM: rank 40 11.1 10.7 50.0 5.51 5.56 30.1 10.1 11.4 31.3 8.42 33.0

† The symmetric visibility model of Sun et al. [16] is close, although with no reference, to
previously published models for symmetric dynamic programming stereo [6, 9, 17, 18].

surfaces exhibit excellent matching when compared to other reported algorithms
even with an oversimplified implementation of the CSM paradigm. There is one
exception – the stereo pair, “Map”, with large disparity changes and thus large
partially occluded regions that hinder our simple estimation of the image noise.
We expect that with an improved noise model - for example, one that could
easily be derived from calibrated camera systems - the errors resulting from using
the SDPS generated disparity maps as noise estimators would be substantially
reduced.

As a final note, we observe that this new paradigm is well suited to efficient
parallel hardware implementations permitting high resolution, accurate, real-
time, 3D scene reconstruction.
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Abstract. In this paper, we consider the problem of color restoration
using statistical priors. This is applied to color recovery for underwater
images, using an energy minimization formulation. Underwater images
present a challenge when trying to correct the blue-green monochrome
look to bring out the color we know marine life has. For aquatic robot
tasks, the quality of the images is crucial and needed in real-time. Our
method enhances the color of the images by using a Markov Random
Field (MRF) to represent the relationship between color depleted and
color images. The parameters of the MRF model are learned from the
training data and then the most probable color assignment for each pixel
in the given color depleted image is inferred by using belief propagation
(BP). This allows the system to adapt the color restoration algorithm to
the current environmental conditions and also to the task requirements.
Experimental results on a variety of underwater scenes demonstrate the
feasibility of our method.

1 Introduction

High quality image data is desirable for many underwater inspection and obser-
vation tasks. Particularly, vision systems for aquatic robots [3, 6, 9] must cope
with a host of geometrical distortions: colour distortions, dynamic lighting condi-
tions and suspended particles (known as ’marine snow’) that are due to inherent
physical properties of the marine environment. All these distortions cause poor
visibility and hinder computer vision tasks, e.g., those based on stereo triangu-
lation or on structure from motion.

Image restoration in general, involves the correction of several types of degra-
dation in an image. Traditionally, the most common sources of degradation are
due to imperfections of the sensors, or in transmission. Underwater vision is
plagued by poor visibility [11, 10] (even in the cleanest water). Additional factors
are the ambient light, and frequency-dependent scattering and absorption, both
between the camera and the environment, and also between the light source (the
sun) and the local environment (i.e. this varies with both depth and local water
conditions). The light undergoes scattering along the line of sight. The result
is an image that is color depleted (typically appearing bluish), blurry and out

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 60–73, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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of focus. In this paper, we focus on the specific problem of restoring/enhancing
the color of underwater images. The term color refers to the red, green and blue
values (often called the color channels) for each pixel in an image. Prominent
blue color of clear ocean water, apart from sky reflection, is due to selective
absorption by water molecules. The quality of the water determines its filter-
ing properties. The greater the dissolved and suspended matter, the greener (or
browner) the water becomes. The time of day and cloudiness of the sky also have
a great effect on the nature of the light available. Another factor is depth, once at
sufficient depth, no amount of filtration can effectively restore color loss. Due to
the nature of underwater optics, red light diminishes when the depth increases,
thus producing blue to grey like images. By 3m in depth there is almost no red
light left from the sun. By 5m, orange light is gone, by 10m most yellow is also
gone. By the time one reaches 25m only blue light remains [4]. Since many (if
not all) of the above factors are constantly changing, we cannot really know all
the effects of water.

Color recovery is not a simple linear transform since it depends on distance
and it is also affected by quantization and even light source variations. We pro-
pose a learning based Markov Random Field model for color correction based
on training from examples. This allows the system to adapt the algorithm to
the current environmental conditions and also to the task requirements. As pro-
posed in[7], our approach is based on learning the statistics from training image
pairs. Specifically, our MRF model learns the relationships between each of the
color training images with its corresponding color depleted image. This model
uses multi-scale representations of the color corrected (enhanced) and original
images to construct a probabilistic enhancement algorithm that improves the
observed video. This improvement is based on a combination of color matching
correspondences from the training data, and local context via belief propagation
(BP), all embodied in the Markov Random Field. Training images are small
patches of regions of interest that capture the maximum of the intensity varia-
tions from the image to be restored.

This paper is structured as follows. Section 2 briefly consider some of the
related prior work. Section 3 describes our method for color correction. Defining
the MRF model and the inference approach using BP. Section 4 tests the pro-
posed algorithm on two different scenarios with several types of experimental
data each. Finally, in Section 5 we give some conclusions and future directions.

2 Related Work

There are numerous image retouching programs on the market that have easy-
to-use, semi-automated image enhancement features. But since they are directed
at land-based photography, these features do not always work with underwater
images. Learning to manipulate the colors in underwater images with computer
editing programs requires patience. Automated methods are essential, specially
for real-time applications (such as aquatic inspection). Most prior work on im-
age enhancement tend to approximate the lighting and color processes by ideal-
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ized mathematical models. Such approaches are often elegant, but may not be
well suited to the particular phenomena in any specific real environment. Color
restoration is an ill-posed problem since there is not enough information in the
poor colored image alone to determine the original image without ambiguity. In
their work, Ahlen et al. [1] estimate a diffuse attenuation coefficient for three
wavelengths using known reflectance values of a reference gray target that is
present on all tested images. To calculate new intensity values they use Beer’s
Law, where the depth parameter is derived from images that are taken at differ-
ent depths. Additional parameters needed are the image enhancements functions
built into the camera. In general, their results are good, but the method’s effi-
ciency depends highly on the previously noted parameters. In [14] a method that
eliminates the backscatter effect and improves the acquisition of underwater im-
ages with very good results is presented. Their method combines a mathematical
formula with a physical filter normally used for land photography. Although the
method does not perform color correction, the clarity achieved on the underwater
images may allow for color correction.

3 Our MRF-BP Approach for Color Correction

The solution of the color correction problem can be defined as the minimum of an
energy function. The first idea on which our approach is based, is that an image
can be modeled as a sample function of a stochastic process based on the Gibbs
distribution, that is, as a Markov Random Field (MRF) [8]. We consider the color
correction a task of assigning a color value to each pixel of the input image that
best describes its surrounding structure using the training image patches. The
MRF model has the ability to capture the characteristics between the training
sets and then used them to learn a marginal probability distribution that is to
be used on the input images. This model uses multi-scale representations of the
color corrected and color depleted (bluish) images to construct a probabilistic
algorithm that improves the color of underwater images. The power of our tech-
nique is evident in that only a small set of training patches is required to color
correct representative examples of color depleted underwater images, even when
the image contains literally no color information. Each pair of the training set is
composed by a color-corrected image patch with its corresponding color-depleted
image patch. Statistical relationships are learned directly from the training data,
without having to consider any lighting conditions of specific nature, location or
environment type that would be inappropiate to a particular underwater scene.
We use a pairwise MRF model, which is of particular interest in many low-level
vision problems.

3.1 The Pairwise MRF Model

Denote the input color depleted image by B = {bi}, i = 1, ..., N , where N ∈ Z
is the total number of pixels in the image and bi is a triplet containing the
RGB channels of pixel location i. We wish to estimate the color-corrected image
C = {ci}, i = 1, ..., N , where ci replaces the value of pixel bi with a color value.



Color Correction of Underwater Images for Aquatic Robot Inspection 63

(a) (b) (c)

Fig. 1. (b) Pairwise Markov Random Field used to model the joint probability dis-
tribution of the system. Observation nodes, y, represent an image patch in the bluish
image (a), and hidden nodes x, an image patch in the color image (b) to be inferred.

A pairwise MRF model (also known as Markov network) is defined as a set
of hidden nodes xi (white circles in the graph) representing local patches in the
output image C, and the observable nodes yi (shaded circles in the graph) rep-
resenting local patches in the input bluish image B. Each local patch is centered
to pixel location i of the respective images. Figure 1 shows the MRF model for
color correction.

Denoting the pairwise potentials between variables xi and xj by ψij and
the local evidence potentials associated with variables xi and yi by φi (see Fig-
ure 2), the joint probability of the MRF model under variable instantiation
x = (x1, ..., xN ) and y = (y1, ..., yN ), can be written [2, 8] as:

P (x, y) =
1
Z

∏

ij

ψij(xi, xj)
∏

i

φi(xi, yi), (1)

where Z is the normalization constant. We wish to maximize P (x, y), that is, we
want to find the most likely state for all hidden nodes xi, given all the evidence
nodes yi.

The compatibility functions allows to set high (or low) compatibilities to
neighboring pixels according to the particular application. In our case, we wish

Fig. 2. The potential functions φ and ψ define the compatibilities between nodes in
the Markov network
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to preserve discontinuities (edges) in the input (color depleted) image to avoid
over smoothing the color corrected image. Thus, we set high compatibility be-
tween neighboring pixels that have similar colors, and low compatibility between
neighboring pixels with abrupt change in color values. These potentials are used
in messages that are propagated between the pixels to indicate what color or
combination of intensities each image pixel should have.

A color pixel value in C is synthesized by estimating the maximum a posteri-
ori (MAP) solution of the MRF model using the training set. The MAP solution
of the MRF model is:

xMAP = arg max P (x | y), (2)
x

where
P (x | y) ∝ P (y | x)P (x) ∝

∏

i

φi(xi, yi)
∏

(i,j)

ψij(xi, xj) (3)

Calculating the conditional probabilities in an explicit form to infer the exact
MAP in MRF models is intractable. We cannot efficiently represent or determine
all the possible combinations between pixels with its associated neighborhoods.
Various techniques exist for approximating the MAP estimate, such as Markov
Chain Monte Carlo (MCMC), iterated conditional modes (ICM), maximizer of
posterior marginals (MPM), etc. See [5] for a comparison. In this work, we
compute a MAP estimate, by using a learning-based framework on pairwise
MRFs, as proposed by [7], using belief propagation (BP).

The compatibility functions φ(xi, yi) and ψ(xi, xj) are learned from the train-
ing set using the patch-based method in [7]. They are usually assumed to obey
a Gaussian distribution to model Gaussian noise. The φi(xi, yi) compatibility
function is defined as follows

φi(xi, yi) = e−|yi−yxi
|2/2σ2

i (4)

where xi is a color-corrected patch candidate, yxi is the corresponding bluish
patch of xi, and yi is the bluish patch in the input image.

The image is divided so that the corresponding color-corrected patches over-
lap. If the overlapping pixels of two node states match, the compatibility between
those states is high. We define ψ(xi, xj) as:

ψij(xi, xj) = e−dij(xi,xj)/2σ2
i (5)

where dij is the difference between neighborhoods i and j (Section 3.3 defines
the precise similarity measure we use).

Images in the training set are pairs of small image regions of the bluish image
with its corresponding color-corrected image, thus the compatibility functions
depend on each particular input image.

3.2 MRF-MAP Inference Using BP

Belief propagation (BP) was originally introduced as an exact algorithm for
tree-structured models [12], but it can also be applied for graphs with loops,
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in which case it becomes an approximate algorithm, leading often to good ap-
proximate and tractable solutions [15]. For MRFs, BP is an inference method
to efficiently estimate Bayesian beliefs in the network by the way of iteratively
passing messages between neighboring nodes.

The message send from node i to any of its adjacent nodes j ∈ N(i) is

mij(xj) = Z
∑

xi

ψ(xi, xj)φ(xi, yi)
∏

k∈N(i)\{j}
mki(xi) (6)

where Z is the normalization constant. The maximum a posteriori scene patch
for node i is:

xiMAP = arg max φ(xi, yi)
∏

j∈N(i)

mji(xi). (7)
xi

The BP algorithm is not guaranteed to converge, but if it does so, then it
converges to a local stationary point of the Bethe approximation to the free
energy [17]. In our experiments, the BP algorithm usually converges in less than
10 iterations. And it is also notable that BP is faster than many traditional
inference methods.

Candidate states for each patch are taken from the training set. Fore each
bluish patch in the image, we search the training set for patches that best re-
semble the input. The color-corrected patches corresponding the best k patches
are used as possible states for the hidden nodes.

The algorithm for color correction can be summarized as follows:

1. Divide the training images (both the bluish and color images) into small
patches, which form the sets of xi’s and yi’s.

2. For each input patch yi, find the k closest yxi ’s. The corresponding xi’s are
the candidates for that patch. Calculate the compatibility function φ(xi, yi)
according to Eq. 4.

3. For each pair of neighboring input patches, calculate the k × k compatibility
function ψ(xi, xj) according to Eq. 5.

4. Estimate the MRF-MAP solution using BP.
5. Assign the color value of the center pixel of each estimated maximum

probability patch xiMAP to the corresponding pixel in output image C.

3.3 Implementation Issues

Measuring the dissimilarity between image patches is of crucial for obtaining
quality results, especially when there is a prominent color (blue or green) as in
underwater images. Color information can be specified, created and visualized
by different color spaces (see [16] for more information about color spaces). For
example, the RGB color space, can be visualized as a cube with red, green and
blue axes. Color distance is a metric of proximity between colors (e.g. Euclidean
distance) measured in a color space. However, color distance does not necessar-
ily correlate with perceived color similarity. Different applications have different
needs which can be handled better using different color spaces. For our needs
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it is important to be able to measure differences between colors in a way that
matches perceptual similarity as good as possible. This task is simplified by the
use of perceptually uniform color spaces. A color space is perceptually uniform if
a small change of a color will produce the same change in perception anywhere
in the color space. Neither RGB, HLS or CIE XYZ is perceptually uniform.

The (nonlinear) conversions from RGB to CIE Lab are given by:1

⎡

⎣
X
Y
Z

⎤

⎦ =

⎡

⎣
0.412453 0.357580 0.180423
0.212671 0.715160 0.072169
0.019334 0.119193 0.950227

⎤

⎦

⎡

⎣
R
G
B

⎤

⎦

L∗ =
{

116(Y/Yn)1/3 − 16 if Y/Yn > 0.008856
903.3(Y/Yn) otherwise

a∗ = 500[f(X/Xn)1/3 − f(Y/Yn)1/3]

b∗ = 200[f(Y/Yn)1/3 − f(Z/Zn)1/3]

where

f (t) =
{

t1/3 if Y/Yn > 0.008856
7.787t + 16/116 otherwise

We use the CIE Lab space which was designed such that the equal distances in
the color space represent equal perceived differences in appearance. Color differ-
ence is defined as the Euclidean distance between two colors in this color space:

∆E∗
ab =

√
(∆L∗)2 + (∆a∗)2 + (∆b∗)2 (8)

where ∆L∗, ∆a∗, and ∆b∗ are the differences between two color pixel values.
This is the similarity measure used to select possible candidates to define the

compatibility functions and also to evaluate the performance of our method. Our
algorithm uses a pixel-based synthesis, i.e. one pixel (color) value ci is estimated
at a time.

4 Experimental Results

We test the proposed approach in two different scenarios. In the first scenario,
we use color underwater images available on the web2 as our ground truth data.
These images were taken with a professional camera and in most of the cases
they were also enhanced by using a commercial software. The second scenario,
involves the acquisition of underwater video by our aquatic robot. Sections 4.1
and 4.2 describe these scenarios with the experimental results.

1 Following ITU-R Recommendation BT.709, we use D65 as the reference white point
so that [Xn, Yn, Zn] = [0.9504511.088754] (see [13]).

2 http://www.pbase.com/imagine
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4.1 Scenario 1

In order to simulate the effects of water, an attenuation filter were applied to
each of the color underwater image. Figure 3a shows the ground truth (color)
image and Figure 3b, the simulated (color depleted) image after applying the
attenuation filter. Since we have ground truth information, we can compute
the performance of our algorithm. The images in the training set correspond
to small image regions extracted from the ground truth image and the color
depleted image (see Figure 4).

These images correspond to regions of interest in terms of the variations in
pixel color values , thus the intention is that they capture the intrinsic statistical
dependencies between the color depleted and ground truth pixel values. The size
of the neighborhoods in all experiments were 5 × 5 pixels, the overlapping area
between image patches 2 × 5 pixels, and the number of possible candidates k,
was fixed to be 10. Figure 5a shows the training image patches from where our
algorithm learns the compatibility functions and Figure 5b shows the resulted
image after running our learning-based method. The color-corrected image looks
good, the discontinuities and edges are preserved since our method assign colors
pixel by pixel, thus avoiding over-smoothing. Also, there are no sudden changes
in color which are typically both unrealistic and perceptually unappealing. To

(a) (b)

Fig. 3. (a) The ground truth (color) image. (b) The simulated bluish image (this is the
test image to be color corrected by our algorithm).

Fig. 4. Diagram showing how the training image pairs are acquired for the Scenario 1
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(a) (b)

Fig. 5. (a) The training image patches used to learn the compatibility functions. (b)
The color corrected image.

evaluate the performance of our algorithm, we compute the mean absolute resid-
ual (MAR) error between the ground truth and the color corrected images. As
mentioned in Section 3.3, the CIELab metric was used to calculate the simi-
larities between pixels in the images. For this case, the MAR error is 6.5. For
comparison purposes, we calculate the MAR error between the input (color de-
pleted) image and the ground truth image, this is 22.03.

(a) (b)

(c) (d)

Fig. 6. Color correction results using different training sets. The input image is shown
in Figure 3b. The training pairs (labeled) are shown in Figure 5a. Results using training
pair (a) (1) and (3); (b) (2) and (3); (c) (1) and (2), and (d) (1).
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Using the same input image (Figure 5b), we now show how the final result
varies depending on the training data. In Figure 6, 4 examples when using dif-
ferent training pairs are shown. For example, Figure 6a shows a color-corrected
image when using training pairs (1) and (3) (see Figure 5a). The MAR errors are
9.43, 9.65, 9.82, and 12.20, respectively. It can be seen that the resulting images
are limited to the statistical dependencies captured by the training pairs.

Three more examples of underwater scenes are shown in Figure 7. Each row
shows from left to right, the ground truth color image, the input bluish image
and the color corrected image after running our algorithm. The training image
regions are shown by squares in the corresponding color and bluish images. In
general the results looks very good. For the last two examples, the size of the
image patches in the training set is very small and enough to capture all the
statistical dependencies between bluish and color information, as a result, the
number of total comparisons in our algorithm is reduced and speed is achieved.

It was previously mentioned, that underwater images also contain some blur-
riness. In Figure 8, we show an example of applying our algorithm to a blurry
and color depleted image at the same time. From left to right are, the ground

Fig. 7. More examples. The training pairs are indicated by the squares in the original
and input images respectively.
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(a) (b)

(c)

Fig. 8. An example of color correcting and deblurring at the same time. The training
pairs are indicated by the boxes in the original (a) and input images (b) respectively.
(c) is the color-corrected and deblurred image.

truth image, the input image given to our algorithm and the color-corrected and
deblurred image after running our algorithm.

4.2 Scenario 2: The Aquatic Robot in Action

As our aquatic robot [9] swims through the ocean, it takes video images. Figure 9
shows a picture of our aquatic robot in action.

In order to be able to correct the color of the images, training data from the
environment that the robot is currently seeing needs to be gathered. How can
better images be acquired? As light is absorbed selectively by water, not only
does it get darker as you go deeper, but there is a marked shift in the light source

Fig. 9. The aquatic robot
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Fig. 10. The scenario 2

color. In addition, there are non-uniformities in the source amplitude. Therefore,
the aquatic robot needs to bring its own source of white light on it. However,
due to power consumption, the light cannot be left turned on. Therefore, only
at certain time intervals, the robot stops, turns its light on and take an image.
These images are certainly much better, in terms of color and clarity, than the
previous ones, and they can be used to train our algorithm to color correct
neighboring frames (under the assumption that neighboring frames are similar).
Figure 10 shows this scenario, here frame t3 represents the image pair to be used
to train our model for color correction.

Now we show an example. Figures 11a,b show the training image pair cap-
tured at time t. The robot moves around and then at time t + δ takes an image
(Figure 11c), which is input to our algorithm. The resulting color-corrected im-
age is shown in Figure 11d. Since we do not have ground truth data for this
scenario, we cannot measure the performance of our algorithm, however it can
be seen that the resulting image looks visually good.

(a) (b)

(c) (d)

Fig. 11. (a)-(b) The training image pair captured at frame t. (c) Image taken at frame
t + δ and input to our algorithm. (d) The color corrected image.
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5 Summary and Conclusions

Color restoration and image enhancement are ubiquitous problems. In particular,
underwater images contain distortions that arise from multiple factors making
them difficult to correct using simple methods. In this paper, we show how to for-
mulate color recovery and more general enhancement as an energy minimization
problem using learned constraints. This approach’s novelty lies in using a pair
of images to constrain the reconstruction. There are some factors that influence
the quality of the results, such as the adequate amount of reliable information
as an input and the statistical consistency of the images in the training set.
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Abstract. The goal of segmentation is to partition an image into a finite
set of regions, homogeneous in some (e.g., statistical) sense, thus being an
intrinsically discrete problem. Bayesian approaches to segmentation use
priors to impose spatial coherence; the discrete nature of segmentation
demands priors defined on discrete-valued fields, thus leading to difficult
combinatorial problems.

This paper presents a formulation which allows using continuous pri-
ors, namely Gaussian fields, for image segmentation. Our approach com-
pletely avoids the combinatorial nature of standard Bayesian approaches
to segmentation. Moreover, it’s completely general, i.e., it can be used
in supervised, unsupervised, or semi-supervised modes, with any proba-
bilistic observation model (intensity, multispectral, or texture features).

To use continuous priors for image segmentation, we adopt a formula-
tion which is common in Bayesian machine learning: introduction of hid-
den fields to which the region labels are probabilistically related. Since
these hidden fields are real-valued, we can adopt any type of spatial prior
for continuous-valued fields, such as Gaussian priors. We show how, under
this model, Bayesian MAP segmentation is carried out by a (generalized)
EM algorithm. Experiments on synthetic and real data shows that the
proposed approach performs very well at a low computational cost.

1 Introduction

Image segmentation has been one of the most studied problems in computer
vision. Although remarkably successful approaches have been proposed for spe-
cific domains in which the goals are well defined (e.g., segmentation of magnetic
resonance images, segmentation of remote sensing images), a general purpose
segmentation criterion remains an elusive concept. In the past couple of decades,
many different approaches, formulations, and tools have been proposed.

Most segmentation methods work by combining cues from the observed im-
age (via image features) with some form of regularization (or prior, in Bayesian
terms), embodying the concept of “acceptable” (or “a priori probable”) seg-
mentation. Arguably, all the work on image segmentation can be classified as
belonging to on one (or even both) of the following two research fronts:

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 74–89, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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(a) Development of image features, and feature models, which are as informa-
tive as possible for the segmentation goal. Some of the most recent propos-
als combine intensity, texture, and contour-based features, with the specific
goal of mimicking human image segmentation [26]. Another recent approach
combining several types of features is reported in [27]. Classical examples for
texture-based segmentation include Gabor features [16], wavelet-based fea-
tures [29], co-occurrence matrices [11], features derived from Markov random
field local texture models [7], [8]. It’s possible to perform segmentation using
nonparametric statistical measures of texture similarity by resorting to pair-
wise clustering techniques [14]. The literature on texture features and models
is vast; [25] provides a reasonably recent survey. There are many other exam-
ples of features developed for specific domains, such as color segmentation,
segmentation of medical images, or segmentation of remote sensing images.

(b) Development of methods that impose some form of spatial regularity to the
segmentation, i.e., that integrate local cues (from features) into a globally co-
herent segmentation. The recent graph-based methods [28], [30], [32], achieve
this by formulating image segmentation as the partitioning of a graph. Spa-
tial coherence may also be achieved by constraining the class of image par-
titions which are considered by the segmentation algorithm (e.g., [13] and
[24] consider hierarchies of polygonal and quad-tree-like partitions, respec-
tively) or by imposing some prior on the length or the smoothness of the
region boundaries [34]; see recent work and many references in [17], which
also advances research front (a). In a probabilistic Bayesian approach, as
adopted in this paper, the preference for some form of spatial regularity is
usually formulated via a Markov random field (MRF) prior (see [20], for a
comprehensive set of references).

This paper belongs to research front (b): it describes a new way of introducing
spatial priors for Bayesian image segmentation. The proposed approach uses
priors on real-valued fields/images, rather than MRF priors for discrete labels,
thus removing any combinatorial nature from the problem. Our formulation,
is very general in that it can be used in supervised, unsupervised, or semi-
supervised manners, as well as with generative or discriminative features.

To open the door to the use of priors on real-valued fields/images for image
segmentation, we adopt an approach which is used in Bayesian machine learning:
introduction of a (collection of) real-valued hidden field(s), to which the region
labels are probabilistically related; these hidden field(s), being real-valued, can
then be given any type of spatial prior, e.g., it can be modelled as a (collection
of) Gaussian field(s). This approach is used in the very successful approach
to Bayesian learning of classifiers known as “Gaussian processes” [31]. In this
paper, Gaussian field priors are adopted as a means of encoding a preference
for spatially coherent segmentations. We show how the proposed approach can
be used in supervised, unsupervised, and semi-supervised modes, by deriving
(generalized) expectation-maximization (EM) algorithms for the three cases. In
the supervised case, the resulting segmentation criterion consists in minimizing a
convex cost function, thus initialization problems do not arise. If the underlying
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Gaussian process prior is stationary, the M-step can be implemented in a very
fast way using FFT-based processing in the Fourier domain. This is, arguably,
one of the key advantages of the proposed approach.

Finally, we should mention that our formulation is close, in spirit, to the
“hidden Markov measure fields” proposed in [22]; however, our hidden fields are
real valued, and totally unconstrained, thus much easier to model and manipulate
than measure fields. Recently, we have used a similar formulation to allow the
use of wavelet-based spatial priors for image segmentation [9].

In the next section, we introduce notation and the proposed formulation. In
Section 3, we present our segmentation criterion and derive the EM algorithm
for implementing it. Section 4 describes the extensions to unsupervised, semi-
supervised and discriminative segmentation. Finally, experiments are presented
in Section 5, and Section 6 concludes the paper.

2 Formulation

2.1 Images and Segmentations

Let L = {(n, m), n = 1, ..., N, m = 1, ..., M} be a 2D lattice of |L| = MN
sites/pixels on which observed images, and their segmentations, are defined. An
observed image x is a set of (maybe vector valued) observations, indexed by the
lattice L, that is, x = {xi ∈ IRd, i ∈ L}. A segmentation R = {Rk ⊆ L, k =
0, ..., K − 1} is a partition of L into K regions, in an exhaustive and mutually
exclusive way:

K−1⋃

k=0

Rk = L and
(
Rj

⋂
Rk = ∅

)
⇐ (j �= k).

In the sequel, it will be convenient to represent partitions by a set of binary
indicator images y(k) = {y

(k)
i , i ∈ L}, for k = 0, ..., K − 1, where y

(k)
i ∈ {0, 1},

such that (y(k)
i = 1) ⇔ (i ∈ Rk). We denote as y the set of all these binary

images, y = {y(0), ...,y(K−1)}, and as yi the set of all y
(k)
i for a given site

i, that is, yi = {y
(0)
i , ..., y

(K−1)
i }. Of course, y and R carry exactly the same

information.

2.2 Observation Model

Given a segmentation y, we follow the standard assumption that the observed
“pixels” are (conditionally) independently distributed,

p(x|y) =
K−1∏

k=0

∏

i∈Rk

p(xi|φ(k)) =
∏

i∈L

K−1∏

k=0

[
p(xi|φ(k))

]y
(k)
i

, (1)

where the p(·|φ(k)) are region-specific distributions. This type of model may be
used for intensity-based segmentation, for texture-based segmentation (each xi
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is then a d-dimensional vector containing the values of d local texture features),
or for segmentation of multi-spectral images (such as color images, or remote
sensing images, with each xi being in this case a d-dimensional vector, where
d is the number of spectral bands). The region-specific densities p(·|φ(k)) can
be simple Gaussians, or any other arbitrarily complex models, such as finite
mixtures, kernel-based density representations, or even histograms. When the
p(·|φ(k)) are fully known a priori, we are in the context of supervised segmenta-
tion with generative models. This is the case we will focus on first; later, it will be
shown how the approach can be extended to unsupervised and semi-supervised
scenarios, and to “discriminative features”.

The goal of segmentation is, of course, to estimate y, having observed x.
The maximum likelihood (ML) estimate, ŷML = argmaxy p(x|y), can clearly
be obtained pixel-by-pixel, due to the independence assumption. However, it’s
well known that pixel-wise segmentations may lack spatial coherence [20], [33].
To overcome this, one of the standard approaches consists in adopting an MRF
prior p(y), expressing the a priori preference for segmentations in which neigh-
boring sites belong to the same region (see [20] for details and references). Given
this prior, it is then most common to adopt the maximum a posteriori (MAP)
criterion, ŷMAP = argmaxy[log p(y) + log p(x|y)] (although there are other cri-
teria). Due to the discrete nature of y, finding ŷMAP involves a combinatorial
optimization problem, to which much research has been devoted [20]. A recent
breakthrough in MRF-type approaches (to segmentation [33] and other vision
problems [5]) is the adoption of fast algorithms based on graph cuts1.

2.3 Logistic Model

To keep the notation initially simple, consider the binary case (K = 2, thus each
yi = [y(0)

i , y
(1)
i ]). Instead of designing a prior for y (the field of discrete labels),

we consider a “hidden” (or latent) image z = {zi ∈ IR, i ∈ L}, such that

p(y|z) =
∏

i

p(yi|zi) with p(y(1)
i = 1|zi) =

ezi

1 + ezi
≡ σ(zi), (2)

where σ(·) is called the logistic function and, obviously, p(y(0)
i = 1|zi) = 1−σ(zi).

In general, for K regions, we need K hidden images z = {z(0), ..., z(K−1)},
where z(k) = {z

(k)
i ∈ IR, i ∈ L}. The region label probabilities are obtained via

a multinomial logistic model (also known as a “soft-max”),

p(y(k)
i = 1|zi) = ez

(k)
i

( K−1∑

j=0

ez
(j)
i

)−1

, k = 0, ..., K − 1, (3)

where zi = {z
(0)
i , ..., z

(K−1)
i }. Since these probabilities verify the normalization

condition
∑K−1

k=0 p(y(k)
i = 1|zi) = 1, one of the hidden images can be set to

1 See http://www.cs.cornell.edu/∼rdz/graphcuts.html for details and references.
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zero; without loss of generality, we set z(0) = 0 (see, e.g., [3]). Notice that
z = {z(1), ..., z(K−1)} is not under any type of constraint; any assignment of real
values to its elements leads to valid probabilities for each site of y.

2.4 Gaussian Random Field Prior

It is now formally simple to write priors for z, due to its unconstrained real-valued
nature. Among the several possibilities, we will focus here on what is arguably
the simplest choice: a Gauss-Markov random field (GMRF) prior defined on the
lattice L.

The goal of the prior on z is to express preference for segmentations such
that neighboring sites have high probability of belonging to the same region.
This is achieved by encouraging neighboring values of each z(k) to be close to
each other. A GMRF prior that embodies this preference is

p(z) ∝ exp
{

− 1
4

∑

i∼j

K−1∑

k=1

wi,j

(
z
(k)
i − z

(k)
j

)2
}

, (4)

where i ∼ j denotes that sites i and j are neighbors (in some neighborhood
system defined in L), and the wi,j are (non-negative) weights. It is clear that (4)
models the set of hidden fields z = {z(1), ..., z(K−1)} as a priori independent, i.e.,

p(z) =
K−1∏

k=1

p(z(k)) (5)

with

p(z(k)) ∝ exp
{

− 1
4

∑

i,j

wi,j

(
z
(k)
i − z

(k)
j

)2
}

, (6)

where the sum is now over all i, j because we encode the neighborhood structure
in the wi,j by letting wi,j = 0 when i and j are not neighbors. Let now z(k) =
[z(k)

1 , ..., z
(k)
|L| ]

T ∈ IR|L| denote an |L|-vector obtained by stacking all the z
(k)
i

variables (for a given k) in standard lexicographical order. Also, let W be the
|L| × |L| matrix with the wi,j weights. With this notation, we can write

p(z(k)) ∝ exp
{

− 1
2

(z(k))T ∆ (z(k))
}

. (7)

where

∆ = diag

{ |L|∑

j=1

w1,j , ...,

|L|∑

j=1

w|L|,j

}
− W (8)

is called the graph-Laplacian matrix [6]; in our case, the graph nodes are the sites
of the lattice L and the edge weights are given by wi,j (with wi,j = 0 denoting
absence of edge between nodes i and j). Notice that ∆ has (at least) one zero
eigenvalue since ∆[1, 1, ..., 1]T = 0; thus, p(z(k)) is an improper prior (it can’t
be normalized [2]), but this is will not be a problem for MAP estimation. In the
GMRF literature, ∆ is also called the potential matrix [1].
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3 Estimation Criterion and Algorithm

3.1 Marginal MAP Criterion

Let us summarize our model: we have the observed field x, and unobserved fields
y and z. These fields are probabilistically related by p(x|y), given by (1), p(y|z),
given by (2) - (3), and a prior p(z) = p(z(1)) · · · p(z(K−1)) with each p(z(k)) given
by (7). Given x, the posterior probability of y and z is thus

p(z,y|x) ∝ p(x|y) p(y|z) p(z). (9)

Among the several possible Bayesian decision theoretic criteria, we consider
the marginal maximum a posteriori (MMAP), given by

ẑ = argmax
z

{p(z)p(x|z)} = arg max
z

{
p(z)

∑

y

p(x|y) p(y|z)
}

(10)

where p(x|z) =
∑

y p(x|y) p(y|z) is the marginal likelihood obtained by summing
over (the huge set of) all possible segmentations.

The estimate ẑ is a probabilistic segmentation in the sense that it provides
the probability that each pixel belongs to each region, via the logistic model
(3). To obtain a hard segmentation, one can simply choose the a posteriori most
probable class k̂i at each site i which is

k̂i = arg max
k

{p(y(k)
i = 1|zi)}. (11)

Clearly, the maximization in (10) can not be done directly, due to the combi-
natorial nature of p(x|z). In the next subsections, we will derive an EM algorithm
for this purpose.

3.2 Why the EM Algorithm?

The following observations clearly suggest using the EM algorithm [23], treating
y as missing data, to solve (10):

– If y was observed, estimating z would reduce to standard logistic regression
under prior p(z), that is, one could solve ẑ = arg maxz[log p(y|z) + log p(z)].

– The so-called complete log-likelihood log p(y|z) (based on which we could
estimate z if y was observed) is linear with respect to the hidden y

(k)
i vari-

ables. In fact, log p(y|z) is the standard logistic regression log-likelihood with
an identity design matrix (see, e.g., [3], [12], [18]):

log p(y|z)=
∑

i

K∑

k=0

y
(k)
i log

ez
(k)
i

∑K−1
j=0 ez

(k)
i

=
∑

i

( K∑

k=0

y
(k)
i z

(k)
i − log

K∑

k=0

ez
(k)
i

)
. (12)

The EM algorithm proceeds by iteratively applying the following two steps [23]:

E-step: Compute the expected value of the complete log-likelihood, given the
current estimate ẑ and the observations x: Q(z|ẑ) = Ey[log p(y|z)|ẑ,x].

M-step: Update the estimate: ẑ ← ẑnew = arg maxz {Q(z|ẑ) + log p(z)}.
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3.3 The E-Step

The fact that the complete log-likelihood is linear w.r.t. the missing variables is
very important for EM: the E-step reduces to computing the expectation of the
missing variables, with these expectations then plugged into the complete log-
likelihood [23]. Moreover, as in finite mixtures [10], the missing y

(k)
i are binary,

thus their expected values are equal to their probabilities of being equal to one,
which can be obtained via Bayes law:

ŷ
(k)
i ≡ E[y(k)

i |ẑi,x] = p(y(k)
i = 1|ẑi,xi) =

p(xi|φ(k)) p(y(k)
i = 1|ẑi)

K−1∑

j=0

p(xi|φ(j)) p(y(j)
i = 1|ẑi)

. (13)

Notice that this is essentially the same as the E-step for finite mixtures [10],
with site-specific mixing probabilities given by p(y(k)

i = 1|ẑi) and with fixed
component densities p(x|φ(k)) (recall that we’re temporarily assuming that all
the φ(k) are known). Finally, Q(z|ẑ) is obtained by plugging the ŷ

(k)
i (which

depend on ẑ via (13)) into the logistic log-likelihood (12):

Q(z|ẑ) =
∑

i

( K∑

k=0

ŷ
(k)
i z

(k)
i − log

K∑

k=0

ez
(k)
i

)
. (14)

Notice that Q(z|ẑ) is formally a standard logistic regression log-likelihood, but
with the usual hard (binary) training labels y

(k)
i ∈ {0, 1} replaced by “soft”

labels ŷ
(k)
i ∈ [0, 1].

3.4 Solving the M-Step

Our M-step, ẑnew = arg maxz {Q(z|ẑ) + log p(z)}, consists in solving a logistic
regression problem with identity design matrix, given soft labels ŷ

(k)
i , and under

a prior p(z). It is well known that this problem does not have a closed form
solution and has to be solved by an iterative algorithm [3]. The standard choice
for maximum likelihood logistic regression (i.e., for maximizing only Q(z|ẑ) w.r.t.
z) is Newton’s algorithm [12]. However, as shown below, we will obtain a much
simpler method by adopting the bound optimization approach [19], introduced
for logistic regression in [3] and [4] (see also [18]).

Let us temporarily ignore the log-prior log p(z) and consider only Q(z|ẑ), sim-
ply denoted as q(z) for notational economy. In the bound optimization approach,
the maximization of q(z) is achieved by iterating the two following steps

ẑnew = argmax
z

l(z|ẑ), ẑ ← ẑnew, (15)

where l(z|ẑ) is a so-called “surrogate” function verifying the following condition:
q(z)− l(z|ẑ) attains its minimum for z = ẑ (see [19]). This condition is sufficient
to guarantee that this iteration monotonically increases q(z), i.e., q(ẑnew) ≥ q(ẑ).
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Thus, by running iteration (15) one or more times, after each application of the
E-step (equations (13)-(14)), the resulting procedure is a generalized EM (GEM)
algorithm [23].

It is important to notice that, in the supervised mode, the objective function
being maximized in concave (since the logistic log-likelihood and the logarithm
of the GMRF prior are both concave) and so there are no initialization problems.

From this point on, we assume that z is organized into a ((K − 1)|L|)-vector
by stacking the several z(k) vectors, i.e., z = [(z(1))T , ..., (z(K−1))T ]T . In [3], the
following surrogate for logistic regression was introduced:

l(z|ẑ) = q(ẑ) + (z − ẑ)Tg(ẑ) − (z − ẑ)T B(z − ẑ)
2

, (16)

where g(ẑ) is the gradient of q(z) computed at ẑ and B is a positive definite
matrix which provides a lower bounds for the (negative definite) Hessian H(z)
of q(z), i.e., H(z) � −B (in the matrix sense, i.e., H(z) + B is positive semi-
definite). Since q(z) − l(z|ẑ) ≥ 0, with equality if and only if z = ẑ, l(z|ẑ) is
a valid surrogate function; any other function differing from it by an additive
constant (irrelevant for (15)) is also a valid surrogate. Matrix B is given by

B =
1
2

(
IK−1 −

1K−1 1T
K−1

K

)
⊗ I|L|, (17)

where Ia denotes an a × a identity matrix, 1a = [1, ..., 1]T is an a-dimensional
vector of ones, and ⊗ is the Kroenecker product.

The following simple Lemma (proved in the Appendix) will allow further
simplification of the algorithm, by using a less tight, but simpler bound matrix.

Lemma 1. Let us define ξK as

ξK =
{

1/2 if K > 2
1/4 if K = 2.

(18)

Then, B � ξK I(K−1)|L|, with equality if K = 2.

This lemma allows us to replace B by ξK I(K−1)|L| in (16) and still have
a valid surrogate; the advantage is that in this new surrogate the several z(k)

become decoupled. Performing some simple manipulation, using the fact that
one is free to add to the surrogate any terms independent of z (thus irrelevant
for the maximization), leads to

l(z|ẑ) = −ξK

2

K−1∑

k=1

‖z(k) − v(k)‖2
2, with v(k) = ẑ(k) +

d(k)

ξK
, (19)

where ‖ · ‖2
2 denotes squared Euclidean norm,

d(k) =

⎡

⎢⎢⎣

ŷ
(k)
1 − p(y(1)

1 = 1|ẑ1)
...

ŷ
(k)
|L| − p(y(k)

|L| = 1|ẑ|L|)

⎤

⎥⎥⎦ , (20)
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and the p(y(k)
1 = 1|ẑ1) are given by the logistic model (3).

Since a surrogate for Q(z|ẑ) is also valid for Q(z|ẑ)+log p(z), and (see (5)-(7))

log p(z) =
K−1∑

k=1

log p(z(k)) = A − 1
2

K−1∑

k=1

(z(k))T ∆ (z(k)), (21)

(A is an irrelevant constant) the following decoupled update equation results:

ẑ(k)
new = argmin

z

{
‖z − v(k)‖2

2 +
zT ∆ z

ξK

}
= ξK

(
ξKI|L| + ∆

)−1
v(k), (22)

for k = 1, ..., K − 1.

3.5 FFT-Based Implementation of the M-Step

For a general matrix ∆ (i.e., an arbitrary choice of W), (22) is computation-
ally very expensive, requiring O(|L|3) operations. However, for certain choices
of W (correspondingly of ∆), we can resort to fast frequency-domain methods.
Suppose that wi,j only depends on the relative position of i and j (the Gaussian
field prior is stationary) and that the neighborhood system has periodic bound-
ary condition; in this case, both W and ∆ are block-circulant matrices, with
circulant2 blocks [1]. It is well known that block-circulant matrices with circu-
lant blocks can be diagonalized by a two-dimensional discrete Fourier transform
(2D-DFT): ∆ = UHDU, where D is a diagonal matrix, U is the matrix repre-
sentation of the 2D-DFT, and the superscript (·)H denotes conjugate transpose.
Since U is an orthogonal matrix (UHU = UUH = I), the inversion in (22) can
be written as

ẑ(k)
new = ξKUH

(
ξKI|L| + D

)−1
Uv(k), (23)

where (ξKI|L|+D)−1 is a trivial diagonal inversion, and the matrix-vector prod-
ucts by U and UH (the 2D-DFT and its inverse) are not carried out explicitly
but via the efficient (O(|L| log |L|)) fast Fourier transform (FFT). Notice that
this can be seen as a smoothing operation, applied to each v(k) in the dis-
crete Fourier domain. Since the computational cost of the E-step is essentially
O(|L|), as is obvious from (13), the leading cost of the proposed algorithm is
O(|L| log |L|).

Finally, we should mention that the condition of periodic boundary condi-
tions can be relaxed; in that case, the resulting matrix ∆ is block-Toeplitz with
Toeplitz blocks, but not block-circulant. Nevertheless, it is still possible to em-
bed a block-Toeplitz matrix into a larger block-circulant one, and still work in
the DFT domain [15].

2 Recall that a circulant matrix is characterized by the fact that each row is a circularly
shifted version of the first (or any other) row.
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3.6 Summary of the Algorithm

We now summarize the algorithm, showing that it is in fact very simple.

Inputs: Observed image x, number of regions K, observation models p(·|φ(k)),
matrix W or ∆, stopping threshold ε, number of inner iterations r.

Output: Estimates ẑ(k), for k = 1, ..., K − 1.
Initialization: For k = 1, ..., K − 1, set ẑ(k) = 0.
Step 1: Run the E-step (13), producing K images {ŷ(0), ..., ŷ(K−1)}.
Step 2: Store the current estimate: ẑold ← ẑ.
Step 3: Repeat r times (for k = 1, ..., K − 1):

Step 3.a: Compute the images d(k) (according to (20)).
Step 3.b: Compute the images v(k) = ẑ(k) + d(k)/ξK (see (19)).
Step 3.c: Compute ẑ(k)

new according to (23). Update ẑ(k) ← ẑ(k)
new.

Step 3.d: Go back to Step 3.a.
Step 4: If maxk ‖ẑ(k)

old − ẑ(k)‖∞ < ε, then stop; otherwise, return to Step 1.

4 Extensions

4.1 Unsupervised and Semi-supervised Segmentation

The model and algorithm above described can be extended to the unsupervised
case, where the parameters φ(k) of the observation models p(·|φ(k)) are consid-
ered unknown. In this case, the full posterior in (9) has to be modified to

p(z, φ,y|x) ∝ p(x|y, φ) p(y|z) p(z). (24)

where φ = {φ(0), ..., φ(K−1)}, assuming the absence of any prior on φ (although
one could easily be considered with little additional cost). Let us adopt again
the MMAP criterion, now jointly w.r.t. z and φ. The following observations can
now be added to those made in Section 3.2:

– If y was observed, estimating φ would be a simple ML parameter estimation
problem, based on the complete log-likelihood log p(x|y, φ).

– The complete log-likelihood (see (1)) is linear w.r.t. the missing variables y:

log p(x|y, φ) =
∑

i∈L

K−1∑

k=0

y
(k)
i log p(xi|φ(k)).

The algorithm presented in Section 3.6 can thus be modified by inserting an
extra step, say between steps 2 and 3:

Step 2.5: Update the observation model parameters according to the following
weighted ML criterion:

φ̂
(k)

= arg max
φ

∑

i∈L
ŷ
(k)
i log p(xi|φ).
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If, for example, the feature densities are Gaussians, p(·|φ(k)) = N (·|µ(k),C(k)),
these update equations coincide with those of the EM algorithm for Gaussian
mixture estimation:

µ̂(k) =
∑

i∈L ŷ
(k)
i xi

∑
i∈L ŷ

(k)
i

, Ĉ(k) =
∑

i∈L ŷ
(k)
i (xi − µ̂(k))(xi − µ̂(k))T

∑
i∈L ŷ

(k)
i

. (25)

In the semi-supervised case, instead of previous knowledge of {φ(0),...,φ(K−1)},
one is given a subset of pixels for which the exact true label/region is known.
In this case, the EM algorithm derived for the unsupervised case is applied, but
holding the labels of the pre-classified pixels at their known values.

Of course, in the unsupervised or semi-supervised cases, the log-posterior is
no longer concave, and the results will depend critically on the initialization.

4.2 Discriminative Features

The formulation presented above (and most of the work on probabilistic segmen-
tation) uses what can be classified as “generative feature models”: each p(·|φ)
is a probabilistic model that is assumed to describe how features/pixel values
are generated in each region. However, discriminative models, such as logistic
regression, Gaussian processes [31], support vector machines, or boosting (see
references in [12]) are currently considered the state-of-the-art in classification.

Observe that all the EM segmentation algorithm requires, in the E-step de-
fined in (13), is the posterior class probabilities, given the pixel values and the
current estimates ẑ(k). These estimates provide some prior class probabilities in
(13). Consider a probabilistic discriminative classifier, that is, a classifier that,
for each pixel xi, provides estimates of the posterior class probabilities p(y(k)

i =
1|xi), for k = 0, ..., K − 1 (this can be obtained, e.g., by logistic regression, or a
tree classifier). Let us assume that this classifier was trained on balanced data,
i.e., using the same amount of data from each class. It can thus be assumed that
these posterior class probabilities verify p(y(k)

i = 1|xi) ∝ p(xi|y(k)
i = 1), as can

be easily verified by plugging uniform class priors p(y(k)
i = 1) = 1/K in Bayes

rule. It is then possible to “bias” these classes, with given prior probabilities
p(y(k)

i = 1), for k = 0, ..., K − 1, by computing

p biased(y
(k)
i = 1|xi) =

p(y(k)
i = 1|xi) p(y(k)

i = 1)
∑K−1

k=0 p(y(j)
i = 1|xi) p(y(j)

i = 1)
.

This procedure allows using a pre-trained probabilistic discriminative classifier,
which yields p(y(k)

i = 1|xi), in our EM algorithm, by using the “biased” proba-
bilities in the E-step. We have not yet performed experiments with this discrim-
inative approach.

5 Experiments

In the first experiment, we consider a simple synthetic segmentation problem,
with known class models. Each of the four regions follows a Gaussian distribution
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Fig. 1. Top row: true regions and observed image. Bottom row: maximum likelihood
segmentation and the one obtained by our algorithm.

with standard deviation 0.6 and means 1, 2, 3, and 4. We have used (in this and
all the following examples) r = 4, and ε = 0.001. We choose the simplest possible
GMRF prior: wi,j = γ, if j is one of the four nearest neighbors of i, and is zero
otherwise. The true regions, observed image, the maximum likelihood segmen-
tation (obtained by maximizing (1) with respect to y), and the (hard, obtained
via (11)) segmentation produced by our algorithm are shown in Fig. 1. This is
comparable to what would be obtained by an MRF-based method; however, it
must be stressed that the algorithm herein proposed is optimal (in the sense
that we are minimizing a convex objective function), fully deterministic, and
fast (due to the use of the FFT-based M-step). This result illustrates the ability
of the proposed method to use Gaussian priors to regularize image segmentation
via the logistic modelling approach, producing well defined boundaries.

In Fig. 2 we show the final estimates ẑ(1), ẑ(2), and ẑ(3) as well as the corre-
sponding ŷ(1), ŷ(2), ŷ(3), and ŷ(4), obtained from the ẑ(k) via the logistic model
(3). Notice the higher uncertainty near the region boundaries. The hard segmen-
tation shown in Fig. 1 was obtained by choosing, for each site, the maximum of
the four ŷ(k) images.

The previous experiment was repeated using the unsupervised version of
the algorithm; a threshold-based segmentation was used for initialization. The
segmentation obtained is visually very similar to the one in Fig. 1, and it’s not
shown here, for the sake of space. The parameter estimates are within 1% of the
true values.
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Fig. 2. Top row: final estimates ẑ(1), ẑ(2), and ẑ(3). Bottom row: corresponding ŷ(1),
ŷ(2), ŷ(3), and ŷ(4), obtained by the logistic model (3).

Fig. 3. Observed image, maximum likelihood segmentation, and segmentation obtained
by our algorithm

Fig. 4. Observed image, maximum likelihood segmentation, and segmentation obtained
by our algorithm
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For segmentation of real images, the results depend critically on the features
and feature models used, and that is not the focus of this paper. We will only
show two examples of color image segmentation (d = 3), using Gaussian den-
sities for each region. In Fig. 3, the goal is to segment the image into three
regions: clothe, skin, and background. Fig. 4 shows a figure-ground segmenta-
tion problem. The results shown were produced by the unsupervised version of
our algorithm, initialized with the ML segmentations which result from fitting
mixtures of Gaussians to the observed (RGB) pixels.

6 Summary and Conclusions

A new formulation for Bayesian image segmentation was introduced. This ap-
proach allows using priors for continuous-valued fields as regularizers for im-
age segmentation; in particular, it was used with Gaussian field priors, which
(if stationary) can be easily and efficiently manipulated in the frequency do-
main using the FFT algorithm. An EM algorithm was derived for supervised
segmentation; it was shown how this algorithm is extended to handle unsu-
pervised and semi-supervised problems, as well as discriminative features.
Preliminary experiments show that the proposed approach has promising
performance.

Future research will include a thorough experimental evaluation of the
method, namely in comparison with graph-based and MRF-based methods. We
are currently developing criteria for selecting the number of classes/regions, fol-
lowing the approach in [10].

Appendix: Proof of Lemma 1

Recall (see (17)) that

B =
1
2

(
IK−1 −

1K−1 1T
K−1

K

)
⊗ I. (26)

For K = 2, it is obvious that B = I/4.
For K > 2, the matrix inequality I/2 � B is equivalent to λmin(I/2 − B) ≥

0. Now, since λi(I/2 − B) = (1/2) − λi(B), we need to show that λmax(B)
≤ (1/2).

To study the eigenvalues of B, the following fact (see, e.g., [21]) is used: let M
and P be m×m and p×p matrices, with eigenvalues {λ1, ..., λm} and {γ1, ..., γp},
respectively; then, M ⊗ P has eigenvalues {λi γj , i = 1, ..., m, j = 1, ..., p}.
Since 1 is a vector with K − 1 ones, 11T is a rank-1 matrix with eigenvalues
{0, ..., 0, K − 1}; thus, the eigenvalues of (I − (1/K)11T ) are {1, ..., 1, 1/K}.
Because the eigenvalues of I are of course all ones, the maximum eigenvalue of
B is λmax(B) = 1/2.
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Abstract. The reconstruction of rigid scenes from multiple images is a
central topic in computer vision. Approaches merging partial 3D models
in a hierarchical manner have proven the most effective to deal with large
image sequences. One of the key building blocks of these hierarchical
approaches is the alignment of two partial 3D models, which requires
to express them in the same 3D coordinate frame by computing a 3D
transformation. This problem has been well-studied for the cases of 3D
models obtained with calibrated or uncalibrated pinhole cameras.

We tackle the problem of aligning 3D models – sets of 3D points –
obtained using uncalibrated affine cameras. This requires to estimate 3D
affine transformations between the models. We propose a factorization-
based algorithm estimating simultaneously the aligning transformations
and corrected points, exactly matching the estimated transformations,
such that the reprojection error over all cameras is minimized. In the
case of incomplete image data our algorithm uses an Expectation Max-
imization (EM) based scheme that alternates prediction of the missing
data and estimation of the affine transformation.

We experimentally compare our algorithm to other methods using
simulated and real data.

1 Introduction

Threedimensional reconstruction from multiple images of a rigid scene, often
dubbed Structure-From-Motion (sfm), is one of the most studied problems in
computer vision. The difficulties come from the fact that, using only feature
correspondences, both the 3D structure of the scene and the cameras have to be
computed. Most approaches rely on an initialisation phase optionally followed by
self-calibration and bundle adjustment. Existing initialisation algorithms can be
divided into three families, namely batch, sequential and hierarchical processes.
Hierarchical processes [1] have proven the most successful for large image se-
quences. Indeed, batch processes such as the factorization algorithms [2] which
reconstruct all features and cameras in a single computation step, do not easily

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 90–106, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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second set of cameras

affine transformation

first reconstruction
second reconstruction

first set of cameras

Fig. 1. The problem tackled in this paper is the Maximum Likelihood Estimation of 3D
affine transformations between two affine reconstructions obtained from uncalibrated
affine cameras

handle occlusions, while sequential processes such as [3] which reconstruct each
view on turn, may typically suffer from accumulation of the errors. Hierarchical
processes merge partial 3D models obtained from sub-sequences, which allows
to distribute the error over the sequence, and efficiently handle open and closed
sequences. A key step of hierarchical processes is the fusion or the alignment of
partial 3D models, which is done by computing 3D motion from 3D feature cor-
respondences. This problem has been extensively studied in the projective [4, 1]
and the metric and Euclidean [5] cases.

We focus on the affine camera model [6], which is a reasonable approxima-
tion to the perspective camera model when the depth of the observed scene is
small compared to the viewing distance. In this case, the partial 3D models ob-
tained from sub-sequences, i.e. multiple subsets of cameras, are related by 3D
affine transformations. We deal with the computation of such transformations
from point correspondences, as illustrated on Fig. 1. We propose a Maximum
Likelihood Estimator based on factorizing modified image point coordinates. We
compute a 3D affine transformation and a set of 3D point correspondences which
perfectly match, such that the reprojection error in all sets of cameras is mini-
mized. It is intended to fit in hierarchical affine sfm processes of which the basic
reconstruction block is, e.g. the affine factorization [2]. Our method does not
make any assumption about the cameras, besides the fact that a reconstruction
of each camera set using an affine camera model has been performed. The method
relies on the important new concept of orthonormal bases. In the occlusion-free
case, our algorithm needs one Singular Value Decomposition (svd). However, in
the case of incomplete measurement data, i.e. when some of the 3D points used
for the alignment are not visible in all views, the factorization algorithm must
be extended. We propose an Expectation-Maximization (EM) based scheme.
The Expectation step predicts the missing data while the Maximization step
maximizes the log likelihood.

We proposed the Maximum Likelihood Estimator in the case of complete
data in [7]. The contribution of this paper with respect to the former one resides
in the handling of missing data. We have also completed the experiments.
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This paper is organized as follows. We give our notation and preliminaries in
Sect. 2. In Sect. 3, we review the factorization approach to uncalibrated affine
Structure-From-Motion. Our alignment method is described in Sect. 4, while
other methods are summarized in Sect. 5. Experimental results are reported in
Sect. 6. Our conclusions are given in Sect. 7.

2 Notation and Preliminaries

Vectors are typeset using bold fonts, e.g. x, and matrices using sans-serif, cal-
ligraphic and greek fonts, e.g. A, Q and Λ. We do not use homogeneous co-
ordinates, i.e. image point coordinates are 2-vectors: xT = (x y), where T is
transposition. The different sets of cameras are indicated with primes, e.g. P1
and P′

1 are the first cameras of the camera sets. Index i = 1 . . . n is used for the
cameras of a camera set and index j = 1 . . .m is used for the 3D points. The
mean vector of a set of vectors, say {Qj}, is denoted Q̄. The Moore-Penrose
pseudoinverse of matrix A is denoted A†.

Let Qj be a 3-vector and xij a 2-vector representing respectively a 3D and
an image point. The uncalibrated affine camera is modeled by a (2 × 3) matrix
Pi and a (2 × 1) translation vector ti, giving the projection equation

xij = PiQj + ti . (1)

Calligraphic fonts are used for the measurement matrices, e.g.

X(2n×m) =
(
Y1 · · · Ym

)
and Yj =

(
x1j

T · · · xnj
T
)T

,

where Yj contains all the measured image coordinates for the j-th point. The
(2n × 3) ‘joint projection’ and (3 × m) ‘joint structure’ matrices are defined by

P =
(
P1

T · · · Pn
T)T

and Q =
(
Q1 · · · Qm

)
.

We assume that the noise on the image point positions has a Gaussian centered
distribution and is i.i.d. Under these hypotheses, minimizing the reprojection
error yields Maximum Likelihood Estimates.

3 Structure-from-Motion Using Factorization

Given a set of point matches {xij}, the factorization algorithm is employed to
recover all cameras {P̂i, t̂i} and 3D points {Q̂j} at once [2]. Under the aforemen-
tioned hypotheses on the noise distribution, this algorithm computes Maximum
Likelihood Estimates [8] by minimizing the reprojection error

min
P̂,Q̂,{t̂i}

R2(P̂ , Q̂, {t̂i}) with R2(P , Q, {ti}) =
1

nm

n∑

i=1

m∑

j=1

d2(xij , PiQj +ti) ,

(2)
where d(x,y) = ‖x − y‖ is the Euclidean distance between x and y.
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Step 1: Computing the translation. Given the uncalibrated affine projection (1),
the first step of the algorithm is to compute the translation t̂i of each camera in
order to cancel it out from the projection equation. This is achieved by nullifying
the partial derivatives of the reprojection error (2) with respect to t̂i: ∂R2

∂t̂i
= 0.

A short calculation shows that if we fix the arbitrary centroid of the 3D points
to the origin, then t̂i = x̄i. Each set of image points is therefore centered on its
centroid, i.e. xij ← xij − x̄i, to obtain centered coordinates: xij = PiQj .

Step 2: Factorizing. The problem is reformulated as

min
P̂,Q̂

R2(P̂ , Q̂) with R2(P , Q) =
1

nm

n∑

i=1

m∑

j=1

d2(xij , PiQj) .

The reprojection error can be rewritten by gathering the terms using the mea-
surement, the ‘joint projection’ and the ‘joint structure’ matrices as

R2(P , Q) ∝ ‖X − PQ‖2 ,

and the problem is solved by computing the Singular Value Decomposition [9]
of matrix X , X2n×m = U2n×mΣm×mVT

m×m. Let Σ = ΣuΣv be any decompo-
sition of matrix Σ. The motion and structure are obtained by ‘truncating’ the
decomposition or nullifying all but the 3 first singular values, which leads to

P = ψ(UΣu) and Q = ψT(VΣT
v ) ,

where ψ(W) returns the matrix formed with the 3 leading columns of matrix W.
Note that the solution P = ψ(U) and Q = ψT(VΣ) has the property PTP = I,
which is useful for our alignment method, see Sect. 4.

The 3D model is obtained up to a global affine transformation. Indeed, for
any (3 × 3) invertible matrix B,

P̃ = P̂B and Q̃ = B−1Q̂ (3)

give the same reprojection error that P and Q since R2(P̃ , Q̃) = ‖X − P̃Q̃‖ =
‖X − P̂BB−1Q̂‖2 = ‖X − PQ‖2 = R2(P , Q).

As presented above, the factorization algorithm do not handle occlusions.
Though some algorithms have been proposed, see e.g. [10], they are not appro-
priate for Structure-From-Motion from large image sequences.

4 Alignment of 3D Affine Reconstructions

We formally state the alignment problem in the two camera set case and present
our algorithm, dubbed ‘FactMLE-EM’.

4.1 Problem Statement

Consider two sets of cameras {(Pi, ti)}n
i=1 and {(P′

i, t
′
i)}n′

i=1 and associated struc-
tures {Qj ↔ Q′

j}m
j=1 obtained by reconstructing a rigid scene using e.g. the
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above-described factorization algorithm. Without loss of generality, we take
n = n′ and the reprojection error over two sets is given by

C2(Q, Q′) =
1

2nm

(
R2(P , Q, {ti}) + R′2(P ′, Q′, {t′i})

)
. (4)

Letting (Â, t̂) represent the aligning (3×3) affine transformation, the Maximum
Likelihood Estimator is formulated by

min
Q̂,Q̂′

C2(Q̂, Q̂′) s.t. Q̂′
j = ÂQ̂j + t̂ . (5)

4.2 A Factorization-Based Algorithm

Our method to solve problem (5) uses a three-step factorization strategy. We first
describe it in the occlusion-free case and then propose an iterative extension for
the missing data case.

Step 1: Orthonormalizing. We propose the important concept of orthonormal
bases. We define a reconstruction to be in an orthonormal basis if the joint
projection matrix is column-orthonormal. Given a joint projection matrix P ,
one can find a 3D affine tranformation represented by the (3 × 3) matrix N,
which applies as B in (3), such that PN is column-orthonormal, i.e. such that
NTPTPN = I(3×3). We call the transformation N an orthonormalizing transfor-
mation. The set of orthonormalizing tranformations is 3-dimensional since for
any 3D rotation matrix U, NU still is an orthonormalizing transformation for
P . We use the qr decomposition P = QR, see e.g. [9], giving an upper trian-
gular orthonormalizing transformation N = R−1. Other choices are possible for
computing an N, e.g. if P = UΣVT is an svd of P , then N = VΣ−1 has the
required property. Henceforth, we assume that all 3D models are expressed in
orthonormal bases

{
P ← PN
P ′ ← P ′N′ and

{
Q ← N−1Q
Q′ ← N′−1Q′ .

An interesting property of orthonormal bases is that P† = PT. Hence, triangu-
lating points in these bases is simply done by Q = PTX .

Note that the matrix P computed by factorization, see Sect. 3, may already
satisfy PTP = I. However, if at least one of the cameras is not used for the
alignment, e.g. if none of the 3D point correspondences project in this camera,
or if the cameras come as the result of the alignment of partial 3D models, then
P will not satisfy PTP = I, thus requiring the orthonormalization step.

Step 2: Eliminating the translation. The translation part of the sought-after
transformation can not be computed directly, but can be eliminated from the
equations. First, center the image points to eliminate the translation part of the
cameras: xij ← xij − ti and x′

ij ← x′
ij − t′i. Second, consider that the partial
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derivatives of the reprojection error (4) with respect to t̂ must vanish: ∂C2

∂t̂
= 0.

By using the constraint Q̂′
j = ÂQ̂j + t̂ from (4) and expanding using (4), we get

n′
∑

i=1

m∑

j=1

(
P′

i
TP′

it̂ − P′
i
Tx′

ij + P′
i
TP′

iÂQ̂j

)
= 0

m∑

j=1

(
P ′TP ′t̂ − P ′TY ′

j + P ′TP ′ÂQ̂j

)
= 0

mP ′TP ′t̂ − mP ′TȲ ′ + mP ′TP ′Â ¯̂Q = 0 ,

which leaves us with t̂ = (P ′TP ′)
−1

(P ′TȲ ′ − P ′TP ′Â ¯̂Q) that, thanks to the
orthonormal basis property P ′† = P ′T, further simplifies to

t̂ = P ′TȲ ′ − Â ¯̂Q . (6)

Note that if the same entire sets of reconstructed points are used for the align-
ment, then we directly obtain t̂ = 0 since Ȳ ′ = 0 and ¯̂Q = 0. This is rarely the
case in practice, especially if the alignment is used to merge partial 3D models.

Third, consider that the m partial derivatives of the reprojection error (4)
with respect to each Q̂j must vanish as well: ∂C2

∂Q̂j
= 0, and expand as above

n∑

i=1

(
PT

i PiQ̂j − PT
i xij

)
+

n′
∑

i=1

(
ÂTP′

i
TP′

iÂQ̂j − ÂTP′
i
Tx′

ij + ÂTP′
i
TP′

it̂
)

= 0

PTPQ̂j − PTYj + ÂTP ′TP ′ÂQ̂j − ÂTP ′TY ′
j + ÂTP ′TP ′t̂ = 0 .

The sum over j of all these derivatives also vanishes, giving

PTP ¯̂Q − PTȲ + ÂTP ′TP ′Â ¯̂Q − ÂTP ′TȲ ′ + ÂTP ′TP ′t̂ = 0 .

By replacing t̂ by its expression (6), and after some minor algebraic manipula-
tions, we obtain

PTP ¯̂Q − PTȲ = 0 =⇒ ¯̂Q = P†Ȳ (7)

and by substituting in (6) and using the orthonormal basis property, we get

t̂ = P ′TȲ ′ − ÂPTȲ . (8)

It is common in factorization methods to center the data with respect to their
centroid to cancel the translation part of the transformation. Equation (8) means
that the data must be centered with respect to the reconstructed centroid of the
image points, not with respect to the actual 3D centroid.

Obviously, if the 3D models have been obtained by the factorization method
of Sect. 3, then the centroid of the 3D points corresponds to the reconstructed
centroid, i.e. Q̄ = PTȲ and Q̄′ = P ′TȲ ′, provided that the same sets of views
are used for reconstruction and alignment.
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To summarize, we cancel the translation part out of the sought-after trans-
formation by translating the reconstructions and the image points as shown
below {

Qj ← Qj − PTȲ
Q′

j ← Q′
j − P ′TȲ ′ and

{
xij ← xij − PiPTȲ
x′

ij ← x′
ij − P′

iP ′TȲ ′ .

The reprojection error (4) is rewritten

C2(Q, Q′) =
1

2nm

(
‖X − PQ‖2 + ‖X ′ − P ′Q′‖2) (9)

and problem (5) is reformulated as

min
Q̂,Q̂′

C2(Q̂, Q̂′) s.t. Q̂′
j = ÂQ̂j . (10)

Step 3: Factorizing. Thanks to the orthonormal basis property PTP = I, and
since for any column-orthonormal matrix A, ‖Ax‖ = ‖x‖, we can rewrite the
reprojection error for a single set of cameras as

R2(P , Q) ∝ ‖X − PQ‖2 = ‖PTX − Q‖2 .

This allows to rewrite the reprojection error (9) as

C2(Q̂, Q̂′) ∝ ‖PTX − Q̂‖2 + ‖P ′TX ′ − Q̂′‖2 = ‖
(

PTX
P ′TX ′

)

︸ ︷︷ ︸
Λ

−
(

Q̂
Q̂′

)

︸ ︷︷ ︸
∆

‖2 .

By introducing the constraint Q̂′ = ÂQ̂ from (10) and, as in Sect. 3, an unknown
global affine transformation B we can write

∆ =
(

I
Â

)
BB−1Q̂ =

(
B

ÂB

)

︸ ︷︷ ︸
M̃

B−1Q︸ ︷︷ ︸
Q̃

.

The problem is reformulated as

min
M̃,Q̃

‖Λ − M̃Q̃‖2 .

A solution is given by the svd of matrix Λ

Λ(6×m) = U(6×6)Σ(6×6)V
T
(6×m) .

As in Sect. 3, let Σ = ΣuΣv be any decomposition of matrix Σ. We obtain

M̃ = ψ(UΣu) and Q̃ = ψT(VΣT
v ). Using the partitioning M̃ =

(
M̃
M̃′

)
, we get

⎧
⎨

⎩

B = M̃
Â = M̃′B−1

Q̂ = BQ̃
.
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Obviously, one needs to undo the effect of the orthonormalizing transformations,
as follows {

Â ← N′ÂN−1

Q̂ ← NQ̂ .

This algorithm runs with m ≥ 4 point correspondences.
Note that it is possible to solve the problem without using the orthonor-

malizing transformations. This solution requires however to compute the svd of
a (2(n + n′) × m) matrix, made by stacking the measurement matrices X and
X ′, and is therefore much more computationally expensive than the algorithm
above, and may be intractable for large sets of cameras and points.

4.3 Dealing with Missing Data

The missing data case arises when some of the 3D points used for the alignment
are not visible in all views. We propose an Expectation Maximization based
extension of the algorithm to handle this case.

The EM algorithm is an iterative method which estimates the model parame-
ters, given an incomplete set of measurement data. The main idea is to alternate
between predicting the missing data and estimating the model. Since the log
likelihood cannot be maximized using factorization, due to the missing data, it
is replaced by its conditional expectation given the observed data, using the cur-
rent estimate of the parameters. In the case where the log likelihood is a linear
function of the missing data, this simply consists in replacing the missing data
by their conditional expectations given the observed data at current parameter
values. This approximated log likelihood is then maximized so as to yield a new
estimate of the parameters. Monotone convergence to a local minimum of the
Maximum Likelihood residual error (4) is shown e.g. in [11].

Since the reconstruction of both camera sets using factorization needs a com-
plete data set, we are limited to the points visible in all views for the initial
reconstruction. This allows to reconstruct all cameras, but only part of the 3D
points. We then triangulate the missing points in order to complete the 3D point
cloud. This preliminary expectation step yields a completed set of 3D data, that
can be used in the alignement algorithm.

However, the reprojection error, i.e. the negative log likelihood, still cannot
be minimized because of the incomplete measurement matrix X . The expectation
step predicts the missing image points by reprojecting them from the completed
3D points, namely for the missing point xij , we set xij ← PiQ̂j + ti.

The maximization step consists in applying the algorithm described in the
complete data case. This yields an estimate of the sought-after transformation
(Â, t̂) as well as corrected point positions {Q̂j ↔ Q̂′

j}.
These two steps are alternated, thus forming an iterative procedure where

the corrected points are used in the expectation at the next iteration. In order to
decide whether convergence is reached, the change in reprojection error between
two iterations is measured. When the reprojection error stabilizes, the final result
is returned.

Table 1 gives a summary of the algorithm with its EM extension.
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Table 1. The proposed Maximum Likelihood alignment algorithm

Objective

Given m ≥ 4 3D point correspondences {Qj ↔ Q′
j} obtained by affine reconstruction

and triangulation of the missing data from two sets of images, with respectively n
cameras {(Pi, ti)} and n′ cameras {(P′

i, t
′
i)}, as well as measured image points {xij}

and {x′
ij} forming an incomplete data set, compute the affine transformation (Â, t̂) and

corrected point positions {Q̂j ↔ Q̂′
j} such that the reprojection error e is minimized.

Algorithm

1. Compute the orthonormalizing transformations:

(
· · · Pi

T · · ·
)T qr= PN−1 and

(
· · · P′

i
T · · ·

)T
qr= P ′N′−1

.

2. Form the ‘joint projection’ and the measurement matrices:

X =

⎛

⎜
⎜
⎝

...
· · · (xij − ti) · · ·

...

⎞

⎟
⎟
⎠ and X ′ =

⎛

⎜
⎜
⎝

...
· · · (x′

ij − t′
i) · · ·

...

⎞

⎟
⎟
⎠ .

3. Expectation-Maximization:
(a) Expectation. Predict the missing point xij by setting xij ← PiQ̂j . Compute

the reconstructed centroids:

C =
PT

m

m∑

j=1

⎛

⎜
⎜
⎝

...
xij

...

⎞

⎟
⎟
⎠ and C′ =

P ′T

m

m∑

j=1

⎛

⎜
⎜
⎝

...
x′

ij

...

⎞

⎟
⎟
⎠ .

Cancel the translations:

X =

⎛

⎜
⎜
⎝

...
· · · (xij − PiC) · · ·

...

⎞

⎟
⎟
⎠ and X ′ =

⎛

⎜
⎜
⎝

...
· · · (x′

ij − P′
iC

′) · · ·
...

⎞

⎟
⎟
⎠ .

(b) Maximization. Factorize:
(

PTX
P ′TX ′

)
svd= UΣVT and set

(
M̃
M̃′

)
= ψ(U

√
Σ) and Q̃ = ψT(V

√
Σ) .

(c) Recover the corrected points. Set Q̂ = NM̃Q̃ and Q̂′ = N′M̃′Q̃.
(d) Transfer the points to the original coordinate frames. Extract the

corrected points Q̂j from Q̂. Translate them as Q̂j ← Q̂j + C.
(e) Compute the reprojection error:

Set e2 = 1
2nm

(∑m
j=1

(∑n
i=1 d2(xij − PiQ̂j) +

∑n′

i=1 d2(x′
ij − P′

iQ̂
′
j)

))
.

(f) Loop. If convergence is not reached (see Sect. 4.3), loop on step (a).
4. Recover the transformation: Set Â = N′M̃′M̃−1N−1 and t = C′ − ÂC.
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5 Other Algorithms

We briefly describe two other alignment algorithms. They do not yield Maxi-
mum Likelihood Estimates under the previously-mentioned hypotheses on the
noise distribution. They rely on 3D measurements and therefore naturally handle
missing image data.

5.1 Minimizing the Non-symmetric Transfer Error

This algorithm, dubbed ‘TrError’, is specific to the two camera set case. It is
based on minimizing a non-symmetric 3D transfer error E(Â) as follows

min
Â,t̂

E2(Â, t̂) with E2(Â) =
1
m

m∑

j=1

‖Q′
j − ÂQj − t̂‖2 .

Differentiating E2 with respect to t̂ and nullifying the result allows to eliminate
the translation by centering each 3D point set on its centroid. By rewriting the
error function and applying standard linear least-squares, one obtains

Â = Q′Q† and t̂ = Q̂′ − ÂQ̂ .

5.2 Direct 3D Factorization

This algorithm, dubbed ‘Fact3D’, is based on directly factorizing the 3D recon-
structed points. It is not restricted to the two camera set case, but for simplicity,
we only describe this case. Generalization to multiple camera sets is trivial. The
algorithm computes the aligning transformation (Â, t̂) and perfectly correspond-
ing points {Q̂j ↔ Q̂′

j}. The reconstructed cameras are not taken into account
by this algorithm, which entirely relies on 3D measures on the reconstructed
points. Under certain conditions, this algorithm is equivalent to the proposed
FactMLE-EM.

The problem is stated as

min
Q̂,Q̂′

D2(Q̂, Q̂′) s.t. Q̂′
j = ÂQ̂j + t̂ ,

where the 3D error function employed is defined by

D2(Q̂, Q̂′) =
1

2m

(
‖Q − Q̂‖2 + ‖Q′ − Q̂′‖2

)
.

Minimizing this error function means that if the noise on the 3D point coordi-
nates were Gaussian, centered and i.i.d., which is not the case with our actual
hypotheses, then this algorithm would yield the Maximum Likelihood Estimate.

Step 1: Eliminating the translation. By using the technique from Sect. 4.2, we
obtain t̂ = Q̄′−ÂQ̄. As in most factorization methods, cancelling the translation
part out according to the error function D is done by centering each set of 3D
points on its actual centroid: Q̂j ← Q̂j − Q̄ and Q̂′

j ← Q̂′
j − Q̄′. Henceforth, we

assume to work in centered coordinates. The problem is rewritten as

min
Q̂,Q̂′

D2(Q̂, Q̂′) s.t. Q̂′
j = ÂQ̂j .
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Step 2: Factorizing. Following the approach in Sect. 4.2, we rewrite D as

D2(Q̂, Q̂′) ∝ ‖
(

Q
Q′

)
−

(
Q̂
Q̂′

)
‖2 = ‖

(
Q
Q′

)

︸ ︷︷ ︸
Λ

−
(

B
AB

)

︸ ︷︷ ︸
M̃

B−1Q̂︸ ︷︷ ︸
Q̃

‖2 .

Using svd of matrix Λ = UΣVT, we obtain M̃ = ψ(UΣu) and Q̃ = ψT(VΣT
v ).

By using the partitioning M̃ =
(
M̃M̃′)T

, we get

Â = M̃′M̃−1 and Q̂ = M̃Q̃ .

6 Experimental Evaluation

We evaluate our algorithm using simulated and real data. The implementation
of all three compared algorithms, i.e. FactMLE-EM, TrError and Fact3D,
as well as the generation of simulated data, have been done in C++.

6.1 Simulated Data

We generate m 3D points and two sets of n weak perspective cameras each. The
pose of a camera is defined by its three dimensional location, viewing direction
and roll angle (rotation angle around the optical axis). The corresponding affine
projection matrix is given by a (2 × 3), truncated, rotation matrix R̄i together
with a two-dimensional translation vector ti, both of which premultiplied by
an internal calibration matrix. More precisly, we use weak perspective cameras
Pi = AiR̄i and ti = AiT̄i, where Ai is the internal calibration matrix

Ai = ki

(
τi 0
0 1

)
.

The scale factor ki models the average depth of the object and the focal length
of the camera, and τ models the aspect ratio that we choose very close to 1.
The 3D points are chosen from a uniform distribution inside a thin rectangular
parallelepiped with dimensions 1×1×(1−d), and the scale factors ki are chosen
so that the points are uniformly spread in 400 × 400 pixel images.

We generate three point sets containing the point visibles (i) in the first
camera set, (ii) in the second one and (iii) in both camera sets. The third subset
contains mc points, whereas the two first subsets both contains m − mc points.
Hence, m points are used to perform sfm on each camera set, while mc points
are used for the alignment. The points are projected onto the images where they
are visible and gaussian noise with zero mean and standard deviation σ is added.

In order to assess the behaviour of the algorithms in the presence of non-
perfectly affine cameras, we introduce the factor 0 ≤ a ≤ 1. Let Zij be the depth
of the j-th 3D point with respect to camera i, we scale the projected points xij

by xij ← 1
ν xij with ν = a + (1 − a)Zij , meaning that for a = 1, the points

does not change and the projection is perfectly affine, and when a tends towards
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0, the points undergo stronger and stronger perspective effects. The points are
further scaled so that their standard deviation remains invariant, in order to
keep them wellspread in the images.

So as to simulate the problem of incomplete data, e.g. due to occlusions, we
generate a list of missing image points. We introduce the probability ppoint that
any given 3D point is occluded in some images and the probability pimage that it
is occluded in one particular image. For simplicity, we take ppoint = pimage = p,
which gives a rate of missing data of p2.

A 3D model is reconstructed from each of the two camera sets using the
factorization algorithm described in Sect. 3. Once the camera matrices and 3D
points are estimated, only the mc points common to the two camera sets are
considered for the alignment. We define the overlap ratio of the two camera sets
to be θ = mc/m, i.e. for θ = 1 all points are seen in all views, while for θ = 0,
the two sets of cameras do not share corresponding points.

Each of the three alignment algorithms yields estimates for the 3D affine
transformation and corrected point clouds, except TrError which only gives
the transformation. The comparison of the algorithms being based on the re-
projection error, the point clouds used to compute it need to be re-estimated so
that this error is minimized, given an estimated transformation. This must be
done for TrError and Fact3D, but is useless for FactMLE-EM.

We use the following default setting for the simulations: n = 5 views, m =
250 points, θ = 0.2 (i.e. a 20% overlap and mc = 50 points common to the
two 3D models), σ = 3.0 pixels, d = 0.95 (flat 3D scene), a = 1 (perfectly
affine projections) and p = 0.3 (rate of missing data p2 = 0.09). We vary each
parameter at a time. Figures 2, 3 and 4 show the reprojection error averaged
over 500 simulations for the three algorithms for different parameter values.

In Fig. 2, we vary the number of common points mc (coupled with the to-
tal number of points m, so as to keep the overlap constant) and the number
of cameras n, the former from 4 to 60, corresponding respectively to m = 20
and m = 300, and the latter from 2 to 15. We see that for mc > 20, the num-
ber of points has a much smaller influence on the errors. Whereas Fact3D

and TrError show similar behaviour, FactMLE-EM is distinguished by its
lower reprojection error. The difference between our method and the other two
seems to be more important in the cases where we have few points or few
cameras.

In Fig. 3, the rate of missing data and the overlap ratio (coupled with the
number of common points mc, so as to keep the total number of points m
constant) are varied, the former from 0 to 0.5 and the latter from 0.1 to 1.0.
In order to emphasize the contribution of the EM scheme, in Fig. 3(a) we also
display the reprojection error of FactMLE-EM after the first iteration. When
the rate of missing data grows, the three methods show different tendencies.
Whereas FactMLE-EM handles missing data well, the other methods prove
to be unstable. However, considering only one iteration of FactMLE-EM, the
reprojection error increases just as for the other methods. The difference in
performance is thus provided by the EM iterations.
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Fig. 2. Reprojection error against (a) the number of points mc and (b) the number of
cameras n
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Fig. 3. Reprojection error against (a) the rate of missing data and (b) the extent of
overlap θ between the two sets of cameras. For θ = 1, all points are seen in all views.
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Fig. 4. Reprojection error against (a) the deviation a from the affine projection model
and (b) the scene flatness d. For a = 1, the projection is perfectly affine. For d = 1, all
3D points lie on a plane.
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In Fig. 4 the deviation from the affine model a varies from 0 to 1, from
a perfectly affine projection, and the flatness of the simulated data d varies
from 0 to 1, i.e. from a cube to a plane. Despite the fact that the alignement
is affine, even completely projective cameras seem to be well modeled by the
three methods. In fact, the error induced by the affine approximation is small
compared to the added noise. The flatness of the scene does not change the
result, except for very flat scenes making the algorithms unstable, Fact3D and
TrError somewhat more than FactMLE-EM. This result was expected since
planar scenes are singular for the computation of a 3D affine transformation.

Simulations with varying σ reveal a quasi linear relationship between the
the noise level and the reprojection error. The slope is somewhat less steep in
the case of FactMLE-EM than for the other two methods, indicating that our
method is less sensitive to noise.

Although the three algorihtms have similar behaviour throughout the se-
quence of tests, except when varying the rate of missing data, FactMLE-EM

consistently outperforms the other ones.

6.2 Real Data

We applied the algorithms to real image sequences as follows. A number of
images of a scene were taken from different angles and grouped into two sets.
A certain number of point correspondences were defined within each one of the
image sets, as well as for all the images, thus forming the measurement matrices
X and X ′.

The camera used is an uncalibrated digital Nikon D100 with a lens of focal
length 80 − 200 mm, giving an image size of 2240 × 1488 pixels.

The ‘books’ sequence. We used a series of images of a rather flat scene, together
with a large set of point correspondences, given by a tracking algorithm, shown

(a) One image from the ‘books’ sequence
overlaid with the mc = 196 point cor-
respondences in white and reprojected
points in black.

(b) A detail from the image in (a) show-
ing the original points in black and repro-
jected points in white, from FactMLE-

EM (points), Fact3D (stars) and Tr-

Error (crosses).

Fig. 5. Results from the ‘books’ sequence
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(a) The two sets of images of the
‘cylinder head’ sequence.

(b) The original points in black together with
their FactMLE-EM reprojections in white.

Fig. 6. Results from the ‘cylinder head’ sequence

in Fig. 5(a). So as to keep the experimental conditions close to the hypothesis of
affine cameras, the photos are taken far away from the object using a large zoom.
This group of images consists of two sets of respectively n = 2 and n′ = 3 images,
together with the mc = 196 common point correspondences, and respectively
m = 628 and m′ = 634 correspondences for the two sets, giving an approximate
overlap of 80%. The reprojection errors we obtained are:

FactMLE-EM 1.90 pixels
Fact3D 1.97 pixels
TrError 2.17 pixels

A detail of an image with the reprojected points due to all three methods is
shown in Fig. 5(b). As predicted by the tests on simulated data, FactMLE-EM

performs better than Fact3D and TrError.

The ‘cylinder head’ sequence. This sequence was acquired under different condi-
tions than the previous one. The photos were taken with the same camera, using
a lens with a focal length of 12 mm, at a distance of 60 cm of the object, which
is 40 cm long. The points, shown in Fig. 6(b), were manually entered. Using
these settings, the affine camera model does not apply and the reconstruction
performed prior to the alignment is therefore less reliable. Nevertheless, the re-
sult of the alignment is rather good. This group of images consists of two sets
of respectively n = n′ = 2 images, together with the mc = 18 common point
correspondences, and respectively m = 22 and m′ = 23 correspondences for the
two sets, giving an approximate overlap of 31%. The reprojection errors are:

FactMLE-EM 3.03 pixels
Fact3D 3.04 pixels
TrError 3.05 pixels

The two sets of images are displayed in Fig. 6(a) and the given point matches
together with the FactMLE-EM reprojections are displayed in Fig. 6(b).
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(a) (b)

Fig. 7. The original common points in white together with their FactMLE-EM re-
projections in black. The two images are the first ones in the respective camera sets.

The ‘building’ sequence. The point correspondences are once again given by a
tracking algorithm, but this time the data set is incomplete. We need at least
two views of a 3D point in order to use it for the reconstruction, so we keep
only those points that are present in two or more images. We then define a point
correspondence to be common to the two sets and thus used for the alignment of
the two reconstructions, as soon as it is present in (at least two images in each
one of) the two sets. This group of images consists of two sets of respectively
n = n′ = 5 images, together with the mc = 40 common point correspondences,
and respectively m = 94 and m′ = 133 correspondences for the two sets, giving
an overlap of 43% and 30% respectively. The rates of missing data are for the
first camera set 31% (13% for the common points) and for the second camera
set 22% (11% for the common points). We note that the missing points are
essentially not due to occlusions but to failure in the tracking algorithm or to
the points being out of range in the images. The reprojection errors we obtained
are:

FactMLE-EM 0.78 pixels
Fact3D 0.84 pixels
TrError 0.85 pixels

As predicted by the simulations with varying rate of missing data, the differ-
ence between the methods is more important when processing incomplete data.
Whereas Fact3D and TrError yield similar errors, FactMLE-EM distin-
guishes itself with a significantly lower error. The results are displayed in Fig. 7.

7 Conclusions

We presented a method to compute the Maximum Likelihood Estimate of 3D
affine transformations, under standard hypotheses on the noise distribution,
aligning sets of 3D points obtained from uncalibrated affine cameras. The method
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computes all aligning transformations in a single computation step in the oc-
clusion-free case, by minimizing the reprojection error over all points and all im-
ages. An iterative extension is presented for the missing data case. Experimental
results on simulated and real data show that the proposed method consistently
performs better than other methods based on 3D measurements.

Future work could be devoted to the incorporation of other types of features.
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Abstract. Shapes of biological objects, such as anatomical parts, have
been studied intensely in recent years. An emerging need is to model
and analyze changes in shapes of biological objects during, for example,
growths of organisms. A recent paper by Grenander et al. [5] introduced
a mathematical model, called GRID, for decomposing growth induced
diffeomorphism into smaller, local deformations. The basic idea is to
place focal points of local growth, called seeds, according to a spatial
process on a time-varying coordinate system, and to deform a small
neighborhood around them using radial deformation functions (RDFs).
In order to estimate these variables – seed placements and RDFS - we first
estimate optimal deformation from magnetic resonance image data, and
then utilize an iterative solution to reach maximum-likelihood estimates.
We demonstrate this approach using MRI images of human brain growth.

1 Introduction

There has been tremendous research in analysis of biological shapes in recent
years. As a result, there exists a large variety of representations and metrics
for comparing shapes of different objects. A related area that is gaining atten-
tion is analysis of changes in shapes of a biological object, an organism or an
anatomical part, resulting from natural growth, a disease, or some other factor.
Mathematical modeling and analysis of biological shape changes are of great in-
terest in many areas dealing with physiology, evolution, medicine, and surgery.
Applications include analysis and prediction of solid-tumor growth in animal
tissues, testing normality of an organ’s growth, analysis of shapes of anatomical
structures in brain, and tracking of biological growth and decay in body parts.
Shapes variations of anatomical parts are often important factors in deciding
normality/abnormality of imaged patients. In many cases, the current clinical
practice is to manually measure certain shape characteristics such as lengths,
sizes or areas associated with the regions of interest, and use those indicators in
diagnoses. Another common approach is to model objects via simple geometries,
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such as ellipsoids, spheres, rectangles, etc, and use resulting shape parameters
for analysis. As an example, for measuring the growth of a tumor some tech-
niques use “multicellular spheroid” models, where the growth of the inner core of
a tumor is modeled by elliptical spheroids [10]. In general, however, one would
like to measure and analyze complete shapes of objects, and not just certain
indicators or their approximations by simple geometries, a goal that requires a
comprehensive theory for statistical analysis of biological shapes. Growth and
shape dissimilarities have also been modeled in the past using smooth deforma-
tions, or diffeomorphisms, of the underlying coordinate systems [4, 8, 12, 11, 9].
The set of all diffeomorphisms from R

n to R
n, with n = 2 or 3, denoted by D,

forms an infinite-dimensional Lie group [8], and its differential geometry is often
used to analyze deformations. An element φ ∈ D denotes a diffeomorphism such
that a pixel located at x ∈ R

n is mapped to the location φ(x) ∈ R
n in a smooth

fashion. For the identity map id ∈ D, defined by id(x) = x, consider the space
of all tangents to D at the point id, denoted by Tid(D). An element v ∈ Tid(D)
is a vector field that assigns a vector v(x) ∈ R

n to each point in the coordi-
nate system. The vector field v is said to generate a time-varying deformation
φt according to the relation:

φt(x) = x +
∫ t

0
vτ (φτ (x))dτ .

In the context of deformations resulting from biological growth, a general goal
is to derive biological motivated representations of φt and vt.

In a recent paper, Grenander et al [5] introduced a mathematical repre-
sentation of growth-induced deformation, called the GRID (Growth by Random
Iterated Diffeomorphisms) model. This models provides a biologically-motivated
representations of changes in shapes induced by growth. Our goal in this paper
is to is to demonstrate the use of GRID model in representing φ. Taking a two-
step approach, we: (i) estimate the optimal φ∗ from the image data, and then
(ii) develop a maximum-likelihood estimates (MLEs) of GRID variables from
φ∗ using an iterative approach. In this paper we restrict to n = 2 although the
principles used here are easily extendible to n = 3.

In Section 2, we summarize the GRID model and refer the interested reader
to [5] for details. In Section 3, we formulate estimation of φ∗ as a problem in
energy minimization, and use the estimated φ∗ to form MLE of GRID variables
in section 4. A summary is presented in Section 5.

2 General GRID Model

We start by summarizing the GRID model proposed by Grenander et al. [5]. The
main motivation behind the GRID model is to model growth locally and biolog-
ically. It uses an evolving coordinate system, called Darcyan, that keeps track of
genetic behavior of locations inside the object. GRID assumes that deformations
are concentrated around genetically active points, called seeds, that turn on and
off according to their genetic composition and bio-chemical environment. The
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placement of seeds is modeled as a Poisson process in the Darcyan coordinate
system. Note that, in practice, this Poisson process will be heterogeneous in
space and time.

2.1 A Model for Deformation φ

Around each seed, the deformation is modeled radially, using a radial defor-
mation function, that captures the radial displacement as a function of angle
around the seed. Studies of actual observed deformations, with examples shown
in Figure 1, support the idea of radial deformation fields. In the GRID model,
this deformation is formulated as depicted in the left panel of Figure 2: ξ denotes
Darcyan coordinates of a genetic material, x(ξ) denotes Cartesian coordinates
of ξ, and x(ξseed) denotes the location of the seed ξseed. The displacement of
any point, say x(ξ), in a neighborhood of the seed, is defined as follows. Let
(r, τ) be the polar coordinates of the vector x(ξ) − x(ξseed), i.e. (r, τ) are polar
coordinates of x(ξ) in a coordinate system centered at x(ξseed). The deformation
takes (r, τ) radially to a new point with (local) polar coordinates ρ(r, τ), τ). The
radial displacement around the seed is given by ρ(r, τ) − r.

How can we model this local, radial displacement ρ? The paper [5] suggest
the following form:

ρ(r, τ) − r = rRα(τ) exp(−(r2/δ2)) . (1)

where Rα : S
1 �→ R is called the radial deformation function (RDF) asso-

ciated with that seed. The index α decides the nature of RDF. In future, we
anticipate developing a pre-determined catalog of RDFs, and α will index ele-
ments of that set. For a given Rα, the active area is expanded (or contracted) at
the rate given by Rα(τ); R(τ) > 0 means expansion or growth while Rα(τ) < 0
means contraction or decay. Plotted in the top right panel of Figure 2 are two
examples of (ρ(r, τ) − r) versus r, for constant functions R(τ) = −0.5 and 0.5.
As the two curves show, major deformation lies in a region around the seed,
denoted by r = 0 here, and goes to zero as r gets larger. The panel in right
bottom plots the determinant of the Jacobian of the resulting deformation, as a
function of r. For R(τ) = 0.5, this plot shows an expansion for small r values, a

Fig. 1. Examples of growth-related deformation fields that motivate use of radial de-
formation fields around imaginary focal points called seeds
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Fig. 3. Examples of elementary deformations obtained using different RDFs. Top row
shows plots of RDFs and the bottom shows corresponding φ applied to a uniform polar
grid.

compression in the medium r range, and no effect (determinant=1) for large r
values. In other words, the growing interior pushes out and compresses the area
around the boundary of this neighborhood. There is no effect on the points far
away from the seed.

Figure 3 shows some examples of these elementary deformations φ generated
by some simplistic RDFs. For each case, we display the function Rα(τ) versus τ
(top panel), with τ plotted in radians, and the resulting φ applied to a uniform
polar grid (bottom panel).
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2.2 Model for Displacement Field

In this paper, we will analyze deformations in form of displacement vector fields,
and therefore we model them explicitly in this section. For a deformation φ, the
displacement vector at any point x is given by dφ(x(ξ)) ≡ φ(x(ξ)) − x(ξ). First,
we derived a model for displacement field induced by the GRID model.

A unit displacement field, attributed to a single seed, is obtained using the
Cartesian form of Eqn. 1, as

H(ξ) = x(ξ) exp(−‖x(ξ)‖2/δ2)Rα(τ(x(ξ))) .

(Here we simplify by assuming momentarily that the seed is located at the origin,
i.e. x(ξseed) = 0.) As mentioned earlier, Rα is the radial deformation function
(RDF) that captures the deformation around the seed. It is a function of the
angle τ made by the vector x(ξ) with the x1 axis; we will use τ(·) to denote
the angle made by the argument vector with the x1 axis. To simplify analysis,
we introduce another condition that |Rα| integrates to one as a function of this
angle. In the context of anatomical growth, we aim to define a finite catalog
of RDFs, indexed by α, that are relevant for modeling deformations. To reduce
notation, we assume that x(ξ) = ξ at this time, i.e. the Darcyan coordinates
match the Cartesian coordinates. This is valid at the start of the experiment
where we initialize the Darcyan to be the Cartesian system. The deformation
model simplifies to:

H(ξ; Rα, δ) = ξ exp(−‖ξ‖2/δ2)Rα(τ(ξ)) . (2)

Fig. 4. Examples of deformation templates H(ξ;Rα, δ) for different Rα and δ. Overlaid
on deformation fields are polar plots of |R(τ )| versus τ ; thick line denotes positive values
and thin line denotes negative values. In each column δ increases from top to bottom.
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H can be viewed as a “template displacement” of a uniform grid, induced by
the RDF Rα. Shown in Figure 4 are some examples of such templates, drawn for
different RDFs and δs. We have illustrated the corresponding RDF by draw-
ing |R(τ)| as a function of τ over the vector field; thick line denotes posi-
tive value of R(τ) and thin line denotes the negative value. For later conve-
nience, we define a vector field G(ξ) = ξ exp(−‖ξ‖2/δ2), so that we can rewrite
H(ξ) = G(ξ)Rα(τ(ξ)). Also, define H to be the Hilbert space:

H = span{H(ξ − η; Rα, δ)|∀η ∈ Ξ, ∀δ > 0, ∀α} .

Here, the span denotes all linear combinations of the elements of the set, and the
bar denotes the closure of span using the L

2 inner product
∫

Ξ
〈η1(ξ), η2(ξ)〉 dξ.

H is the space all possible displacement fields under the GRID model.

3 Estimation of Growth Deformation

The main goal of this paper is to demonstrate the estimation of GRID variables
from image data of biological growth. We present some results on estimation of
GRID variables from MRI growth data of a human brain. This estimation is
performed in two steps: (i) Estimate full deformation φ∗ from the image data,
and (ii) estimate GRID variables from the estimated φ∗. In this section, we
describe the first step of estimating φ∗ from given image data at times t and
t + 1. Let I be the image at time t and J be the image at time t + 1.

There is a large body of literature on estimation of deformations that model
variations between given images. An important distinguishing factor between
various techniques is the choice of cost function used in estimation of deforma-
tion. Ideas such as elastic matching [9], viscous modeling [2], spline-fitting [7],
point-based matching [1], curve-based matching [6], and surface matching, have
been used in the past. We perform this estimation using an energy that seeks
to match both the images pixels and their boundaries. This energy has three
components: (i) E1 reflects the squared error between the deformed image and
the target images, (ii) E2 measures the mismatch between the (image) gradient
vectors in the two images, and (iii) E3 measures the smoothness of φ. The total
energy function is:

E(φ; c1, c2, c3) = E1 + E2 + E3

= c1

∫
Ξ

[I(φ(x(ξ)))−J(x(ξ))]2dξ+c2

∫
R2
f(〈∇I(φ(x(ξ))),∇J(x(ξ))〉)dξ

+ c3

∫
Ξ

‖∇(φ(x(ξ)) − x(ξ))‖2dξ

(3)

with f(x) = −tanh(x/a); a > 0, and c1, c2, c3 are positive constants that
denote relative weights of the three energy components. We want to solve for
φ∗ = argminφ E(φ). Some important aspects of our approach are:

1. Image Interpolation: We will use a gradient approach to solve for φ∗ =
argminφ E(φ). We need several gradients, for example ∂E

∂φk(x1,x2)
for k = 1, 2
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and a vertex (x1, x2) on the discrete grid G = {1, ...l1} × {1...l2}. In this
setup φ : G �→ R2. Since φ takes values in R2, the value of I(φ(x(ξ))) may
not be readily available as I is defined only for grid vertices. We will use
the bilinear interpolation to estimate image values between grid vertices to
obtain I(φ(x(ξ))).

2. Multi-Resolution Estimation: Let hσ(x) be a 2D Gaussian filter, and let
Iσ = I ∗ hσ and Jσ = J ∗ hσ be the smoothed versions of these two images.
Let φ∗(σ) = argminφ E(φ, σ), where E(φ, σ) is as defined in Eqn. 3, except I
and J are replaced by Iσ and Jσ, respectively. Our strategy is to start with
a large σ, implying a coarse resolution to estimate the mapping φ∗

σ. In the
next iteration, decrease σ, thus increasing the resolution, and use the previous
estimate to initialize the gradient search for φ at the next resolution.

3. Rotation, Scaling and Translation (RST): To remove rigid translation,
rotation, and scale variability from observed images, we use a standard PCA-
based approach in this paper. This uses singular decomposition of the matrix,∑

x

Ĩ(x)(x − x̄)(x − x̄)T , x̄ =
∑

x

xĨ(x), Ĩ(x) = I(x)/
∑

y

I(y).

to rotate and scale the image I (translation comes from x̄) so that it is opti-
mally aligned with J in the Euclidean norm. Shown Figure 5 is an example
of this initialization.

Shown in Figures 5-7 are some estimation results using MRI images. Shown in
Figure 5 is the first experimental setup. The left panel shows image I, the second
panel shows image J , and the third image shows their initial difference (I − J).
Using a PCA-based transformation, we obtain an initial alignment RST of I
that is shown in the last panel of this figure. Then, a multi-resolution approach
is used to estimate the optimal φ∗. The results for estimating φ∗ are shown in
Figure 6, where the top left panel shows J , the second panel shows I(φ∗), and
the last panel shows their difference I(φ∗)−J . Deformations associated with the
resulting φ∗ are shown in the lower row using several ways – vector field (left),
deformed grid (middle), and average magnitude (right) defined by:

P (x) =
1

|Ax|

∫
Ax

‖dφ∗(x)‖dx , (4)

where Ax is a small neighborhood of x (dφ∗(x) is the optimal displacement given
by φ∗(x)−x). Figure 7 shows another example of this estimation using a different
pair of I and J .

Fig. 5. Left panel: I , second: J , third: initial different I − J , and right: I after RST
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(a) ( b) (c)

(d) (e) (f)

Fig. 6. (a) J , (b) I(φ∗), (c) I(φ∗) − J , (d) deformation vector field generating φ∗, (e)
optimal φ∗ applied to a uniform grid, (f) an image of P (x), that shows displacements
averaged over small neighborhoods, in order to highlight active regions

Fig. 7. Estimated deformation that optimally matched I with J . Top left: I , second:
J , third: I after RST, and last: I(φ∗). Bottom left: I(φ∗) − J , second: deformation
vector field generating φ∗, third: optimal φ∗ applied to a uniform grid, bottom right:
|φ∗| averaged over small neighborhoods, to show active regions.

A quick look at estimated φ∗s supports the earlier claim that growth is local
and the deformation field can be locally modeled using radial displacements
around random seeds.

4 Estimation of GRID Variables

In this section, we present a statistical approach for estimating GRID variables -
seed location, RDFs - from the displacement field dφ∗ estimated in the previous
section.

4.1 Observation Model

We are given a displacement vector field dφ∗ such that for any ξ ∈ Ξ, dφ∗(ξ) is a
two-dimensional vector. Our goal is to estimate GRID variables using the given



Maximum-Likelihood Estimation of Biological Growth Variables 115

deformation field. We first impose a data model on the observed deformation
field that will allow us a framework for the estimation of unknowns. We assume
that the observed deformation is a noisy version of the one dictated by the GRID
model, i.e.

dφ∗(ξ) =
n∑

i=1

βiH(ξ − ξi,seed; Rαi , δi) + N(ξ) , (5)

where N(ξ) ∈ R
2 is a vector of independent, Gaussian random variables, with

mean zero and a fixed variance σ2. The number of seeds n is a random variable,
and also needs to be estimated from the observed data. According to this model,
the observed deformation is a weighted superposition of several template defor-
mations, each having an associated Rα and a seed placement.

Remark: Note that Eqn. 5 is a simplification of the original GRID model that
assumes that the seed placements are far enough to have non-overlapping dis-
placements in the image. That is

∑
ξ H(ξ−ξi,seed; Rαi , δi)H(ξ−ξj,seed; Rαj , δj) =

0, for i 
= j. In case these displacements interact, the overall displacements will
not be a simple linear combination. Instead, it will be a functional composition
of the deformations introduced by each seed.

With this model, the negative of log-likelihood function, also referred to as
likelihood energy, is therefore given by:

E =
∫

Ξ

‖dφ∗(ξ) −
n∑

i=1

βiH(ξ − ξi,seed, Rαi , δi)‖2dξ (6)

where ‖ · ‖2 implies the 2-norm of a vector. Let Θ be the set of all unknowns:
Θ = {n, (βi, ξi,seed, Rαi , δi), i = 1, 2, . . . , n}.

4.2 Maximum Likelihood Estimation

Choosing MLE as the framework for variable estimation, we formulate the esti-
mation problem: Θ̂ = argminΘ E(Θ). This solution is equivalent to maximizing
the magnitude of the projection of D onto H.

We will estimate Θ̂ using an iterative approach, where the elements of Θ
are updated iteratively. Since this approach is gradient based, it is important to
have a good initialization of unknown variables. In this section, we derive and
outline steps for updating components of Θ, while the remaining components
are held fixed.

For each i, define the residual deformation, dφ∗
i (ξ) = dφ∗(ξ)−

∑
j�=i βjH(ξ −

ξj,seed; Rαj , δj). dφ∗
i is the residual deformation field in D after removing the

contribution of all other seeds except the ith seed. These residual are computed
using the current values of GRID variables. To minimize computational cost, we
first construct the templates Hi ≡ H(ξ − ξj,seed; Rαj , δj), i = 1, 2, . . . , n. Note
that Hi’s are non-zero only on a small subset of Ξ and zero on the remaining
locations.
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The GRID variables associated with the ith seed are updated as follows:

1. Update β: An update of the value of βi is given by: for i = 1, 2, . . . , n,

βi =

∫
Ξ

〈dφ∗
i (ξ), H(ξ − ξi,seed; Rαi , δi)〉 dξ∫

Ξ 〈H(ξ − ξi,seed; Rαi , δi), H(ξ − ξi,seed; Rαi , δi)〉 dξ
. (7)

Here H(ξ − ξi,seed; Rαi , δi) denotes the deformation template H(ξ; Rαi , δi)
centered at ξseed.

2. Update Rαi according to:

Rαi(τ) =
1
βi

∫
ξ∈Ξτ

〈dφ∗
i (ξ), G(ξ − ξseed)〉 dξ∫

ξ∈Ξτ
‖G(ξ − ξseed)‖2dξ

, (8)

where Ξτ denotes the set of all ξ such that the vector ξ − ξseed makes the
angle τ with the positive x1 axis. We can drop βi from this expression, as
we are going to normalize by setting

∫
τ |Rαi(τ)|dτ = 1.

3. Update ξi,seed: Since the gradient-based update of ξseed seems complicated,
we resort to a direct estimation of ξseed as follows:

ξi,seed = argmin
η

∫
ξ

‖dφ∗
i (ξ) − βiH(ξ − η; Rαi , δi)‖2dξ (9)

The computation of this minimizer is cheap since the template H(ξ; Rαi , δi)
need to be constructed only once. Decomposing the cost function:

ξi,seed = argmin
η

∫
ξ

‖dφ∗
i (ξ) − βiH(ξ − η; Rαi , δi)‖2dξ

= argmin
η

∫
ξ

(
‖dφ

∗
i (ξ)‖2+ β

2
i ‖H(ξ − η; R

αi , δi)‖2− 2βi

〈
dφ

∗
i (ξ), H(ξ − η; R

αi , δi)
〉)

dξ

≈ argmax
η

∫
ξ

〈
dφ∗

i (ξ), H(ξ − η; Rαi , δi)
〉

dξ (10)

The last step results from assuming that δi is small enough and η lies in
the interior of Ξ so that

∫
Ξ

‖H(ξ − η; Rαi , δi)‖2dξ does not change with η.
Defining H̄(ξ) to be H(−ξ), the inner product in Eqn. 10 becomes the 2D
convolution between dφ∗ and H̄. Define the 2D Fourier transforms,

Fd(ω) =
∫

ξ

dφ∗(ξ)e−iξωdξ, FH(ω) =
∫

ξ

H̄(ξ; Rαi , δi)e−iξωdξ .

Then, we can obtain the maximizer as,

ξi,seed = argmax
η

∫
ω

Fd(ω)FH(ω)eiωηdω .
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Since the function to be maximized is the inverse Fourier transform of the
product Fd(ω)FH(ω), it is fast to compute.

4. Update δi: Again, we perform this step using an exhaustive search since a
gradient-based update will be computationally expensive. The update is:

δi = argmin
δ

∫
ξ

‖dφ∗
i (ξ) − βiH(ξ − ξseed, Rαi , δ)‖2dξ (11)

Shown in Figure 8 is a preliminary result. It shows a few examples of esti-
mating the first seed location, for dφ∗ estimated earlier in Section 3, with four
different initial conditions.
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Fig. 8. Estimation of a seed location for displacement field estimated earlier. Four
examples shown here represent four different initialization of the iterative search. In
each case, we display the estimated location ξseed (green dot, bottom panels) and the
displacement template H (top panel) resulting from the estimated Rα, δ for that seed.
Red lines show the evolution of seed locations in iterative search.

The remaining issue is to estimate n, the number of seeds. Although we have
not explored that issue in this paper, we suggest the use of birth/death processes
[3], in a Bayesian framework, for estimating n.

5 Summary

In this paper, we have presented a maximum-likelihood framework for estima-
tion of GRID variables using MRI growth data. The first step is to estimate the
full deformation using an energy minimization technique. Once this deformation
is estimated, we decompose it into its GRID components: focal points of local
deformations called seeds, and radial deformation functions in small neighbor-
hoods around those seeds. We demonstrate the estimation of seed locations and
the radial deformation functions using an iterative procedure.
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Abstract. In this paper, we present a deformable-model based solution for seg-
menting objects with complex texture patterns of all scales. The external im-
age forces in traditional deformable models come primarily from edges or gra-
dient information and it becomes problematic when the object surfaces have
complex large-scale texture patterns that generate many local edges within a
same region. We introduce a new textured object segmentation algorithm that
has both the robustness of model-based approaches and the ability to deal with
non-uniform textures of both small and large scales. The main contributions in-
clude an information-theoretical approach for computing the natural scale of a
“texon” based on model-interior texture, a nonparametric texture statistics com-
parison technique and the determination of object belongingness through belief
propagation. Another important property of the proposed algorithm is in that the
texture statistics of an object of interest are learned online from evolving model
interiors, requiring no other a priori information. We demonstrate the potential
of this model-based framework for texture learning and segmentation using both
natural and medical images with various textures of all scales and patterns.

1 Introduction

Deformable models, which are curves or surfaces that move under the influence of
internal smoothness forces and external image forces, have been extensively studied
and widely used for robust object segmentation. In the literature, there are two major
classes of deformable models. One is the parametric deformable models [12, 25, 5] that
explicitly represent curves and surfaces in their parametric form; the other class is the
geometric deformable models [3, 14], which implicitly represent model shape as the
zero level set of a higher-dimensional scalar function, and evolve the model based on
front propagation using the theory of curve evolution. In the formulations for both types
of models, the external image forces traditionally come from edge or image gradient
information. However this makes the models unfit for finding boundaries of objects with
complex large-scale texture patterns due to the presence of large variations in image
gradient and many local edges inside the object.

There have been efforts to address this problem. Geodesic Active Regions [17] deal
with supervised texture segmentation in a frame partition framework using level-set
deformable model implementation. There are several assumptions in this supervised

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 119–135, 2005.
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method however, which include knowing beforehand the number of regions in an im-
age and the statistics for each region are learned off-line using a mixture-of-gaussian
approximation. These assumptions limit the applicability of the method to a large va-
riety of natural images. Region Competition [27] performs texture segmentation by
combining region growing and active contours using multi-band input after applying
a set of texture filters. The method assumes multivariate Gaussian distributions on the
filter-response vector inputs. Another texture segmentation approach in a deformable
model framework [20] is based on deforming an improved active contour model [26]
on a likelihood map instead of heuristically constructed edge map. However, because
of the artificial neighborhood operations, the results from this approach suffer from
blurring on the likelihood map, which causes the object boundary detected to be “di-
lated” versions of the true boundary. The dilate zone could be small or large depending
on their neighborhood size parameter. Metamorphs [9] is recently proposed as a new
class of deformable models that integrate boundary information and nonparametric re-
gion statistics for segmentation. It mostly dealt with intensity images with noise and
complex intensity distributions however.

In this paper, we propose a new deformable-model based solution to accurate and
robust texture segmentation. The key novelty and contribution is in the analysis and rep-
resentation of model-interior texture statistics. The first step in analysis is to determine
a best natural scale for the texons, which are the basic structural elements for the texture
of interest. If this scale is small, then a nonparametric kernel-based approximation of
the model-interior intensity distribution is sufficient to capture the statistics; if the scale
is large which often means the texture consists of large-scale periodic patterns, a small
bank of gabor filters is applied and the nonparametric statistics are evaluated on the filter
responses. We then compute the likelihood map of texture consistency over the entire
image domain by comparing local patch statistics with the model-interior statistics. This
type of analysis enables our method to automatically and adaptively deal with both re-
gions that are mostly homogeneous (intensity) and regions that consist of large-scale
patterns, while keeping a sharp edge on the likelihood map right on the texture region
boundary. The deformable model dynamics is derived from energy terms defined on the
computed likelihood map, and when the model evolves, the model-interior statistics are
re-analyzed and the likelihood map is updated. This adaptive online-learning process
on one hand constraints the model to deformations that keep consistent model-interior
statistics, and on the other hand enables the model to converge to true object boundary
in the presence of not-perfectly uniform texture patterns.

1.1 Previous Work

Texture analysis and segmentation is an important problem in many areas of computer
vision, because images of natural scenes, medical images and images of many other
modalities are mainly composed of textured objects. Different texture segmentation
approaches have been presented in the literature and they typically follow two steps: a
modelling step to generate texture descriptors to describe texture appearance, and an op-
timization step to group pixels into regions of homogeneous texture appearance. In the
modelling phase, Markov Random Fields [15], banks of filters [21], wavelets [2], etc.
are some common techniques. In the classification/grouping phase, supervised methods



Deformable-Model Based Textured Object Segmentation 121

[17, 2] partition an image by maximizing likelihood given features or statistics learned
from a set of texture patterns given a priori, while un-supervised methods [15, 13] ap-
ply clustering techniques to group pixels into homogeneous segments in the descriptor
vector space.

Recently Graph Cuts [24] has been coupled with contour and texture analysis [13]
to achieve un-supervised segmentation on varieties of images, and one of its extension,
GrabCut [22], has shown promising results in interactive textured foreground extrac-
tion. Another work is Active Shape and Appearance Models [7, 6], which learns sta-
tistical models of object shape and appearance and use the prior models to segment
textured objects.

Compared to previous work, the deformable model based texture segmentation
method we propose integrates high-level model constraints with low-level processing
and classification. It has the advantage of not requiring off-line supervised learning,
yet it enjoys the benefits of having a likelihood map measuring texture consistency by
means of online adaptive learning of model-interior statistics. Another advantage is in
its elaborate information-theoretic texon scale analysis, which eliminates the classic
blurring effect around texture boundaries on computed likelihood maps.

The remainder of the paper is organized as follows. We present an overview of our
method in section 2. Then detailed algorithm in each step is described in section 3.
Experimental results are presented in section 4, and we conclude with discussions in
section 5.

2 Overview

The basic idea of our deformable-model based texture segmentation algorithm is de-
picted in Fig. 1, and the algorithm consists of the following steps:

1. Initialize a simple-shape deformable model centered around a seed point. In Fig.
1(a), the initial model is the circular model drawn in blue color, and the seed point
is marked by the red asterisk.

2. Determine a “best” natural scale for the texture elements that are basic building
blocks of the model interior texture. We call such texture elements “texons”, fol-
lowing the naming convention in [10, 13, 28]. In Fig. 1(a), the determined texon
scale is indicated by the red circle.

3. Compute nonparametric statistics of the model-interior texons, either on intensity
or on gabor filter responses depending on the texon scale, and compare it with local-
neighborhood statistics surrounding each pixel in the image. Thereafter a likelihood
map is generated which measures the consistency of each local patch texture with
the model-interior texture. Fig. 1(b) shows an example of such computed likelihood
map given the model in Fig. 1(a).

4. Use the Belief-Propagation implementation of Markov Random Fields to update
the likelihood map, taking into account contextual information from neighboring
texture patches. For the cheetah image, the updated likelihood map is shown in
Fig. 1(c).

5. Evolve the deformable model, for a fixed number of iterations, toward object bound-
ary based on model dynamics derived from both texture energy terms defined on
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(a) (b) (c)

(d) (e)

Fig. 1. (a) the original cheetah image. Initial Model: blue circle; Texon scale: red circle, (b) like-
lihood map computed based on texon statistics, (c) updated likelihood map after applying BP
based MRF, (d) an intermediate model, (e) converged model.

the likelihood map and balloon-force energy terms defined on the model geometry.
In Fig. 1(d), an intermediate model is drawn in green color.

6. Repeat steps 3-5 until convergence (e.g. when model deformation between itera-
tions is sufficiently small). The converged model on the cheetah image is shown in
Fig. 1(e).

3 Methodology

Next, we present the detailed algorithm in each step.

3.1 Implicit Model Representation

In our framework, we use the Euclidean distance transform to embed an evolving de-
formable model as the zero level set of a higher dimensional distance function [16, 18,
9]. In the 2D case, let Φ : Ω → R+ be a Lipschitz function that refers to the distance
transform for the model shape M. The shape defines a partition of the domain: the
region that is enclosed by M, [RM], the background [Ω − RM], and on the model,
[∂RM]. Given these definitions the following implicit shape representation is consid-
ered:

ΦM(x) =

⎧
⎪⎨

⎪⎩

0, x ∈ ∂RM
+ED(x, M) > 0, x ∈ RM
−ED(x, M) < 0, x ∈ [Ω − RM]

(1)
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where ED(x, M) refers to the min Euclidean distance between the image pixel loca-
tion x = (x, y) and the model M.

This implicit representation makes the model shape representation a distance map
“image”, which greatly facilitates the integration of boundary and region information.
It also offers topology freedom and parameterization independence during model evo-
lutions.

3.2 Texture Consistency Likelihood Map Given Model Interior

Given the current model shape, our first goal is to find a mathematical solution to deter-
mine a “best” local scale for the texture elements that are basic building blocks of the
model interior texture.

Best Local Scale for Model Interior Texons. We approach this scale problem using
a detector based on comparing a texon interior intensity probability density function
(p.d.f.) with the whole model interior p.d.f., and we determine the scale of the texon
as the smallest scale that provides a texon p.d.f that is sufficiently close to the overall
model interior p.d.f.

Suppose the model is placed on image I , and the image region bounded by cur-
rent model ΦM is RM, we use a nonparametric kernel-based method to approximate
the p.d.f. of the model interior intensity. Let us denote the random variable for inten-
sity values by i, i = 0, ..., 255, then the intensity p.d.f. of the model-interior region is
defined by:

P(i
∣
∣ΦM) =

1
V (RM)

∫∫

RM

1√
2πσ

e
−(i−I(y))2

2σ2 dy (2)

where V (RM) denotes the volume of RM, y are pixels in the domain RM, and σ is a
constant specifying the width of a gaussian kernel.

Similarly, the intensity p.d.f. for a local texon can be defined as in Eq. 2, the only
difference being that the integration is over pixels inside the texon.

To measure the dissimilarity between two probability density functions, we adopt
an information-theoretic distance measure, the Kullback-Leibler (K-L) Divergence [1].
Since the K-L divergence is asymmetric, we instead use one of its symmetrized relative
– the Chernoff Information. The Chernoff Information between p1 and p2 is defined by:

C(p2‖p1) = max
0≤t≤1

− logµ(t)

where µ(t) =
∫
[p1(i)]1−t[p2(i)]tdi. A special case of Chernoff ”distance” is the Bhat-

tachayya ”distance”, in which t is chosen to be 1
2 , i.e., the Bhattachayya ”distance”

between p1 and p2 is:

B(p2‖p1) = − log µ(
1
2
)

In order to facilitate notation, we write:

ρ(p2‖p1) = µ(
1
2
) =

∫

[p1(i)]
1
2 [p2(i)]

1
2 di (3)
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Fig. 2. (a) Cheeta image. Blue circle shows an initial model, red circle shows the determined best
scale for model-interior texons. (b) Overall model interior p.d.f. (c) Y axis: K-L distance between
texon p.d.f. and overall model-interior p.d.f.; X axis: changing scale (i.e. radius) of the texon
under evaluation. Each curve represents a texon centered at a different pixel inside the model. (d)
The best scale determined remains stable as we change the size of the initial model.

Clearly, when the value for ρ ranges from one to zero, the value for B goes from zero
to infinity.

The Chernoff Information is an important information-theoretic distance measure,
and it has been shown this measure is the exponential rates of optimal classifier perfor-
mance probabilities [4]. The use of this measure is also justified in our experiments in
which we observe a stable convergence in the distances between texon p.d.f and overall
model interior p.d.f as the test scale increases.

The steps in determining the scale of texons inside the current model are as follows.

1. Approximate the intensity p.d.f. of the overall model interior (Eq. 2). Denote this
p.d.f. as pm.
The p.d.f. for the cheetah example based on the blue curve model in Fig. 2(a) is
displayed in Fig. 2(b).

2. Choose a best scale ŝ for the model interior texons among all possible scales be-
tween 1...S 1.

1 Here we assume that the current model interior contains at least one texon, and the largest test
scale S is smaller than the size of the model.
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Let us denote a texon of scale s centered at a pixel x by T (x, s), and its interior
intensity p.d.f. by pT (x,s). To determine the best scale ŝ, we compute the Bhat-
tachayya distance between pm and pT (x,s), for all pixels x inside the model and
for all scales s = 1...S. Fig. 2(c) visualizes the functional relationship between
such distances and the scale in a graph. In the graph, each curve represents the
“distance-scale” function for texons centered at a different pixel. From the graph,
we can see that, as the scale increases, the Bhattachayya distance decreases asymp-
totically at all pixels, and all curves finally converge at a small value. This behavior
proves the validity of the usage of this symmetrized K-L distance measure, and it
also exposes to us a way to determine the natural scale of the model interior texons
– the scale corresponding to the point of inflection on the Distance-Scale function
curves. Since we get a scale value for every pixel inside the model this way, we
use a robust estimator, the median estimator, to choose the best scale ŝ as the me-
dian of the inflection-point scales chosen for all these pixels. On Fig. 2(a), the best
scale such computed for the cheetah texture based on the initial blue-circle model
is indicated by the red circle.

Based on our experiments, this ”best” natural scale for model-interior texons de-
termined using the method above is invariant to the size of the initial model. Fig. 2(d)
shows the functional relation between the best scale chosen vs. initial size of the model
for the cheetah example. We can see from the curve that the best scale remains stable
as the size of the initial model changes. This behavior is also observed in many other
examples that we tested.

Compute Texture Likelihood Map. Once we have determined the scale for model-
interior texons, we can, for every pixel on the image, evaluate the likelihood of its
neighborhood texon being consistent with the object texture learned from the model
interior texture. We define this likelihood using the ρ value in Eq. 3, since it increases as
the Bhattachayya distance between two distributions decreases. That is, the likelihood
of any pixel x on the image I belonging to the object of interest is defined by:

L(T (x, ŝ)
∣
∣ΦM) ∝ ρ(pT (x,ŝ)‖pm) (4)

where T (x, ŝ) represents the neighborhood texon centered at x and with scale ŝ, pT (x,ŝ)
is the intensity p.d.f. of the texon intensity, and pm is the p.d.f. learned from interior
intensity of the model initialized inside the object.

One limitation of using the nonparametric intensity p.d.f. to approximate texon(or
model) interior texture statistics is that, the information on pixel order and spatial cor-
relation between pixels within a texon is lost. For instance, if we take a texon inside
the object, randomly re-permute all pixels within it to generate a new texon, then
copy this new texon to locations surrounding the object, then the computation in Eq.
4 would have trouble differentiating these two kinds of texons, even though they appear
different.

The importance of the texture pattern (i.e. pixel order) information depends on the
scale ŝ though, since this scale reveals to some extent the characteristics of the model-
interior texture. In our framework, we separate two cases according to ŝ and treat them
differently when computing the likelihood map.
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(1)

(2)

Fig. 3. (1) Gabor filters in a small bank with constant frequency and shape, and varying orienta-
tion. (2) Responses of the cheetah image to gabor filters in (1).

C1: In the first case, if ŝ is very small (e.g. the radius of texons is less than 3 pixels
wide), the model-interior texture is mostly homogeneous with some level of noise,
hence it is not necessary to further consider the spatial correlation between pixels,
and Eq. 4 should be sufficient in this case.

C2: In the second case, if ŝ is rather large, we predict that the model-interior texture
consists of periodic mosaics of large-scale patterns, and additional measures are
necessary to capture the statistics in these patterns as well. We approach this by
applying a small number of gabor filters [8] to the model interior, and learn statistics
with respect to the gabor responses.
In our experiments, we choose N(N = 4) gabor filter bases (Fig. 3(1)). The fil-
ters have constant frequency and shape, but with varying orientations. The fre-
quency and Gaussian-envelop shape of the filters are computed based on the pre-
determined scale of model-interior texons. For each of the N gabor filters in the
small filter bank, we get a response image Rn, n = 1, ..., N , as shown in Fig. 3(2).
Suppose the random variable for the response value from filter n is Xn, we learn the
probability density function of Xn, using the same nonparametric kernel-based ap-
proximation as in Eq. 2, for pixels inside the model. This way, we have N p.d.f.s,
pMn , n = 1, ..., N , to describe the statistics of the model-interior response to the
different gabor filters.
When computing the likelihood map for pixels of the entire image, we use a mech-
anism similar to that in Eq. 4, but we combine the probabilities derived from all
gabor filter responses. That is, for every pixel x on the image, we take its lo-
cal neighborhood texon T (x, ŝ), and compute its interior response-value p.d.f.s
pT

n , n = 1, ..., N . Then the likelihood of this texon being consistent with the model-
interior texture pattern is measured by:

L(T (x, ŝ)
∣
∣ΦM) ∝ P (T

∣
∣pM1 , ..., pMN )

=
∏N

n=1 P (T
∣
∣pMn )

∝
∏N

n=1 ρ(pT
n ‖pMn ) (5)
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In the equation, we approximate the likelihood in terms of each gabor filter response
using the ρ value, and the relations can be easily derived given that the responses
from different gabor-filter bases are conditionally independent of each other

After computing the likelihood over the entire image domain, for each pixel, we
denote the resulting likelihood map L(T (x, ŝ)

∣
∣ΦM) as LI .

Contextual Confirmation Through Belief Propagation. The likelihood map LI

quantifies the probability of every local texon belonging to part of the texture region
of interest. However, all measurements are still local, and no context information be-
tween neighboring texons is accounted for. Markov Random Field (MRF) models are
often used to capture dependencies between neighboring cliques (e.g. pixels, texons,
etc.), and can be applied on the likelihood map to reduce noise and improve neighbor-
hood consistency. Since the exact MAP inference in MRF models is computationally
infeasible, we use an approximation technique based on the Belief Propagation (BP) al-
gorithm, which is an inference method proposed by [19] to efficiently estimate Bayesian
beliefs in the network by iteratively passing messages between neighbors.

Given a typical graphical-model illustration for MRF, as shown in Fig. 4, the graph
has two kinds of nodes: hidden nodes (circles in Fig. 4, representing region labels) and
observable nodes (squares in Fig. 4, representing image pixels). Edges in the graph
depict relationships between the nodes.

Let n be the number of the hidden/observable states (i.e., the number of pixels in
the image). A configuration of the hidden layer is:

h = (h1, ..., hn), hi ∈ V, i = 1, ..., n (6)

where V is a set of region labels, such as V = 0, 1 where the value 0 indicates different
texture from the model interior, and the value 1 indicates same texture as the model
interior.

Similarly, a configuration of the observable layer is:

o = (o1, ..., on), oi ∈ D, i = 1, ..., n (7)

where D is a set of pixel values, e.g., the original likelihood values in the map LI . The
relationship between the hidden states and the observable states (also known as local
evidence) can be represented as the compatibility function:

φ(hi, oi) = P (oi|hi) (8)

Fig. 4. The MRF Graphical Model



128 X. Huang et al.

Similarly, the relationship between the neighboring hidden states can be represented as
the second compatibility function:

ψ(hi, hj) = P (hi, hj) (9)

Now the inference problem can be viewed as a problem of estimating the MAP solution
of the MRF model:

hMAP = argmaxhP (h|o) (10)
where

P (h|o) ∝ P (o|h)P (h) ∝
∏

i

φ(hi, oi)
∏

(i,j)

ψ(xi, xj) (11)

The exact MAP inference in MRF models is computationally infeasible, and we use
an approximation technique based on the Belief Propagation (BP) algorithm, which is
an inference method proposed by [19] to efficiently estimate Bayesian beliefs in the
network by iteratively passing messages between neighbors. We assume the likelihood
values in each region follow a Gaussian distribution:

φ(hi, oi) =
1

√
2πσ2

xi

exp
(

− (oi − µxi)2

2σ2
xi

)
(12)

and the compatibility function between neighboring hidden states is represented by:

ψ(oi, oj) =
1
Z

exp
(δ(oi − oj)

σ2

)
(13)

where δ(x) = 1 if x = 0; δ(x) = 0 if x �= 0, σ controls the degree of similarity between
neighboring hidden states, and Z is a normalization constant.

After this step of MRF contextual confirmation, the resulting new likelihood map is
denoted by Lc

I . One example demonstrating the effect of this step can be seen in Fig.
1(c). In our experiments, we use the {0, 1} region labels as the hidden states, hence
by thresholding at 0.5, we can differentiate regions that have similar texture with the
model-interior from other background regions.

3.3 Deformable Model Dynamics

In order to evolve the deformable model toward the boundary of the texture region of
interest, we derive the model dynamics in a variational framework by defining energy
terms leading to both external texture/image forces and internal balloon forces.

Free Form Deformations. The deformations a model in our framework can undergo
are defined using a space warping technique, the Free Form Deformations (FFD) [23, 9].
The essence of FFD is to deform an object by manipulating a regular control lattice
F overlaid on its volumetric embedding space, hence it integrates naturally with the
implicit model shape representation (see section 1). In the Incremental FFD formulation
used in [9], the deformation parameters, q, are the deformations of the control points in
both x and y directions:

q = {(δF x
m,n, δF y

m,n)}; (m, n) ∈ [1, M ] × [1, N ]
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where the control lattice is of size M ×N . The deformed position of a pixel x = (x, y),
given the deformation of the control lattice from an initial regular configuration F 0

to a new configuration F , is defined in terms of a tensor product of Cubic B-spline
polynomials:

D(q;x) = x + δD(q;x) =
3∑

k=0

3∑

l=0

Bk(u)Bl(v)(F 0
i+k,j+l + δFi+k,j+l) (14)

where i = � x
X · (M − 1)� + 1, j = � y

Y · (N − 1)� + 1.
Since FFD imposes implicit smoothness constraints during model deformation,

which guarantees C1 continuity at control points and C2 continuity everywhere else,
we omit model smoothness energy terms that are common in traditional parametric or
level-set based deformable models.

Data Terms for Texture/Image Forces. Given the likelihood map Lc
I computed based

on the current model-interior texture statistics, we are able to segment out foreground
regions that have similar texture with the model-interior (see section 3.2). Since there
may be many disconnected foreground regions detected this way, we choose only the
one overlapping the current model as the current region of interest (ROI). Suppose the
binary mask of this ROI is Ir, we encode its boundary information by computing the
Euclidean distance transform of the region boundary, which is denoted by Φr . Then we
define a data energy term to evolve the model toward the ROI boundary as follows:

Edata =
1

V (RM)

∫∫

RM

(
ΦM(x) − Φr(D(q;x))

)2
dx

where ΦM is the implicit representation of the current model (Eq. 1), RM) is the model
interior region, V (RM) refers to the volume of region RM), and D(q;x) is the FFD
definition for the position of a sample pixel x after deformation (Eq. 14).

Energy Term for Balloon Force. One additional energy term is defined on the model
geometry to explicitly grow the model along its normal direction, which can expedite
the model convergence process. It is also very important for accurate model conver-
gence when the shape of the texture region has salient protrusions or concavities. The
definition for the balloon-force energy term is as follows:

Eballoon =
1

V (∂RM)

∫∫

∂RM

(
ΦM(D(q;x))

)
dx

where ∂RM refers to the model affinity, which in practice we take as a narrow band
around the model M (i.e. zero level set of the model representation ΦM). The reason
behind the form of this term is because of the definition for ΦM, which has negative
values outside the model, zero value on the model, and positive values inside the model.

Model Evolution. In our formulations above, both the data term and the balloon term
are differentiable with respect to the model deformation parameters q, hence a uni-
fied gradient-descent based parameter updating scheme can be derived. Let the overall
energy functional be:

E = Edata + kEballoon (15)
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(a) (b) (c) (d)

Fig. 5. (a) Initial model in blue circle. (b) Likelihood map (after MRF) based on initial model. (c)
An intermediate model. (d) Likelihood map re-computed based on the intermediate model.

where k is a constant balancing the contributions of the two terms. Then the following
evolution equation for each element qi in the model deformation parameters q can be
derived:

∂E

∂qi
=

∂Edata

∂qi
+ k

∂Eballoon

∂qi
(16)

where

∂Edata

∂qi
=

1
V (RM)

∫∫

RM

2
(
ΦM(x) − Φr(D(q;x))

)
·

(
− ∇Φr(D(q;x)) · ∂

∂qi
D(q;x)

)
dx

∂Eballoon

∂qi
=

1
V (∂RM)

∫∫

∂RM

(
∇ΦM(D(q;x)) · ∂

∂qi
D(q;x)

)
dx

In the above formulas, the partial derivatives with respect to the deformation (FFD)
parameters, ∂

∂qi
D(q;x), can be easily derived from the model deformation formula

Eq. 14.
One important advantage of our framework is that, as the model evolves, the model

interior changes, hence the model-interior texture statistics get updated and the new
statistics are used for further model evolution. This online learning property enable our
deformable model framework to segment objects with non-uniform texture patterns to
some extent. In Fig. 5, we show the evolution in the likelihood map as the model evolves
from an initial circular model to an intermediate model.

Change of Topology: Merging of Multiple Models. When multiple models are ini-
tialized in an image, each model evolves based on its own dynamics. At the end of
each iteration, a collision detection step is applied by checking whether the interiors of
more than one models overlap. If a collision is detected, the models involved are tested
based on their interior texture statistics, and they are merged only if their statistics are
sufficiently close.

Suppose a collision is detected between model K and model L. We first compare
their model-interior texon scales. If the scales are very different, we do not merge the
two models. If the scales are close, we further test their texture statistics. Let us denote
their intensity p.d.f.s on the original image I by pk and pl respectively. Then we mea-
sure the Bhattachayya distance B(pk‖pl) between the two distributions. Here we need
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(a) (b) (c) (d)

Fig. 6. (a) Two initial models in blue circles. (b) Two models evolving on their own before merg-
ing. (c) The two models are merged into one new model upon collision and the new model con-
tinues evolving. (d) The final converged model.

a definite threshold to determine whether the two distributions are sufficiently close
enough. As discussed in [11], the error probability 2, Pe, of two distributions or pro-
cesses, is related to the ρ(pk‖pl) value by the following formula: 1

8ρ2 ≤ Pe ≤ 1
2 . In our

algorithm, by allowing a 10% error probability (i.e., Pe = 0.1, we can derive the fol-
lowing threshold on the ρ value: Tρ ≥

√
(8 ∗ 0.1) ≈ 0.9. That is, if the ρ value is less

than Tρ, then the two distributions are the result of two different signals (textures) with
a 10% error probability; conversely, if the ρ value is greater than Tρ, then we consider
the two distributions are sufficiently close. More strict tests can be done by comparing
gabor filter response statistics.

If we decide the statistics of two models in collision are sufficiently close, we merge
the two models. Based on the model implicit representation in Eq. 1 (model interior has
positive values), given the implicit representation of the two old models ΦM1(x) and
ΦM2(x), then the implicit representation of the merged new model can be computed
directly by:

ΦM(x) = max
(
ΦM1(x), ΦM2 (x)

)

Thereafter this new model evolves in place of the two old models.
Fig. 6 shows an example where we initialize two models, they first evolve on their

own then they merge into one new model upon collision.

4 Experimental Results

We have run our algorithm on a variety of images with textures of different patterns and
scales. Figures 7-9 show typical segmentation results. In all the cases, we initialize sev-
eral seed points inside the textured regions of interest, then a texture-consistency like-
lihood map is computed based on each model interior, the models evolve on their own
dynamics, and those models with similar texture statistics are allowed to merge upon
collision. The likelihood map for each model is re-computed after every 5 iterations of
model evolution since the model interior statistics change as the model deforms. The
balance factor k between the two energy terms in Eq. 15 is kept constant at k = 200,
which is a value that is tested once and works well in all our experiments. The imple-
mentation of our algorithm is mostly in Matlab, but the most computationally expensive

2 This is the probability of mistakenly classifying two processes/distributions as the same when
they are in fact different.
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(a) (b) (c)

(d) (e)

Fig. 7. (a) Original image with initial model. (b) Likelihood map based on gabor response statis-
tics. (c) Likelihood map after BP. (d) The converged model. (e) Both cheetah boundaries detected
after initializing another model in the other high-likelihood area.

parts – the texon scale determination, likelihood map computation and BP based MRF
– are implemented in C and linked to Matlab by CMex. The running time on a 2 GHz
Pentium PC station for images of size 210 × 280 pixels is under 3 minutes, with two
initial circular models of radius 10.

Fig. 7 is another experiment run on an image containing two cheetahs. The likeli-
hood maps computed based on the initial model are shown, and the converged model
finds the boundary for one of the cheetahs. By initializing another model in another
high-likelihood area, we are able to get the boundary for the other cheeta (Fig. 7(e)).

(a) (b) (c) (d)

Fig. 8. (a) Original images. (b) Likelihood maps based on model-interior texture statistics. (c)
Likelihood maps after BP. (d) The converged models at texture boundary.
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In Fig. 8, we demonstrate our algorithm using two synthetic images. The image on
the top row has a small-scale homogeneous region in the center, and large-scale peri-
odic line patterns in the background. The line pattern is generated using a sinusoidal
signal. To test the robustness of the method to noise, we randomly added high level of
gaussian noise to the entire image. The segmentation result shows that our method can
deal with both small-scale and large-scale texture patterns, and has good differentiation
power even in the presence of high noise levels. On the bottom row, we show the perfor-
mance on a synthetic texture mosaic image. The image consists of five texture regions
of similar intensity distribution, and we demonstrate the likelihood map and segmenta-
tion of one of the regions. We are able to segment other four regions in the mosaic as
well using the same method.

(a) (b) (c) (d)

Fig. 9. (a) Original image and initial model for the tagged MR image. (b) segmentation result
for tagged MR image. (c) original image and initial model for the ultrasound breast image. (d)
segmented lesion in the breast image.

In Fig. 9, we show two examples of applying our model-based method to segment
textured objects in medical images. On the left, we show segmentation of the right
ventricle in a tagged MRI image of the heart. The result is shown in Fig. 9(b). And on
the right is a ultrasound image of the breast. The goal is to segment the lesion on the
breast. The final result is in Fig. 9(d). These results demonstrate the potential of our
model-based method to deal with both large-scale tagging line patterns, and small-scale
ultrasound speckle patterns.

5 Discussion and Conclusions

We have proposed a robust model-based segmentation method for finding boundaries
of objects with complex textures of all scales and patterns. The novel ideas include an
information-theoretic texon scale analysis algorithm and the online updating and learn-
ing of model-interior texture statistics to guide the model to achieve efficient, robust
and accurate object segmentation.

Although we assume user-defined seed points to start the simple-shape initial de-
formable models, our method can be directly applied to full-field image segmentation
by starting multiple initial models on a regular lattice covering the image. The topology
freedom of the models enables evolving models with similar statistics to merge, and
finally the image is partitioned into regions of homogeneous textures.
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Abstract. We observe that there is a strong connection between a whole
class of simple binary MRF energies and the Rudin-Osher-Fatemi (ROF)
Total Variation minimization approach to image denoising. We show,
more precisely, that solutions to binary MRFs can be found by mini-
mizing an appropriate ROF problem, and vice-versa. This leads to new
algorithms. We then compare the efficiency of various algorithms.

1 Introduction

The goal of this note is to study the relationship between the Rudin-Osher-
Fatemi Total Variation (TV) minimization model for image denoising, and a class
of simple binary MRF models. In particular, we will show that some algorithms
designed to solve one type of problem can be adapted to the other. Precisely, we
will discuss the links between problems such as

min
θi,j∈{0,1}

λ
∑

i,j

|θi+1,j−θi,j|+|θi,j+1−θi,j | +
1
2

∑

i,j

θi,j |gi,j−a|2 + (1−θi,j)|gi,j−b|2 ,

(1)
and

min
wi,j∈R

λ
∑

i,j

|wi+1,j − wi,j | + |wi,j+1 − wi,j | +
1
2

∑

i,j

|gi,j − wi,j |2 . (2)

Here, i, j index the rows and columns of a digital image and run, for instance,
from 1 to N and 1 to M , N, M ≥ 1.

Problems such as (1) arise in simplified MRF image denoising models where
one assumes, for instance, that an observation g = (gi,j)i,j results from an orig-
inal binary signal (b + θi,j(a − b))i,j taking only values a and b, to which a
Gaussian noise is added. (Here, g, a, b could be vector valued.) But, in fact,
similar problems involving binary fields appear in many branches of image pro-
cessing and can be used in a much more elaborate way: for instance, in [24] the
authors build a tree of binary MRFs to classify images in much more than two
labels (see also [20, 21]).

It is known that (1) can be solved exactly using linear programming, and
more exactly by finding a minimal cut in a graph, using a max-flow algorithm.

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 136–152, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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This has been first observed by Greig, Porteous and Seheult [14], and these
techniques have been then extended to much more general problems in the recent
years [15, 6, 17, 18, 19, 22].

On the other hand, problem (2) has been first proposed in image processing
by Rudin, Osher and Fatemi [23], as an efficient approach to edge-preserving
image denoising or reconstruction. Here, g is the sum of a “clean” image w and
a Gaussian noise, and the minimizer w of the energy is supposed to be a good
approximation of the original signal.

Our main point, in this paper, is that problems (1) and (2) are easily derived
one from the other, so that algorithms designed to solve one can be used to solve
the other. We would like to discuss the consequences of these links and compare
the algorithms. While a first version of this note was already submitted to the
EMMCVPR conference, J. F. Aujol mentioned to us the recent work of Jérôme
Darbon and Marc Sigelle [12, 13], which may be seen as the probabilistic coun-
terpart of the present work. They show essentially the same results (including, in
particular, Prop. 2), with very different proofs. Although we may claim our proofs
are probably simpler, they reach the same conclusions and the algorithm they
derive is essentially equivalent to the dyadic algorithm we present in section 3.3.

This note is organized as follows. In the next section we describe an abstract
framework in which both (1) and (2) enter as a particular case. A first impor-
tant result is a comparison principle for the solutions of (1) (Prop. 2). From
this, we can deduce that these solutions are embedded in the level sets of the
solutions of appropriate problems (2) (Prop. 3). This has interesting theoretical
consequences: for instance, we can deduce that solutions of (1) are generically
unique. But from a practical point of view, it also shows that one can use algo-
rithms for one problem to solve the other one. This is discussed in Section 3. We
describe some implementations of graph cuts algorithms that can be designed to
solve (2). We then recall, in Section 4, the algorithm proposed in [9]. Numerical
experiments are eventually performed to compare these algorithms.

2 The Abstract Framework

2.1 A Class of Regularizing Energies

We consider a vector space X ∼ R
N with the Euclidean scalar product (u, v) =∑N

i=1 uivi. In practice, an element in X will represent a 2D scalar or multichannel
image, but other situations could be encountered. The first part of the energies
that appear in problems (1) and (2) is a particular case (as we will check in
Section 3) of a function J : X → [0, +∞] which is convex (i.e., J(tu+(1− t)v) ≤
tJ(u) + (1 − t)J(v) for any t ∈ [0, 1], u, v ∈ X), lower semicontinuous, positively
one-homogeneous (i.e., J(tu) = tJ(u) for any t ≥ 0 and u ∈ X), and that
satisfies the generalized co-area formula:

J(u) =
∫ +∞

−∞
J(ut) dt (3)
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where for any i = 1, . . . , N , ut
i =

{
1 if ui > t ,
0 otherwise,

that is, ut = χ{u>t}, the characteristic function (in {0,1,. . . ,N}) of the superlevel
s of u = (ui)N

i=1. Observe that the one-homogeneity of J follows in fact easily
from (3). Moreover, J(u) = 0 if ui = uj for all i, j (otherwise the integral in (3)
is always infinite).

2.2 Abstract Binary MRFs

We will check later on that problem (1) can be restated in the following abstract
form

min
θ∈X,θi∈{0,1}

λJ(θ) +
∑

i:θi=1

s − Gi (Ps)

where G ∈ X would be a vector depending on g, a, b and s ∈ R a level depending
on a, b. We now study problems of the form (Ps). A first observation, which is
quite obvious, is the following:

Proposition 1. Any solution θ of (Ps) is also a solution of the convex problem

min
v∈X,vi∈[0,1]

λJ(v) +
N∑

i=1

(s − Gi)vi . (P ′
s)

Conversely, if v is a solution of (P ′
s), then for any t ∈ (0, 1) vt solves (Ps).

The proof is simple and based on the following identity: if vi ∈ [0, 1] for any i,
then vi =

∫ vi

0 dt =
∫ 1
0 vt

i dt, so that

λJ(v) −
N∑

i=1

Givi =
∫ 1

0

⎛

⎝λJ(vt) −
∑

i:vt
i=1

Gi

⎞

⎠ dt .

This property shows that the minimization of the binary problem (Ps) is in
fact a convex minimization problem. In the sequel, problems (P0) and (P ′

0) are
simply denoted by (P ) and (P ′).

2.3 Comparison for Binary MRFs

Let us now mention the following comparison property, which does not seem to be
well-known. It is also proved in J. Darbon and M. Sigelle’s recent papers [12, 13],
by a probabilistic approach. Our proof is quite simpler, and may be seen as the
finite-dimensional counterpart of the proofs we proposed in [1, 2, 7].

Proposition 2. Assume G1 > G2, i.e., for any i = 1, . . . , N , G1
i > G2

i . For
α = 1, 2, let vα be solutions of (P ′) with G replaced with Gα. Then v1 ≥ v2.

Proof. The proof of this result relies on the following Lemma:
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Lemma 1. Let v, w ∈ X. Then J(v ∧ w) + J(v ∨ w) ≤ J(v) + J(w).

Here (v ∧ w)i = min{vi, wi} and (v ∨ w)i = max{vi, wi}, for any i = 1, . . . , N .
We do not prove Lemma 1 (first mentioned to us by Bouchitté [4]). It follows
from (i) the convexity and 1-homogeneity of J , and (ii) the coarea formula (3),
applied to the vector θ + θ′ = θ ∨ θ′ + θ ∧ θ′, where θi, θ

′
i ∈ {0, 1} for all i.

We compare the energies of v1, v2 with the energies of v1 ∨ v2 and v1 ∧ v2:

λJ(v1) −
∑N

i=1 G1
i v

1
i ≤ λJ(v1 ∨ v2) −

∑N
i=1 G1

i (v
1
i ∨ v2

i ) ,

λJ(v2) −
∑N

i=1 G2
i v

2
i ≤ λJ(v1 ∧ v2) −

∑N
i=1 G2

i (v
1
i ∧ v2

i ) .

Summing both inequalities and using the Lemma, we find

N∑

i=1

G1
i ((v

1
i ∨ v2

i ) − v1
i ) ≤

N∑

i=1

G2
i (v

2
i − (v1

i ∧ v2
i )) ,

and since (v1
i ∨ v2

i ) − v1
i = v2

i − (v1
i ∧ v2

i ) = max{v2
i − v1

i , 0}, we easily deduce
that if G1

i > G2
i for every i, then v2

i − v1
i ≤ 0.

In fact, the property in Lemma 1 is equivalent to the generalized coarea
formula (3) (assuming J is a convex, l.s.c., one-homogeneous function such that
J(c + ·) = J(·) for any c ∈ R). Functions that satisfy the thesis of Lemma 1
appear in optimization theory as “sub-modular” functions, and it is observed
in [18] that they are the only two-point interactions functions of binary variables
that can be minimized using graph-cut algorithms.

2.4 The Abstract ROF Model

Let us now introduce the following minimization problem, which is the abstract
version of (2):

min
w∈X

J(w) +
1
2λ

‖G − w‖2 . (4)

Our main result is the following.

Proposition 3. Let w solve (4). Then, for any s ∈ R, both

ws
i =

{
1 if wi > s ,
0 otherwise and w

s
i =

{
1 if wi ≥ s ,
0 otherwise

solve (Ps). Conversely, if θ solves (Ps) (resp, v solves (P ′
s)), then ws ≤ θ ≤ w

s
i

(resp, ws ≤ v ≤ w
s): that is, wi ≥ s when θi = 1, and wi ≤ s when θi = 0. In

particular, if ws = w
s (which is true for all but a finite number of levels s), then

the solution of (Ps) and (P ′
s) is unique.

This means that solutions to the whole family of problems (Ps), s ∈ R, could
be computed by solving just one convex problem (4), and conversely, that (4)
can be minimized by solving an appropriate family of binary problems (Ps).
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We will explain later on how this is done. In the continuous setting, the same
relationship has been observed in [8, 7]. In image processing, the observation
that (1) can be solved by finding the appropriate superlevel of the solution
of (4) was also mentioned recently in [10, 11].

Proof. We briefly sketch the proof of this result. The fact that the solutions
of (Ps), for s ∈ R, can be seen as the level sets of a w ∈ X , follows from
Proposition 2. Indeed, if s > s′, one readily sees that any pair of solutions θ, θ′

of (Ps) and (Ps′) will satisfy θ′ ≥ θ. Hence, letting for each i = 1, . . . , N

wi = sup{s ∈ R : ∃θ solving (Ps) with θi = 1} ,

it is not difficult to show that for any s ∈ R, ws is a solution of (Ps). Moreover,
if s �∈ {wi : i = 1, . . . , N}, then it is the unique solution, still because of the
comparison principle. On the other hand, if s ∈ {wi : i = 1, . . . , N}, then also
w

s is a solution (and there might be other solutions in between).
We now explain why w is the solution of (4). For v ∈ X , and s∗ ≤ mini vi,
∫ +∞

s∗

(s − Gi)vs
i ds =

∫ vi

s∗

s − Gi ds =
1
2

(
(vi − Gi)2 − (s∗ − Gi)2

)
.

By use of this formula and the coarea formula (3), one deduces (if s∗ ≤ mini wi

as well) that the energy (4) of v must be larger than the energy of w. Hence w
is the (unique) solution of the (strictly convex) problem (4).

2.5 Quantized ROF Model

We now consider the following quantized variant of (4):

min
{

J(z) +
1
2λ

‖G − z‖2 : z ∈ X , zi ∈ {l0 . . . , ln} ∀i = 1, . . . , N

}
(5)

where the real levels (lk)n
k=1 are given. That is, we minimize (4) only among

functions that take values in a prescribed, finite set. Without loss of generality,
we assume that l0 < l1 < · · · < ln, and for simplicity that for all k = 1, . . . , n,
lk − lk−1 = δl (adaption to other cases is straightforward). Then the following
result is true.

Proposition 4. Let z be a solution of (5), and w be the solution of (4). Then
maxN

i=1 |zi − wi| ≤ δl/2, provided l0 ≤ mini wi and ln ≥ maxi wi.

The last condition is certain if l0 is chosen no larger than mini Gi, and ln no less
maxi Gi. This results means that the quantized problem (5) produces exactly a
quantization of the solution of (4).

Proof. For a z admissible, we can write

z = l0 +
n∑

k=1

(lk − lk−1)θk = l0 + δl

n∑

k=1

θk
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where for each k ≥ 1, θk is the binary vector defined by θk
i = 1 iff zi ≥ lk.

Then, the fact θk ≤ θk−1 for any k ≥ 2, and the co-area formula (3), yield
J(z) =

∑n
k=1 δl J(θk). On the other hand,

‖G − z‖2 =
N∑

i=1

(Gi − l0)2 + 2δl

n∑

k=1

N∑

i=1

(
lk + lk−1

2
− Gi

)
θk

i ,

hence, up to a constant, problem (5) is the same as

min
θk

n∑

k=1

(
λJ(θk) +

N∑

i=1

(
lk + lk−1

2
− Gi

)
θk

i

)
,

where the min is on the binary fields (θk)n
k=1, with the constraint that θk ≤ θk−1

for any k = 2, . . . , n. Each term in the sum is the energy that appears in problem
(Psk

), for sk = (lk + lk−1)/2. Now, by Lemma 2, if for each k = 1, . . . , n, θk

minimizes (Psk
), then since sk > sk−1, θk ≤ θk−1: hence the minimum problem

above is in fact unconstrained. By Proposition 3, a solution of (Psk
) is given by

ws, where w solves (4) – and any solution is between ws and w
s. We find that a

solution z of (5) is given by zi = l0 if wi ≤ (l1 + l0)/2, zi = lk, k = 2, . . . , n − 1,
if (lk + lk−1)/2 < wi ≤ (lk+1 + lk)/2, and zi = ln if wi > (ln + ln−1)/2. We also
deduce that any solution z of (5) satisfies |zi − wi| = minn

k=0 |lk − wi| for any i:
in particular, we deduce the thesis of Proposition 4.

2.6 Observation

One may check that all that has been said up to now can be adapted to problems
of the form

min
w

J(w) +
N∑

i=1

H(i, wi) (6)

where for all i, H(i, ·) is strictly convex, by replacing s − Gi with ∂wiH(i, ·)|s
in (Ps). The strict convexity of H (that is, the fact ∂wiH(i, ·) is increasing) is
important here, as it allows to use Proposition 2; however, many of our results
remain valid with some adaption when the convexity is not strict.

3 Algorithms

The interaction energy appearing in (1), (2) is of the form

J(w) =
∑

1≤i<j≤N

αi,j |wi − wj | .

The weights αi,j are always assumed to be nonnegative. We also introduce αj,i =
αi,j , notice however that all the discussion that follows is still valid for the more
general form of the energy

∑
i�=j αi,j(wi − wj)+, with directional and possibly
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different interaction weights αi,j and αj,i (we define x+ = max{x, 0}, x− =
(−x)+ for any real number x). We will assume in the rest of the discussion
that λ = 1, without loss of generality. Since for any two real numbers a, b,
|a− b| =

∫ +∞
−∞ |χ{a>s} −χ{b>s}| ds, J clearly satisfies (3). (The same observation

appears in a recent paper by B. A. Zalesky [25].)
The consequences of the previous discussion are, on one hand, that it is

possible to solve a TV minimisation problem such as (4) by solving either binary
MRF problems of type (Ps) for each level s (or rather for s in a finite, reasonably
large set of levels {l0, . . . , ln}), or by solving directly a quantized problem of
type (5). All these can be solved by graph-flow techniques. Conversely, it is
possible to find a solution of a binary problem such as (1) (or (Ps)) by solving
an appropriate TV minimization problem, and thresholding the result. We will
not discuss this alternative in the present paper (see [10, 11]), although it might
be interesting for finding solutions to the whole family of problems (Ps) in one
single pass. Let us first describe the “graph-cut” techniques for solving binary
MRFs.

3.1 Algorithms for Binary MRFs

It has been observed first by Greig, Porteous and Seheult that a problem such
as (1) or (Ps) is equivalent to finding a partition of an appropriate graph into two
sets. We consider the problem written in the form (P ) (remember (P ) denotes
problem (P0)). Consider the graph G = (V , E) made of vertices

V = {i : i = 1, . . . , N} ∪ {t} ∪ {s}

where the “terminals” s and t are called respectively the source and the sink,
and of (oriented) edges

E = {(i, j) : 1 ≤ i, j ≤ N i �= j , αi,j > 0}
∪ {(s, i) : 1 ≤ i ≤ N} ∪ {(i, t) : 1 ≤ i ≤ N} .

The first two sets of edges represent the interactions between values, necessary
to represent the potential J . The last set, that links each value to both terminals,
is used to represent the potential −

∑
i Giθi that appears in Problem (P ). Now,

assume each edge e ∈ E has a “capacity” C(e). (For technical reasons, these
capacities need be nonnegative.) Then, given a “cut” (Vs, Vt) of the graph, that
is, a partition of V into two sets, with s ∈ Vs and t ∈ Vt, one can define the
energy of the cut by

E(Vs, Vt) =
∑

e=(α,β)∈E
α∈Vs,β∈Vt

C(e)

As shown in [14, 6, 18, 5, 15], there is a way to associate capacities to the graph
G so that if we let θi = 1 if i ∈ Vs and θi = 0 otherwise, then

E(Vs, Vt) = J(θ) −
N∑

i=1

Giθi + constant (7)
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for any cut (Vs, Vt). Indeed, to an edge e = (i, j) ∈ E , we simply let C(e) = αi,j .
Then, choosing G ≥ maxi Gi, we let C(s, i) = G and C(i, t) = G− Gi. It is then
straightforward to check (7).

Now, it is possible to find, in polynomial time, an optimal cut (that is, a cut
minimizing its total energy E) in such a graph, giving a solution to our binary
MRF model. The idea is to find a “maximal flow” along the edges of the graph,
from s to t. The equivalence between both problems is a duality result, due to
Ford and Fulkerson. We refer to [5] for a very clear description of the method,
and of an algorithm.

3.2 Minimization of (4) Using Graph Cuts

3.3 First Method

According to the discussion in section 2, one deduces the following method for
minimizing (4) using the max flow algorithm for computing graph cuts. It con-
sists simply in fixing n + 1 levels l0, . . . , ln, with l0 = mini Gi and lk = maxi Gi,
and lk − lk−1 = (ln − l0)/n = δl, and to find a solution z of the quantized prob-
lem (5). Practically, one solves problem (Psk

) for sk = (lk + lk−1)/2, for each
k = 1, . . . , n: the result is a field θk with θk = 1 when z > sk and 0 else. One
easily rebuilds z from the θk’s. Now, there is a lot of redundancy in this method.
Indeed, since θk ≤ θk−1, once problem (Psk−1) is solved one should not need to
reprocess the areas where θk−1 = 0 (since there, θk = 0 is already known).

This observation yields a more efficient method for solving (4), up to an arbi-
trary, fixed precision. The algorithm that we propose here has already been pre-
sented, in a slightly different way, in two papers by J. Darbon and M. Sigelle [12,
13]. We denote by w the (unique) solution of (4). Given a “depth” D ≥ 1, we fix
a dyadic number of (increasing) thresholding levels sk, for k = 1, . . . , n = 2D −1.
We introduce an array (Ki), i = 1, . . . , N , of integers, whose meaning will be,
at the end of the process, the following: if Ki = k, then sk ≤ wi ≤ sk+1 (let-
ting by convention s0 = −∞ and s2D = +∞). We initialize this array with the
value 0. Then, for d running from 0 to D − 1, we segment at each level sk for
k = (2p − 1)2D−1−d, p = 1, . . . , 2d. First, for d = 0, we segment at level sk for
k = 2D−1, by solving problem (Psk

), and we get a map θ such that if θi = 1,
wi ≥ sk, whereas if θi = 0, wi ≤ sk (by Proposition 3). We let Ki = k = 2D−1

when θi = 1 and we leave the value 0 when θi = 0.
Next, for d = 1, let us consider the levels sk, k = 2D−2, and sk′ , k′ = 3×2D−2.

If θ solve (Psk
), we know that each time Ki = 2D−1, then θi = 1, in the same

way, if θ′ solve (Psk′ ), each time Ki = 0, then θ′i = 0. Thus, (θi)i:Ki=0 solves the
problem

min
θi∈{0,1}

∑

i<j,Ki=Kj=0

αi,j |θi − θj | +
∑

Ki=0�=Kj

αi,j(1 − θi) +
∑

Ki=0

(sk − Gi)θi ,

while (θ′i)i:Ki�=0 solves

min
θ′

i∈{0,1}

∑

i<j,Ki=Kj�=0

αi,j |θ′i − θ′j | +
∑

Ki�=0=Kj

αi,jθ
′
i +

∑

Ki�=0

(sk′ − Gi)θ′i .
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These two problems can be solved independently, but they can also be merged
in the following way: we let θ̂i = θi when Ki = 0, and θ̂i = θ′i when Ki = 2D−1,
then θ̂ solves the problem

min
θ̂i∈{0,1}

∑

i<j,Ki=Kj

αi,j |θ̂i − θ̂j | +
∑

Ki<Kj

(αi,j(1 − θ̂i) + αj,iθ̂j)

+
N∑

i=1

(sKi+2D−2 − Gi)θ̂i .

This problem is easily written on a graph G = (V , E ′) where E ′ ⊂ E contains
only the edges (i, j) with Ki = Kj : of course, this is fictitious in the sense that
V\{s, t} is now completely disconnected, and (at least) two different independent
problems are solved. After θ̂ is computed, (Ki)N

i=1 is updated as follows: if Ki = 0,
then we let Ki = 0 if θ̂i = 0 and Ki = k = 2D−2 else, and if Ki = 2D−1, we
let Ki = 2D−1 if θ̂i = 0 and Ki = k′ = 3 × 2D−2 else. Hence, Ki is updated
according to the following rule:

Ki ← Ki + 2D−2θ̂i .

Now, the subsequent steps (d ≥ 2) are processed exactly in the same way.
One solves the binary problem

min
θ̂i∈{0,1}

∑

i<j,Ki=Kj

αi,j |θ̂i − θ̂j | +
∑

Ki<Kj

(αi,j(1 − θ̂i) + αj,iθ̂j)

+
N∑

i=1

(sKi+2D−1−d − Gi)θ̂i .

Again, this is a disjoint union of at least 2d problems, that can be solved on a
graph with the same vertices as before (and less edges). One then updates Ki

according to the rule
Ki ← Ki + 2D−1−dθ̂i .

At the end of the process, one finds an array (Ki) of values between 0 and 2D−1,
such that if Ki = k, then: if k = 0, w ≤ s1, if k = n = 2D − 1, w ≥ sn, and
in all other cases, sk ≤ w ≤ sk+1. This provides, of course, an approximation of
w, with a precision controlled by 2−D. In particular, we get an exact solution
z of (5) for the levels l0 < l1 < · · · < ln, n = 2D − 1, if for each k ≥ 1,
sk = (lk + lk−1)/2 and we let at the end of the process zi = lKi .

3.4 Second Method (Ishikawa’s Representation)

We briefly mention alternative approach to solve (5) using a max flow algorithm.
It is based on a representation due to Ishikawa (see [15, 16]). The idea is to
introduce an additional dimension and represent the field z ∈ X , zi ∈ {l0, . . . , ln}
for all i, in the following way: we let Y = Xn and consider all binary fields Θ ∈ Y ,
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Θ = (Θk
i )k=1,...,n

i=1,...,N such that Θk
i ≤ Θk−1

i for 2 ≤ k ≤ n, and any i. Then, there
is a one-to-one correspondence between admissible z for problem (5) and these
binary fields, if to any such z we associate Θ given by Θk

i = 1 if zi ≥ lk, and 0
otherwise. If we define the energies (assuming, to simplify, that lk − lk−1 = δl is
independent on k)

F (Θ) = δl

n∑

k=1

∑

1≤i<j≤N

αi,j |Θk
i − Θk

j | +
N∑

i=1

n∑

k=2

∞ · (Θk
i − Θk−1

i )+

+
N∑

i=1

n∑

k=1

(lk − Gi)2 − (lk−1 − Gi)2

2
Θk

i

then one easily checks that for any Θ ∈ Y , if F (Θ) < +∞ then Θk
i is nonin-

creasing with respect to k, so that Θ is in correspondence with an admissible
z ∈ X , zi ∈ {l0, . . . , ln}. In this case, one has

F (Θ) = J(z) +
1
2

N∑

i=1

(zi − Gi)2 − N
(l0 − Gi)

2

2

.

Hence, up to a constant, the energy of Θ is the same as the energy of z. The
consequence is that problem (5) can be solved by finding the (unique) optimal
cut in the graph associated to the energy F .

Let us observe that this construction is quite general: in [15], it is shown that
as soon as J is convex an energy such as F can be found, whose minimization
gives a solution to the initial problem. We will see that in our case this method
is (by far) less efficient than the algorithm proposed in Section 3.3. However,
it can be used for energies much more general than (4)-(5). In particular, it is
important to notice that it will solve any (quantized) problem such as (6) where
the function H needs not be convex in wi. This is of particular interest in some
situations, like for instance stereo correspondence problems.

4 TV Minimization

We now consider the case where our vector space X represents the grey-level
values of a bidimensional image, that is, X = R

N×M , and a vector w ∈ X is a
matrix (wi,j)i=1,...,N,j=1,...,M . We consider the simplest, anisotropic discretiza-
tion of the TV, given by

J(w) =
∑

i,j

|wi+1,j − wi,j | + |wi,j+1 − wi,j |

where in the sum all terms that are well-defined appear. Extension of what will
be said to more complex interactions (not nearest-neighbours, or nonuniform) is
obvious.

We see that problem (2) is of the form (4). On the other hand, if a, b and
gi,j are scalar quantities in (1), then clearly this problem is a particular 2-levels
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case of (5), with G simply given by g and λ by λ/(b − a) (assuming b > a). If
those quantities are vectorial, on the other hand, one can also rewrite (1) as

min
θi,j∈{0,1}

λ
∑

i,j

J(θ) +
∑

i,j

(
b2 − a2

2
− (b − a) · gi,j

)
θi,j + constant ,

which is of the form (Ps).
We will compare the two algorithms described in sections 3.3 and 3.4 to

the algorithm introduced in [9], for minimizing (2). Let us briefly recall this
algorithm. First of all, we mention that also this algorithm could be described
in the more general abstract setting of the previous section. However, it does
not seem to be much more efficient than the first algorithm in section 3.3. Its
strength, on the other hand, is that it also works with interaction energies of the
form

Jiso(w) =
∑

i,j

√
(wi+1,j − wi,j)2 + (wi,j+1 − wi,j)2 , (8)

that to our knowledge are not handled by the methods described previously.
(In particular, Jiso does not satisfy (3), but it may be seen as a discretization
of the “true” total variation, which satisfies, in the continuous setting, the co-
area formula.) Also, it is easily generalized to the case where wi,j is vectorial
(case of color/multispectral images). For these reasons, we prefer to stick to the
description in [9], in the particular setting of a 2D, nearest-neighbours interaction
energy. Let us briefly recall how the algorithm is implemented.

The energy J can be written

J(w) =
∑

i,j

|(∇xw)i,j | + |(∇yw)i,j |

where (∇w)i,j = ((∇xw)i,j , (∇yw)i,j) ∈ X×X is defined by (∇xw)i,j = wi+1,j −
wi,j when i < N and 0 if i = N , and (∇yw)i,j = wi,j+1 − wi,j when j < M and
0 if j = M . If both X and X × X are endowed with the standard Euclidean
scalar product, then a discrete divergence is given by div = −∇∗, that is

(div ξ, w)X = −(ξ, ∇w)X×X ∀w ∈ X, ξ ∈ X × X.

(It is easily computed, see [9].)
By standard duality arguments, it is shown in [9] that the solution of (2) is

given by w = g + λdiv ξ where ξ is a solution to

min{‖g + λdiv ξ‖2 : ξ ∈ X × X , |ξx
i,j | ≤ 1 and |ξy

i,j | ≤ 1∀i, j} . (9)

and ξi,j · (∇w)i,j = |(∇xw)i,j | + |(∇yw)i,j | for all i, j. We observe that the field
ξ which is found here is related to the flow computed by the max-flow algorithm
of the previous sections.
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The adaption of the iterative algorithm of [9] to problem (9) is as follows: we
let ξ0 = 0, and for all n ≥ 0 we let

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

wn = g + λdiv ξn

(ξn+1
i,j )x =

(ξn
i,j)

x + (τ/λ)(∇xwn)i,j

1 + (τ/λ)|(∇xwn)i,j |
,

(ξn+1
i,j )y =

(ξn
i,j)

y + (τ/λ)(∇ywn)i,j

1 + (τ/λ)|(∇ywn)i,j |
,

(10)

where τ > 0 is a fixed “time-step”. One shows as in [9] that as n → ∞, wn → w,
provided τ ≤ 1/8 (in fact, experimental convergence is observed as long as
τ ≤ 1/4). The following variant, which is a simple gradient descent/reprojection
method, seems to perform better:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

wn = g + λdiv ξn

(ξn+1
i,j )x =

(ξn
i,j)

x + (τ/λ)(∇xwn)i,j

max{1, |(ξn
i,j)x + (τ/λ)(∇xwn)i,j |}

,

(ξn+1
i,j )y =

(ξn
i,j)

y + (τ/λ)(∇ywn)i,j

max{1, |(ξn
i,j)y + (τ/λ)(∇ywn)i,j |}

.

(11)

It is easy to show the stability of this scheme up to τ ≤ 1/4 (indeed, ξn �→ ξn+1

is 1-Lipschitz); convergence is also probably true but not straigthforward (being
∇div singular). Experiments show convergence up to τ ≤ 1/4, however, τ = 1/4
seems not optimal, and a better convergence is obtained for .24 � τ � .249.

We eventually observe that the error between wn and the solution w of (2)
can be estimated: indeed, since wn = g + λdiv ξn and w = g + λdiv ξ, one shows

‖wn − w‖2 ≤ λJ(wn) − (ξn, ∇wn)X×X . (12)

5 Comparisons

We have compared four programs based on the two algorithms in Sections 3.3
and 3.4, and the two variants (fixed-point and gradient descent/projection) of
the algorithm in Section 4, for the anisotropic problem (2).

We first performed the denoising of an image of 800 × 600 = 480 000 pixels
(corrupted with a noise of standard deviation 20, for original values in [0, 255],
with deviation ∼ 90 – SNR � 13), and of a smaller subimage of size 256×256 =
65 536 pixels, see Figure 1. We chose a value of λ = 20 for the large image and
16 for the smaller. The results are shown in Figure 2.

All algorithms were programmed in C/C++ and were run on a 3.20 GHz-
Pentium 4 Linux 2.6 system with 1 Mb of cache. The max flow algorithm pro-
gram was the maxflow-v2.2 implementation of [5], implemented by Vladimir
Kolmogorov and that we downloaded from his web page. The type of the capac-
ities was set to double, and it is likely that the results can be slightly improved
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Fig. 1. The original and noisy image used in the experiments

Fig. 2. The results

by letting it to short or int and appropriately quantifying the values. This
max-flow program was then linked with an appropriate C++ program organiz-
ing the dyadic decomposition of the levels. The execution times of the programs
was measured using the times() C command.

Table 1 compares the algorithms for the small image. The RMSE and Abso-
lute Difference are with respect to the “true” solution, computed using the dyadic
graph-cut algorithm at depth 16 (precision (1/2)×255/(216 − 1)). The RMSE is
renormalized (divided by 255) whereas the absolute difference is in pixel values
(in [0 − 255]). For the fixed point algorithm and the projected gradient-descent
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Table 1. Comparisons for the small 256 × 256 image

method time (s) iter. RMSE Abs. Diff. [0-255]
graph-cut, depth= 8 .43 .0011 .5 (theor.)
graph-cut, depth= 12 .84 .000067 .031 (theor.)
graph-cut, depth= 16 1.25 0 .002 (theor.)
fixed point, err = .01 .13 32 .0047 5.7
fixed point, err = .005 .35 88 .0022 3.0
proj. grad., err = .01 .17 37 .000717 4.0
proj. grad., err = .005 .38 81 .000371 2.2

(“proj. grad.”) algorithm (11), the estimate (12) (renormalized in order to be an
RMSE estimate) was used as a stopping criterion. In the tables, “err=xxx” gives
the corresponding value. We observe that for the projected gradient algorithm,
the RMSE that is actually reached is about 7% of the stopping criterion, while
it is almost 50% for the fixed point algorithm, the total number of iterations re-
maining of the same order: it shows that the projected gradient is more efficient.
As a matter of fact, for a stopping criterion of .01, oscillations remain visible
in the output of the fixed-point method, while they are much attenuated in the
output of the projected gradient method. This algorithm seems to be the most
efficient, however, the control of the error is more precise with the graph-cut al-
gorithm. Another important observation is that the projected gradient algorithm
is quite straightforward to implement. The comparisons for the larger image, in
Table 2, yield the same conclusions. In both cases, both iterative algorithms
had a “time-step” τ = .249. Experiments with τ = .24 show that the projected
gradient iterations stop much earlier: after 37 iterations and 1.17 seconds for a
stopping value of .01 and 110 iterations and 3.73 seconds for the stopping value
of .005. However, in both cases, the RMSE that is attained is also proportionally
higher than with τ = .249: .001162 in the first case and .000535 in the second
case. Still, this seems to show that it works better than the fixed-point iteration.

In the two previous experiments the SNR is quite high and the value of the
regularizing parameter λ is tuned so that the output remains very close to the
initial data. In this range, the superiority of the graph-cut approach is not so
clear. We have run another experiment on a much noiser image (see Figure 3)

Table 2. Comparisons for the large 800 × 600 image

method time (s) iter. RMSE Abs. Diff. [0-255]
graph-cut, depth= 8 3.9 .0011 .5 (theor.)
graph-cut, depth= 12 8.6 .000067 .031 (theor.)
graph-cut, depth= 16 13.6 0 .002 (theor.)
fixed point, err = .01 1.60 50 .0047 6.6
fixed point, err = .005 4.90 154 .0022 3.0
proj. grad., err = .01 2.62 79 .000683 3.3
proj. grad., err = .005 5.50 163 .000387 2.4
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Fig. 3. The noisy checkerboard and the reconstruction

Table 3. Comparisons for the (very) noisy 230 × 230 checkerboard

method time (s) iter. RMSE Abs. Diff. [0-255]
graph-cut, depth= 8 0.73 .0011 .5 (theor.)
graph-cut, depth= 12 1.42 .000067 .031 (theor.)
graph-cut, depth= 16 2.15 0 .002 (theor.)
fixed point, err = .01 1.97 625 .0045 4.3
fixed point, err = .005 5.48 1752 .0019 2.0
proj. grad., err = .01 1.33 453 .0021 3.8
proj. grad., err = .005 3.68 1235 .00087 1.6

of size 230 × 230 = 52900 pixels, of amplitude ∼ 50 (without noise) and ∼ 85
with a noise of standard deviation ∼ 65 (SNR � 2). For this image, λ = 80.
In this range, the graph-cut approach clearly outperforms the more classical
methods, as shown in Table 3. Again, the projected gradient method is sligthly
more efficient than the fixed point.

Eventually, we also have run Ishikawa’s algorithm of Section 3.4. Obviously,
it is much slower than our dyadic graph-cut method (and gives exactly the same
answer). Is also requires a huge amount of memory, so that we did not run it with
256 levels. With 16, 32, and 64 levels, it ran in respectively 1.61, 3.65 and 8.15
seconds, on the small image while the dyadic graph-cut method at depths 4, 5
and 6 ran respectively in .16, .21 and .31 seconds. However, we recall again that
Ishikawa’s method can be used in much more difficult (nonconvex) problems.

6 Conclusion

We compared three different techniques for solving the (anisotropic) Rudin-
Osher-Fatemi minimization problem. One, based on the exact resolution of bi-
nary MRFs by integer optimization methods (and which is already found in [12,
13], has the advantage that it yields an exact solution of the problem, up to a
known precision. However, it seems that the method proposed in [9] (or, even
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better, the simple gradient-descent/projection method given by (11)) yields com-
parable results, in the range of coefficients useful for the processing of not too
noisy images. It is clearly outperformed when the SNR becomes very poor. On
the other hand, it is easily adapted to process color or multidimensional images,
and can be made more isotropic (using the penalization Jiso given by (8)) at no
expense.
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Abstract. Estimation of parameters of random field models from la-
beled training data is crucial for their good performance in many im-
age analysis applications. In this paper, we present an approach for ap-
proximate maximum likelihood parameter learning in discriminative field
models, which is based on approximating true expectations with simple
piecewise constant functions constructed using inference techniques. Gra-
dient ascent with these updates exhibits compelling limit cycle behavior
which is tied closely to the number of errors made during inference. The
performance of various approximations was evaluated with different in-
ference techniques showing that the learned parameters lead to good
classification performance so long as the method used for approximating
the gradient is consistent with the inference mechanism. The proposed
approach is general enough to be used for the training of, e.g., smoothing
parameters of conventional Markov Random Fields (MRFs).

1 Introduction

In language processing, natural image analysis and many other applications, the
input data show significant dependencies, which should be modeled appropri-
ately to achieve good classification. In earlier work [1], we presented the Dis-
criminative Random Field (DRF) model for image analysis, which discrimina-
tively models the conditional distribution of the labels given the observed data
directly as a Gibbs Field. DRFs allow one to relax the assumption of conditional
independence of the observed data, which is invoked commonly in conventional
generative MRF frameworks, and were shown to give better classification results
than MRFs [1]. DRFs were inspired by Conditional Random Field (CRF), which
was proposed by Lafferty et al. [2] and developed to analyze 1D sequence data
for which exact maximum likelihood parameters can be computed efficiently,
e.g., using iterative scaling [2], quasi-Newton methods [3], etc. Unfortunately,
for graphs with loops, which are typical in image analysis, it is generally infeasi-
ble to exactly maximize the likelihood with respect to the parameters. Therefore,
a critical issue in applying discriminative fields is the design of effective param-
eter learning techniques that can operate on arbitrary graphs. The objective of
this paper is to address this central issue.

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 153–168, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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In this work, we approximate the gradients of the log likelihood function
directly using the inference techniques. Our experimental results may be sum-
marized by the following two observations: First, parameter learning can be
achieved by approximating the likelihood gradient using the label estimates ob-
tained through methods such as Maximum A Posteriori (MAP) or Maximum
Posterior Marginal (MPM) for the given conditional probability model. Sec-
ond, good classification performance can be achieved by any of these approx-
imations, so long as the method used for inference matches the method used
for approximating the gradient in the parameter learning. We note that this
learning/inference coupling is reasonable because the usual goal in classification
problems is to minimize the number of errors, which is what our gradient ap-
proximation does, even though this may not necessarily maximize the likelihood.
We also present a new experimental comparison of several learning and inference
algorithm combinations for guiding what type of learning approximation should
be adopted for a given choice of inference method.

2 Discriminative Random Field (DRF)

In this section, we review the formulation of discriminative fields. Although the
formulation is general to arbitrary graphs with multiple class labels [4], we will
discuss the problem of learning in the context of binary classification on 2D image
lattices. Let y be the observed data from an input image, where y = {yi}i∈S , yi

is the data from ith site, and S is the set of sites. Let the corresponding labels
be given by x = {xi}i∈S where xi ∈ {−1, 1}. The DRF formulation combines
local discriminative models to capture the class associations at individual sites
with the interactions in the neighboring sites as:

P (x|y) =
1
Z

exp

⎛
⎝∑

i∈S

log P ′(xi|y) +
∑
i∈S

∑
j∈Ni

log P ′′(xi, xj |y)

⎞
⎠ , (1)

where Z is the partition function (normalizing constant). Note that both the
unary potential, log P ′(xi|y), and the pairwise potential, log P ′′(xi, xj |y), de-
pend explicitly on all the observations y. Unlike conventional generative MRFs,
where the pairwise potential is a data-independent prior over the labels, the
pairwise potential in DRFs depend on data y and thus allow data-dependent
interactions among the labels. Hence, DRFs capture much richer contexts in
images. For instance, while the pairwise potential in MRF priors can model
smoothness of the labels, DRFs can modulate this smoothness by using local
image context, e.g., the smoothness can be deactivated at edges in the image.

In (1), P ′(xi|y) and P ′′(xi, xj |y) are arbitrary unary and pairwise discrim-
inative classifiers. This view gives us the flexibility to choose domain-specific
discriminative classifiers suitable for specific tasks. In this paper, as in our
previous work [1], we use a logistic link to give the local class posterior, i.e.,
P ′(xi|y) = σ(xiw

T hi(y)), where σ(t) = 1/(1 + e−t). Here w is a parameter
vector, and hi(y) is a sitewise feature vector. Similarly, to model P ′′(xi, xj |y)
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we use a pairwise logistic classifier, which can be written in a simplified form
as, P ′′(xi, xj |y) = xixjv

T µij(y). Here v is a parameter vector, and µij(y) is a
pairwise feature vector. Note that these choices of discriminative classifiers lead
to forms of unary and pairwise potentials that are linear in parameters, similar
to the CRFs given in [2]. Therefore, this particular DRF form can be seen as
a 2D extension of 1D CRFs. Again, the loops in these 2D graphs require more
elaborate parameter learning methods, which is the main concern of this paper.
It is interesting to note that by ignoring the dependence of the pairwise potential
on the observed data y, we obtain the conventional MRF smoothing potential,
βxixj , also known as the Ising model.

3 Parameter Learning Approaches

We take a supervised training approach to learning the parameters of the DRF
model. The data required are the observed training images and their corre-
sponding ground-truth labeling (e.g., known segmentation). In this work we fo-
cus on the standard maximum likelihood approach to learning the parameters.
In the case of DRFs, this implies maximization of the conditional likelihood,
log P (x|y, θ)1.

3.1 Maximum Likelihood Parameter Learning

Let θ be the set of unknown DRF parameters, where θ = {w, v}. Given M i.i.d.
labeled training images, the maximum likelihood estimates of the parameters
are given by maximizing the log-likelihood l(θ) =

∑M
m=1 log P (xm|ym, θ), i.e.,

θ̂=argmax
θ

M∑
m=1

⎧⎨
⎩

∑
i∈Sm

log σ(xm
i wT hi(ym))+

∑
i∈Sm

∑
j∈Ni

xm
i xm

j vT µij(y
m)−log Zm

⎫⎬
⎭ ,

(2)
where the partition function for the mth image is,

Zm =
∑
x

exp

⎧⎨
⎩

∑
i∈Sm

log σ(xiw
T hi(ym)) +

∑
i∈Sm

∑
j∈Ni

xixjv
T µij(y

m)

⎫⎬
⎭ .

Note that Zm is a function of the parameters θ and the observed data ym.
For learning the parameters using gradient ascent, the derivatives of the log-
likelihood are

∂l(θ)
∂w

=
1
2

∑
m

∑
i∈Sm

(xm
i − 〈xi〉θ;ym)hi(ym), (3)

1 Under the Bayesian view, maximum likelihood learning generally refers to the max-
imization of the joint distribution, P (x, y; θ) = P (x|y; θ)P (x; θ), where P (x; θ) is
an explicit prior in a generative model.
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∂l(θ)
∂v

=
∑
m

∑
i∈Sm

∑
j∈Ni

(xm
i xm

j − 〈xixj〉θ;ym)µij(y
m). (4)

Here 〈·〉θ;ym denotes expectation with P (x|ym, θ). Ignoring µij(ym), gradient
ascent with (4) is exactly the learning problem for the smoothing parameter of
the Ising model.

Generally the expectations in (3) and (4) cannot be computed analytically
due to the combinatorial size of the label space. Sampling procedures such as
Markov Chain Monte Carlo (MCMC) can be used to approximate the true ex-
pectations. Unfortunately, MCMC techniques have two main problems: a long
‘burn-in’ period (which makes them slow) and high variance in estimates [5].
Recently data-driven MCMC procedures have been proposed to address the
problem of slow computation [6]. An alternative approach to avoid the above
MCMC drawbacks, Contrastive Divergence (CD) was proposed by Hinton [5].
In CD, only a single MCMC move is made from the current empirical distribu-
tion of the data (P 0) leading to new distribution (P 1), thus eliminating the need
for running the chain beyond burn-in. According to CD, 〈xi〉θ;y ≈ 〈xi〉P 1

θ;y and

〈xixj〉θ;y ≈ 〈xixj〉P 1

θ;y. Even though CD is computationally simple and yields
estimates with low variance, the bias in estimates can be a problem [7], which
was also verified in our experiments in Section 6. However, this approximation
of expectation using a single sample inspired the different approximations we
propose in this work, as shown in the next section.

3.2 Coupling Parameter Learning and Inference

The approximations defined in the previous section replace the exact gradient
of (3) and (4) by J(θ) = (J1(θ), J2(θ)), where

J1(θ) =
1
2

∑
m

∑
i∈Sm

(xm
i − fi(θ; ym))hi(ym), (5)

J2(θ) =
∑
m

∑
i∈Sm

∑
j∈Ni

(xm
i xm

j − gij(θ; ym))µij(y
m), (6)

and fi and gij are functions that approximate the true expectations in the gra-
dient. Several approaches have been proposed that compute fi and gij using
pseudo-marginals [8][9]. In this work, we propose to directly construct fi and gij

using label estimates obtained through MAP and MPM inference at the current
parameter estimates (Section 4.2 and 4.3).

Will the gradient ascent of the likelihood with such approximate gradients
still converge? The answer is that, while the approximate gradient ascent is not
strictly convergent in general, it is weakly convergent in that it oscillates within
a set of good parameters, or converges to a good parameter with isolated large
deviations, as shown experimentally in Section 5. But why should the parameters
learned using a particular choice of approximating functions should yield good
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classification performance? Informally, if we use for parameter learning the same
approximating function fi that was obtained from inference (e.g., a MAP label
estimate), then, given input training labels {xm

i },

Nθ
E =

1
2

∑
m

∑
i∈Sm

|xm
i − fi(θ; ym))| (7)

can be interpreted as the number of errors in classification. Comparing (7)
with (5) shows that the approximated gradient is directly related to the number
of errors, so long as the same approximation is used in both parameter learning
and inference. We provide more details in Section 7.1.

4 Candidate Approximations

We first review the form of fi and gij based on pseudo-marginals, and then in-
troduce two approximations directly based on two different inference algorithms
for estimating the labels: Maximum A Posteriori (MAP), and Maximum Pos-
terior Marginal (MPM). Given our focus on binary DRFs, approximate MAP
estimates were obtained using the min-cut/max-flow algorithms as explained in
[1], and the MPM estimates were obtained using the sum-product version of
loopy Belief Propagation (BP) [10]. The approximations described below are
designed to match these two classes of inference techniques.

4.1 Pseudo-Marginal Approximation (PMA)

It is easy to see that if we had true marginal distributions Pi(xi|y, θ) at each
site i and Pij(xi, xj |y, θ) at each pair of sites i and j ∈ Ni, we could compute
exact expectations using

〈xi〉θ;y =
∑
xi

xiPi(xi|y, θ) and 〈xixj〉θ;y =
∑
xi,xj

xixjPij(xi, xj |y, θ).

Since computing exact marginal distributions is in general infeasible, a standard
approach is to replace the actual marginals by pseudo-marginals [9]. Here, we
again used loopy BP to get these marginals. Since loopy BP assumes a tree
approximation of the graph [10], it is expected to produce better approximations
of these marginals than mean-field, which assumes the nodes in the graph to be
disconnected. McCallum et al. [9] use a similar approximation, where pseudo-
marginals estimated using Tree-based Reparametrization (TRP) were used for
parameter learning in Factorial CRFs.

4.2 Learning with MAP Inference: Saddle Point Approximation
(SPA)

Here, we propose a very simple approximation inspired by CD [5], but uses MAP
label estimates. It is based on approximating the partition function Z with the
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Saddle Point Approximation (SPA) [11]. According to SPA, Z is approximated
such that the summation over all the label configurations x in Z is replaced by
the largest term in the sum, which occurs at the most probable label configura-
tion2. In other words, if x̂ = arg max

x
P (x|y, θ), then the SPA implies,

Z ≈ exp

⎧⎨
⎩

∑
i∈S

log σ(x̂iw
T hi(y)) +

∑
i∈S

∑
j∈Ni

x̂ix̂jv
T µij(y)

⎫⎬
⎭ .

This leads to a very simple approximation to the expectation, i.e., 〈xi〉θ;y ≈
x̂i. Observe that this approximation would be exact if x were Gaussian. If we
further assume mean-field decoupling, i.e., 〈xixj〉θ;y = 〈xi〉θ;y 〈xj〉θ;y, it also
follows that 〈xixj〉θ;y ≈ x̂ix̂j . It is interesting to note that with the saddle point
approximation of Z, the gradient ascent updates are similar to the perceptron-
learning type updates used in [12] and [13] in nonprobabilistic settings.

4.3 Learning with MPM Inference: Maximum Marginal
Approximation (MMA)

This is the second approximation based on BP inference in which Maximum
Posterior Marginal (MPM) label estimates are used for approximating the ex-
pectations. Following the arguments of SPA-based parameter learning in the
previous section, one can make a similar approximation of Z such that all the
mass of Z is assumed to be concentrated on the maximum marginal configu-
ration, x̃i = argmax

xi

Pi(xi|y, θ). The expectations in this case can be written

as 〈xi〉θ;y ≈ x̃i and 〈xixj〉θ;y ≈ x̃ix̃j . Clearly, in the binary case, maximum
marginals are just the thresholded sitewise marginals. Thus, MMA can be inter-
preted as a discrete approximation of PMA. We experimented with both MMA
and SPA in order to gain a better understanding of the consequences of dis-
cretization (see Section 5 and 7.1).

5 Experimental Observations: Parameter Learning

To analyze the convergence behavior of various parameter learning procedures
described in the previous section, we learned a DRF model for a binary image
denoising application. The aim was to obtain true labels from corrupted binary
images. A binary image (leftmost image in the top row of Figure 2) of size 64×64
pixels was corrupted by two types of noise: Gaussian noise and Bimodal (mixture
of two Gaussians) noise. For each noise model, 10 noisy images were used as the
training set for learning the parameters. The unary and pairwise features were
defined as: hi(y) = [1, Ii]T and µij(y) = [1, |Ii − Ij |]T respectively, where Ii and
Ij are the pixel intensities at site i and site j. The details of the noise parameters
for this dataset are given in [1]. Here, the parameter vectors w and v were both
two-element vectors, i.e., w = [w0 w1]T , and v = [v0 v1]T .
2 Seen from the Boltzmann distribution point of view, for the distribution P (x|y, θ),

this will happen at the zero-temperature limit.
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(a) PMA (b) SPA-1 (c) SPA-2 (d) MMA

Fig. 1. Plots of DRF parameter (w0) updates (top row), and the approximate gradient
(second row) for different approximations. PMA shows a converging behavior while
SPA shows oscillations which may be large-scale (SPA-1) or small-scale (SPA-2). MMA
shows similar behavior as SPA. Rows 3 and 4 show the analogous plots for parameter
w1. The last row shows number of errors at each parameter update. The errors are low
when the gradient magnitudes are small.

In all the experiments, parameters were initialized from random values and
updates were based on gradient ascent. The step size η was fixed to a small
value (10−5). Fig. 1 shows, for each approximation, plots of the approximated
gradients and the parameters at each iteration for a typical run with bimodal
noise. For brevity we show plots only for parameters w0 and w1. The other
parameters behaved similarly. The last row in Figure 1 shows the number of
training errors (Nθ

E) made at the current estimate of the parameters using the
same inference technique on which a particular gradient approximation is based.

Since the log likelihood in (2) is a convex function of parameters, the final
parameter values at convergence will be independent of their initialization in the
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true gradient ascent. For the PMA based learning, this desirable behavior was
seen (Fig. 1 (a)).

For SPA and MMA based learning, an interesting behavior emerges since
both of them make discrete approximations of the true expectations. It was
found that both SPA and MMA show two different stereotypical patterns of limit
cycle convergence depending on the parameter initialization (see Section 7.1).
For SPA, in the first case (Figure 1 (b)), the approximated gradients for all
the parameters show oscillatory behavior. Initially there are large oscillations
in gradients which later settle down to a low gradient zone. The gradients re-
main in this zone for a relatively long duration before showing large oscillations
with changing sign again. Note that this will not occur for the gradient ascent
with true gradients if suitably small η is chosen. One possibility of damping
the oscillations is by annealing η according to a decrementing schedule for η.
However such ad-hoc procedures of forcing convergence lead to bias in the final
parameters. In the oscillatory case, one can choose any of the parameter selec-
tion heuristics commonly used in perceptron learning where convergence is also
not guaranteed, e.g., the voted perceptron [14] [13]. In this work we simply used
majority vote parameter setting, i.e., the parameters for which the training error
was minimum.

The second kind of SPA behavior is seen in Figure 1 (c), where after ini-
tial oscillations, the gradients do not show ‘periodic’ large oscillations again but
maintain microscopic oscillations within low gradient zones (not visible in the
figure due to the scale of the plots). MMA-based learning behaved similar to the
SPA-based learning indicating that these behaviors are related to the discrete,
piecewise constant approximation of the actual expectations. An oscillating gra-
dients case for MMA is shown in Figure 1 (d). In Section 7.1 we will discuss
these limit cycle behaviors of SPA- and MMA-based learning procedures.

Finally, note that the number of errors for all approximations is small when-
ever gradient magnitudes are small, which indicates that all the three techniques
tend to achieve parameter values that minimize the errors for that particular in-
ference. This is especially interesting in the case of SPA and MMA because of
the nature of the approximations. We will compare the performance of the pa-
rameter learning procedures with different inference techniques on a separate
test set in Section 6.

6 Experimental Observations: Inference

The aim of these experiments was to compare the performance of different pa-
rameter learning procedures for a fixed inference procedure. For each noise model
introduced in Section 5, a test set of 200 noisy images was generated using 50
noisy images each from four ground truth images shown in top row of Fig-
ure 2. For comparison, we also obtain the local MAP solution using Iterated
Conditional Modes (ICM) [15] which has been shown to be robust to incor-
rect parameter settings. In addition, we also compare results with parameters
learned through pseudo-Likelihood (PL), which uses a factored approximation
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Original image

Image with
bimodal noise

Independent pixel
label estimate

(Logistic)

MAP inference
with PL learning

MPM inference
with PL learning

MAP inference
with CD learning

MPM inference
with CD learning

Fig. 2. Image denoising results on synthetic images with existing parameter learning
methods (MAP: Maximum A Posteriori, MPM: Maximum Posterior Marginal, PL:
Pseudo-Likelihood, CD: Contrastive Divergence). Both PL and CD yield poor estimates
of the parameters.
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of the partition function, Z, for tractability [1]. All results were computed on a
2.8 GHz CPU with code written in Matlab and C.

Figure 2 shows the denoising performance on four typical test images cor-
rupted by the ‘bimodal’ noise. The parameters were first learned using existing
techniques, i.e., pseudo-likelihood and contrastive divergence. It is clear from the
figure that both the techniques give poor results with MAP or MPM inference.

Original image

MAP inference
with MMA

learning

MPM inference
with SPA
learning

MAP inference
with SPA
learning

MPM inference
with MMA

learning

Fig. 3. Image denoising results on the noisy images shown in Figure 2 (MAP: Maximum
A Posteriori, MPM: Maximum Posterior Marginal, SPA: Saddle Point Approximation,
MMA: Maximum Marginal Approximation.) When inference algorithm is mismatched
to the parameter learning method, the results are poor (rows 2 and 3). For example,
oversmoothing is observed for MAP inference with MMA learning. MPM inference
yields undersmoothed results with SPA learning. The results are good whenever the
parameter learning is matched with the inference procedure (rows 4 and 5), i.e., MAP
inference with SPA learning (both use min-cut) or MPM inference with MMA learning
(both use BP).
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The MAP inference with the matched learning technique, i.e., SPA, yields good
results as shown in Figure 3. The same is true for MPM inference with MMA
learning.

The overall pixelwise errors on the test set are given in Table 1. There are
three key observations. Firstly, MAP inference works best with SPA parameters
(both use min-cut [16]), and MPM works best with PMA and MMA parameters
(all use BP), empirically verifying the claim of learning/inference coupling. Sec-
ondly, for MAP inference, SPA based learning is also the most efficient approach.
The SPA learning is more than 14 times faster than the next most accurate
method, PMA. Lastly, MMA is able to learn reasonable parameters for MPM
inference (both use BP), at almost half the training time for PMA at the cost
of slight decrease in performance from PMA. Note that both PMA and MMA
use BP at the learning stage and slightly better results of PMA may be because
PMA returns a single converged estimate of the parameters while in MMA one
has to heuristically pick the best set of parameters. Better performance may
be expected if a better heuristic is used instead of picking the majority voted
parameters.

Three main observations help understand the differences between PMA and
MMA. Firstly, since MMA is simply a discretized version of PMA, MMA will
remain exact even if the pseudo-marginals converge to erroneous values, provided
that the ranking of the labels implied by the pseudo-marginals is the same as
that implied by the true marginals. This makes MMA more robust to errors in
the estimate of marginals when pseudo-marginals tend to give poor estimates
of the true marginals, e.g., in the presence of strong attractions or repulsion
between nodes [17].

Secondly, this discretization accelerates parameter learning since we only
need to run BP for enough iterations to stabilize the ranking of the labels, not
the exact evaluations of the pseudo-marginals. The former is a coarse (low-
resolution) computation, but the latter is a fine (high-resolution) computa-
tion. Empirically we noticed that most of the changes in the relative ranking
of marginals generally occur in first few iterations. This partly explains faster
learning through MMA in comparison to PMA as shown in Table 1.

Table 1. Pixelwise classification errors (%) on 200 test images (64 × 64 pixels each).
The rows show different parameter learning procedures and the columns show different
inference techniques used for two different noise models. See text for more.

Gaussian noise Bimodal noise Learning time
Inference methods MAP MPM ICM MAP MPM ICM (Sec)

PMA 2.73 2.51 3.91 6.45 5.48 17.39 1183.13
Parameter SPA 2.49 7.64 3.98 5.82 19.19 14.88 81.52
Learning MMA 34.34 2.96 4.11 26.53 5.70 16.00 635.78
Methods PL 3.82 3.10 3.89 17.69 7.31 22.22 299.75

CD 3.78 2.82 4.09 8.88 6.29 8.92 206.93
Inference time (Sec) 5.52 90.04 5.20 5.96 113.84 5.20
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Thirdly, while learning the parameters using gradient ascent, MMA gives
rise to oscillatory non-convergent behavior. Similar to SPA, this usually requires
far fewer iterations of gradient ascent, as typically the limit-cyclic behavior in
MMA implies that we can stop the gradient ascent iterations after one or two
such ‘cycles’ to obtain sufficiently accurate estimate of the parameters.

An interesting observation is that the MAP inference is very poor with MMA
parameters and the same is true for MPM inference with SPA parameters. This
further enforces the idea that learning/inference coupling is rooted in minimizing
the classification error for a learning/inference pair, rather than maximizing the
true likelihood.

As a by-product of this comparison, we find that MPM inference is more
robust to the parameters returned by other techniques than MAP which gives
significantly worse results with parameters other than SPA and PMA. In addi-
tion, the PL and CD parameters generally give bad estimates while ICM does
poor inference due to the problem of label initialization.

7 Discussion

7.1 Dynamics of SPA- and MMA-Based Learning

What is the origin of the complex dynamics of our proposed parameter learn-
ing methods (Figure 1)? In SPA and MMA we replace the expectations 〈xi〉θ;y
and 〈xixj〉θ;y in the true likelihood gradient with approximations fi(θ; y) and
gij(θ; y) = fi(θ; y)fj(θ; y) obtained from MAP and MPM label estimates. These
estimates are necessarily discrete values in the set {−1, +1}, and therefore fi(θ; y)
and gij(θ; y) are piecewise constant functions of the parameter θ ∈ Θ. In other
words, the discrete label estimates induce a partition {Θk} of parameter space
Θ into a disjoint union ∪kΘk where fi(θ; y) and gij(θ; y) are constant within
each cell Θk. By substitution, the approximate gradient J(θ) is also piecewise
constant for the same partition {Θk} of Θ.

As a consequence, integral curves through vector field J(θ) will be piecewise
linear, with “kinks” at the boundaries between cells, say between Θk and Θk′ .
Our approximate gradient ascent with its finite step size will therefore result in
a sequence of parameters along piecewise linear trajectories.

One cannot generally expect these trajectories to terminate, as that would
require J(θ) to be identically zero for all θ in some cell Θk. To understand
why, consider the double sum in (5) as a product 1

2H(x − f ) of the matrix
H = [hi(ym)] with vector x − f , where x = [xm

i ] and f = [fi(θ; ym)]. Now,
J(θ) = 0 requires that x − f be in the nullspace of H . Because both training
labels and the label estimates are discrete, the components xm

i − fi(θ; ym) of
x − f will be one of the integers -2,0, or +2. But the subset of real matrices H
that have an integer vector in their nullspace has measure zero, and therefore the
possibility that (x − f ) ∈ nullspaceH is both unlikely and unstable. Generally,
therefore, the approximate gradient ascent using SPA or MMA will not stop.

In the simpler case of true gradient ascent, for a sufficiently small step size
η, the parameter updates converge (without stopping) in a neighborhood of a
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stationary point of the gradient vector field where the gradient is zero. Why does
this ascent converge? Because this gradient vector field is smooth and thus the
gradients along the ascent become arbitrarily small near the stationary point,
automatically slowing the ascent.

Although our approximate gradients J(θ) may become small in the vicinity
of the true maximum likelihood solution, they cannot become arbitrarily small
because they are quantized, and therefore the trajectories never slow down be-
yond some nonzero lower bound. Indeed, our empirical results show a quasi-
cyclical behavior of the parameter trajectories. Similar behavior, called limit
cycles, is common in digital control systems and signal processing, and arises
from quantizing states and coefficients in continuous dynamical systems. Such
limit cycles have been observed with small oscillations after a single initial tran-
sient or with quasi-periodic transients followed by small oscillations. The small
oscillation case corresponds to a parameter trajectory passing in a tight loop
through nearby portions of abutting cells, say Θk, Θk′ , and Θk′′ , which all have
small approximate gradients. But there is no guarantee that cells with small
and large approximate gradients will not be adjacent. Thus the observed “wild”
transient behavior in Figure 1 can arise from several adjacent cells with small
approximate gradient linked by cells with large approximate gradient: most of
the time is spent in the cells with small approximate gradient, but rapid change
occurs in cells with large gradient. To summarize, discretization can account for
these limit cycle dynamics.

7.2 The Role of Classification Errors in Parameter Learning

Given these limit cycle dynamics, how may one choose the best parameter along
the trajectory? Approximate gradients alone may be misleading, as there may be
large approximate gradients nearer to the optimal solution than some small ap-
proximate gradients. In true gradient ascent, one may use the likelihood itself as
“yard stick” for choosing the best parameter, e.g., at the maximal likelihood ob-
served on the trajectory. The likelihood is also useful in diagnosing pathological
dynamics from too large a step size, e.g., if the likelihood decreased significantly.
From a dynamical systems perspective, the likelihood exists because the gradient
is, by construction, integrable.

Instead we have only approximate gradients, which may not be integrable:
they may not be the actual gradient of any function. In other words, there may
be no approximate likelihood for our approximate gradient!

To overcome this lack of an approximate likelihood, we guide our choice of
parameter using the number of classification errors, a widely-employed perfor-
mance criterion in parameter learning.3 But what inference algorithm should one
use to measure these classification errors? In keeping with the coupling of param-
eter learning and inference first discussed in Section 3.2, we compute the number

3 Ideally, one would like to minimize the generalization error, i.e., expected error on
the test set. This is a combination of the training error and the complexity of the
learned classifier.
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of errors Nθ
E at parameter estimate θ using the inference method used in the gra-

dient approximation (7), i.e., Nθ
E = (1/2)

∑
m

∑
i∈S |xi − fi(θ)| = (1/2)‖x− f‖,

where ‖ · ‖ is the L1 norm. Formally, this choice is motivated by the following
simple bound.

Lemma 1. ‖J(θ)‖ ≤ cNθ
E, for some c > 0.

In other words, the number of errors provides an upper bound on the approxi-
mate gradient. Note that matching the inference method used in both the number
of errors and the approximate gradient is required in the following proof of the
lemma.

Proof. Recall that J(θ) = (J1(θ), J2(θ)). Using the form of J1(θ) in (5),
‖J1(θ)‖ ≤ R Nθ

E , where R = maxi,m ‖hi(ym)‖. Now, define the pairwise er-
ror Nθ

P := (1/2)
∑

m

∑
i∈S

∑
j∈Ni

|xixj − fi(θ; ym)fj(θ; ym)|. Using the form
of J2(θ) in (6) with gij(θ; ym) = fi(θ; ym)fj(θ; ym), it is easy to see that
‖J2(θ)‖ ≤ 2Q Nθ

P , where Q = maxijm ‖µij(ym)‖. This implies that ‖J2(θ)‖ ≤
2QdNθ

E, since Nθ
P ≤ dNθ

E , where d is the maximum degree of the graph, i.e.,
d = maxi |Ni|. Combining these results, we have ‖J(θ)‖ = ‖J1(θ)‖ + ‖J2(θ)‖ ≤
(R + 2Qd)Nθ

E , as required. QED.

This bound is useful in two ways. First, if ‖J(θ)‖ is large, then Nθ
E is also large

as verified in the plots in Figure 1. Second, if at some θ, Nθ
E is small, ‖J(θ)‖

will also be small. Thus, for a suitably small step size η, the parameter change
will also be small. This would mean that one will stay in a low error zone for a
long period as seen in Figure 1.

Indeed, given the importance we put in the number of classification errors,
one might ask whether minimizing Nθ

E itself should be used as a starting point
for deriving parameter learning algorithms. Unfortunately, since the number
of errors is piecewise constant in the parameters, its gradient is zero except
on a set of measure zero. The number of errors is therefore useless to derive
a gradient-based learning algorithm as known from the perceptron learning
literature [18].

7.3 Related Work

The problem of learning the parameters of loopy discriminative graphs has been
addressed before under different paradigms. In a non-probabilistic setting, Taskar
et al. [19] learn the model parameters by maximizing the margin. Lecun and
Huang [20] have described the sufficient conditions for the training of energy-
based (unnormalized) graphical models. In our previous work [1], we proposed
the use of penalized pseudo-likelihood that gives reasonable estimates of the pa-
rameters. However, this needs hand-tuning of the regularizing constant. Finally,
taking the Bayesian view, Qi et al.[21] have argued for integrating the parameters
while predicting the labels on a test input instead of using a point estimate of
the parameters using maximum likelihood. Integrating the parameters, however,
is generally a difficult task.
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8 Conclusion and Future Work

We have presented an approach for learning the parameters of discriminative
field models that uses inference to approximate the gradients used in maximum
likelihood learning. We showed that the proposed approximations lead to a limit
cycle convergence behavior of the learning procedures. Further, the learned pa-
rameters lead to good classification performance so long as the method used for
approximating the gradient is consistent with the inference mechanism. We also
provided an experimental comparison of commonly used learning and inference
techniques for discriminative fields. For MAP inference, SPA based learning was
found to be most accurate as well as efficient. Similarly, for MPM inference,
PMA and MMA performed best. Although we restricted ourselves to binary
fields in this paper, we have already used maximum marginal approximation to
successfully learn more than 3000 parameters for multiclass DRFs applied to ob-
ject detection [4]. We are currently evaluating the performance of the proposed
approximate parameter learning procedures with conventional MRFs.

Acknowledgments. Our thanks to T. Minka for very helpful discussions on
SPA based learning. Thanks to V. Kolmogorov, J. Lafferty and R. Mugizi for
providing the min-cut code.
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Abstract. We present a novel approach to the matching of subgraphs
for object recognition in computer vision. Feature similarities between
object model and scene graph are complemented with a regularization
term that measures differences of the relational structure. For the re-
sulting quadratic integer program, a mathematically tight relaxation is
derived by exploiting the degrees of freedom of the embedding space of
positive semidefinite matrices. We show that the global minimum of the
relaxed convex problem can be interpreted as probability distribution
over the original space of matching matrices, providing a basis for effi-
ciently sampling all close-to-optimal combinatorial matchings within the
original solution space. As a result, the approach can even handle com-
pletely ambiguous situations, despite uniqueness of the relaxed convex
problem. Exhaustive numerical experiments demonstrate the promising
performance of the approach which – up to a single inevitable regu-
larization parameter that weights feature similarity against structural
similarity – is free of any further tuning parameters.

1 Introduction

Recognition of objects by matching relational structures of local features is a
key problem of computer vision. Since such structures were suggested for image
analysis in 1971 by Barrow and Popplestone [1], a very broad range of approaches
have been suggested to cope with the inherent combinatorial complexity of the
corresponding matching problem. A non-exhaustive list of relevant work includes
tree search algorithms [2], evolutionary strategies [3], spectral approaches [4, 5],
the expectation maximization framework [6], matching of structures in terms of
generalized maximum clique search [7], interpolation-based matching [8], metric
embedding [9], matching by graph seriation and sequence alignment [10], and
exact probabilistic inference using sparse graphical models with computationally
feasible junction trees [11]. Since a general discussion of related work is beyond
the scope of this contribution, we refer to [12] for a recent survey.

The specific motivation for our work comes from two different directions. The
first line of research originates from independent work of Gold and Rangarajan
[13] and Ishii and Sato [14] on deterministic annealing strategies for the matching

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 171–186, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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of relational structures with equal number of nodes over the convex hull of all
permutation matrices (cf. also [15, 16]). The second line of research concerns
specific instances of the general pattern of convex relaxations of combinatorial
integer programming problems [17, 18] to the specific problem addressed in [13,
14], the quadratic assignment problem [19, 20]. Using established benchmark
tests [21], a thorough experimental comparison of both approaches [22] revealed
similar performance, provided the used parameters for deterministic annealing
[13, 14] are optimized for each problem instance, whereas no parameter tuning
is necessary for a convex relaxation approach [19, 20].

The applicability of approaches related to the quadratic assignment problem
is limited to the matching of relational structures with feature sets of (almost)
equal cardinality. From the viewpoint of computer vision, such approaches are
not applicable to the more frequent scenario of matching smaller model graphs
representing typical object views, to larger scene graphs representing current
observations – see Figure 1 for an illustration.

The present paper is an attempt to overcome this limitation by a novel op-
timization approach to subgraph matching. From the computational viewpoint,
we consistently use semidefinite relaxation, as motivated by the discussion above,
and by its performance in connection various combinatorial problems in com-
puter vision [23, 24]. Besides obtaining parameter-free algorithms, we point out
an additional benefit of this relaxation strategy – the interpretation of the glob-
ally optimal solution to the relaxed problem as probability distribution over the
original combinatorial solution space. While this possibility is obvious from the
mathematical viewpoint, it is by no means clear that this conveys useful infor-
mation about the complex original solution space. This interpretation shows,
however, that uniqueness in a larger embedding space is associated with the ex-
plicit representation of multiple hypotheses in the original space. In particular,
our approach can cope with ambiguous situations. This accounts for a another
novel aspect of our contribution.

Organization. We design a variational problem to subgraph matching in sec-
tion 2. The domain of the resulting quadratic functional is the space of binary
matching matrices. The optimality of the matchings is defined in terms of fea-
ture similarities and structural similarities, weighted by a single regularization
parameter. In section 3, a semidefinite relaxation of this combinatorial opti-
mization problem is derived. The additional degrees of freedom of the larger
embedding space are exploited to incorporate constraints of the original prob-
lem formulation, thus tightening the relaxation mathematically. A probabilistic
interpretation of the corresponding globally optimal solution and its ability to
cope with ambiguous situations, is discussed in section 4. We summarize exhaus-
tive numerical experiments in section 5 that characterize the performance of our
approach.

Notation. We will use the following notation throughout this paper:

x�: transpose of x; In: n × n unit matrix; en: vector of all ones: (en)i = 1, i =
1, . . . , n; Enn: matrix of all ones: Enn = ee�; Tr[X ] trace of the matrix X ; A⊗B:
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Kronecker product of matrices A and B; δij : Kronecker delta: δij = 1 if i = j,
and 0 otherwise; Mn×m: set of n×m matching matrices; diag(X): vector of the
diagonal elements of the matrix X .

2 Variational Approach

In this paper, we consider undirected graphs G = (V, E) with nodes V =
{1, . . . , n} and edges E ⊂ V × V . We denote the model graph with GK and
the scene graph with GL. The corresponding sets VK and VL contain K = |VK |
and L = |VL| nodes respectively. We assume L ≥ K. Furthermore, we assume a
distance function w(i, j) to be given which measures the similarity of each pair
of vertices i ∈ VK and j ∈ VL.

Graphs representing object views are called model graphs or object graphs
in this paper. In the same way as model graphs, scene graphs are computed by
extracting local image features and spatial relationships in a preprocessing step.
Our aim is to find a reasonable matching between the nodes of the model graph
and the scene graph. In figure 1 a example for a subgraph matching problem
is shown. The left object graph GK has to be matched against the scene graph
GL. We do not discuss image preprocessing in this paper (cf. section 5.1, first
paragraph) but assume the model and scene graphs to be given, along with a
similarity between the nodes of the different graphs.

Fig. 1. The object graph GK (left) with K = 12 nodes has to be matched against the
scene graph (left) with L = 41 nodes. Local feature information is ambiguous.

2.1 Bipartite Matching

If we ignore the structure in both the model and the scene graph, then an
optimal assignment of the K vertices of the model graph can be easily found as
a matching in the bipartite graph (VK ∪ VL, E), with edges (i, j) ∈ E, defined
for all pairs i ∈ VK , j ∈ VL with corresponding weights w(j, i).

Let x ∈ {0, 1}KL denote the 0/1-indicator vector for the bipartite matching
between the nodes of the object and scene graph. A element Xji = 1 indicates
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that the node i of the first set VK is matched to the node j in the second set
VL. The elements of the indicator vector are ordered as follows:

x = (X11, · · · , XL1, X12, · · · , XL2, · · · , X1K , · · · , XLK)�. (1)

Thus the indicator vector x can be interpreted as a sequence of appended
columns of a matching matrix X ∈ ML×K . With the same order we denote
the weight vector (w(1, 1), · · · w(L, K))� with w.

Then using AK = IK ⊗e�L and AL = e�K ⊗IL, the optimal bipartite matching
between the two node sets can be found by solving the following linear integer
program:

min
x

w�x s.t. AKx = eK , ALx ≤ eL , x ∈ {0, 1}KL (2)

The constraints ensure that the feasible vectors x all represent a bipartite map-
ping. The totally unimodular matrix A = (A�

K , A�
L )� along with the integer

valued data of the equality and inequality constraints guarantees that (2) can
easily be solved by the following linear program which has a integral solution
(cf., e.g., [25, 26]):

min
x

w�x s.t. AKx = eK , ALx ≤ eL , x ≥ 0 (3)

2.2 Quadratic Integer Program

To incorporate the relational structure of both the model graph and the scene
graph, we extend the linear integer program (2) with a quadratic term x�Qx.
The non-negative parameter α ∈ R

+ is added to control the influence of these
additional costs. Formally the quadratic integer program then reads:

min
x

w�x + αx�Qx s.t. AKx = eK , ALx ≤ eL , x ∈ {0, 1}KL (4)

As before, the matching constraints are defined by the linear constraints. The
matrix Q ∈ R

KL×KL in the quadratic term of (4) to be specified below in-
volves the symmetric 0/1-adjacency matrices NK , NL of the model graph and
the scene graph, respectively, which encode the neighborhood structure in these
two graphs. To simplify the notation we define also the Complementary Adja-
cency Matrices.

Definition 1. Complementary Adjacency Matrices

N̄L = ELL − NL − IL N̄K = EKK − NK − IK

These matrices can be interpreted as indicator matrices for non-adjacent nodes.
They have the element (N̄)ij = 1 if the corresponding nodes i and j are not
directly connected in the graph.

For example, the adjacency matrix NK and the appropriate complementary
adjacency matrix for a house-like model graph are shown in figure 2. With this
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4

1
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NK =

⎛
⎜⎜⎜⎜⎝

0 1 0 1 1
1 0 1 1 0
0 1 0 1 0
1 1 1 0 1
1 0 0 1 0

⎞
⎟⎟⎟⎟⎠

4

1

2

3

5

N̄K =

⎛
⎜⎜⎜⎜⎝

0 0 1 0 0
0 0 0 0 1
1 0 0 0 1
0 0 0 0 0
0 1 1 0 0

⎞
⎟⎟⎟⎟⎠

Fig. 2. Example object graph and its adjacency matrix NK along with its complemen-
tary adjacency matrix N̄K

notation and referring to the order of the set of edges defined in (1), the symmet-
ric Relational Structure Matrix Q in (4) incorporating the relational structure
is defined in the following.

Definition 2. Relational Structure Matrix

Q = NK ⊗ N̄L + N̄K ⊗ NL (5)

We explain in detail the two terms on the right hand side of (5) which are used
to construct the matrix Q:

– The first term in the quadratic expression x�Qx can be written as:

x�(NK ⊗ N̄L)x =
KL∑
ar

KL∑
bs

(NK)ab(N̄L)rsxarxbs (6)

The interpretation of this term is that if two nodes a and b in the model
graph are neighbors, (NK)ab = 1, then a good assignment (no costs) involves
corresponding nodes r and s in the scene graph which are neighbors, too:
(N̄L)rs = 0. For such a configuration no cost is added in (6). Otherwise if the
corresponding nodes r and s are no neighbors in the scene graph, (N̄L)rs = 1,
then a cost of 1 is added. This two configurations are visualized in figure 3.

– Analogously, the second term in xT Qx gives:

x�(N̄K ⊗ NL)x =
KL∑
ar

KL∑
bs

(N̄K)ab(NL)rsxarxbs (7)

x  =1ar

x  =1bs

GL
GK

b

a

s

r

x   =1bs’

x  =1ar

GL
GK

b

r

s’

a

Good assignment Bad assignment

Fig. 3. Left: Adjacent nodes a and b in the model graph GK are assigned to adjacent
nodes r and s in the scene graph GL. Right. Adjacent model nodes a and b are no
longer adjacent in the scene graph GL after the assignment. The left assignment leads
to no additional costs while the right undesired assignment adds 1 to the cost term (6).
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x  =1ar

x  =1bs

GL
GK

a r

sb

x  =1ar

x   =1bs’

GL
GK

a r

s’

b

Good assignment Bad assignment

Fig. 4. Left: Nodes a and b which are not adjacent in the object graph GK are assigned
to nodes which are also not adjacent in the scene graph GL. Right: A pair of nodes
a and b become neighbors r and s′ after assignment. The left assignment is associated
with no additional costs in (7). The undesired assignment on the right side adds 1 to
these costs.

This term penalizes assignments where pairs of nodes in the object graph
become neighbors in the scene graph which were not adjacent before. Figure 4
illustrates this situation in detail.

Note that due to the symmetry of the quadratic cost term x�Qx, every dif-
ference in the compared structure of the two graphs is penalized with a cost of 2.

In contrast to the linear bipartite matching problem (2), the computation
of the global optimum of the quadratic optimization problem (4), which in-
corporates the object and scene structure, is intrinsically difficult (NP-hard).
Therefore, we derive in the next section a tractable convex relaxation of this
NP-hard problem in order to compute a “good” local minimum.

3 Convex Problem Relaxation

The combinatorial subgraph matching approach (4) will be relaxed to a (convex)
semidefinite program (SDP) which has the following standard form:

min Tr
[
Q̃X

]

s.t. Tr[AiX ] = ci for i = 1, . . . , m (8)
X � 0

The last constraint in (8) says that X has to be positive semidefinite. We wish
to emphasize once more that this convex optimization problem can be solved
with standard methods like interior point algorithms. Note that the solution of
the relaxation (8) provides a lower bound to (4).

Below, we describe step by step how we derive such a semidefinite program
from (4). While in section 3.1, we derive an appropriate SDP objective function,
we show in section 3.2 how the bipartite matching constraints can be incorpo-
rated into the SDP (8). For more information on semidefinite programming we
refer to [27].
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3.1 SDP Objective Function

In order to obtain an appropriate SDP relaxation for the combinatorial subgraph
matching problem, we start with reformulating the objective function of (4) into
a homogeneous quadratic form. And this can be stated directly in the appropriate
trace formulation of objective function for the semidefinite relaxation (8) using
the cyclic commutativity of the trace:

f(x) = w�x + αx�Qx =
(
1 x� ) (

0 1
2w�

1
2w αQ

) (
1
x

)
= Tr

[
Q̃X

]
(9)

Here we denote with Q̃ ∈ R
(KL+1)×(KL+1) and X ∈ R

(KL+1)×(KL+1) the fol-
lowing symmetric matrices:

Q̃ =
(

0 1
2w�

1
2w αQ

)
, X =

(
1
x

) (
1 x� )

=
(

1 x�

x xx�

)
(10)

Besides being symmetric, the matrix X is positive semidefinite and has rank 1.
We relax the objective function by dropping the rank 1 condition of X which
makes the set of feasible matrices convex [27]. This lifts the original problem
(4) defined in a vector space with dimension KL into the space of symmetric,
positive semidefinite matrices with the dimension (KL + 1) × (KL + 1).

3.2 SDP Constraints

We wish to incorporate several constraints into the SDP relaxation by specifying
appropriate constraint matrices Ai ∈ R

(KL+1)×(KL+1). These SDP constraints
will have the form:

Tr[AiX ] = ci for i = 1, . . . , m

In particular, we introduce four types of constraints which correspond to the
homogeneous formulation of the problem, the 0/1-integer constraints, and the
bipartite matching constraints, respectively.

We next discuss in detail how the appropriate constraint matrices Ai can be
defined in terms of the Kronecker delta which make the implementation of our
approach easier:

– The first constraint we take into account results from the homogenization (9).
To restrict the element X11 = 1 in the matrix X , we introduce a constraint
matrix oneA whose elements can be expressed as

oneAkl = δk1δl1 for k, l = 1, . . . , KL + 1 ,

where we make use of the Kronecker delta. Note that oneA has only oneA11 =
1 as non-zero element.

– The second type of constraint we consider is derived from the integer con-
straints xi ∈ {0, 1}, i = 1, . . . , KL, which can be rewritten as x2

i = xi, i =
1, . . . , KL. If we consider the matrix X before it is relaxed (see (10)) we
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observe that due to x2
i = xi the 0/1-integer elements on the diagonal of

X must be equal to the 0/1-integer elements in the first column and row
of X . Therefore the 0/1-integer constraints can be weakly enforced in the
relaxed problem by requiring the first column and row of X to be equal to
its diagonal. To implement these constraints, we introduce KL constraint
matrices intAj ∈ R

(KL+1)×(KL+1), j = 2, . . . , KL + 1. We define these con-
straint matrices to have a 2 at the appropriate diagonal element and −1 at
the corresponding elements in the first column and the first row. All other
elements are zero. Using the Kronecker delta the elements of the j-th con-
straint matrix intAj can be written as:

intAj
kl = 2δkjδlj − δkjδl1 − δljδk1 for k, l = 1, . . . , KL + 1

– The third type of constraint we take into account are the equality constraints∑L
j=1 xij = 1, i = 1, . . . , K, which are part of the bipartite matching con-

straints in (4). They represent the constraint that each node of the smaller
graph is mapped to exactly one node of the scene graph. We define K con-
straint matrices sumAj ∈ R

(KL+1)×(KL+1), j = 1, . . . , K which ensure (tak-
ing the order of the diagonal elements into account) that the sum of the
appropriate portion of the diagonal elements of X is 1. We exploited again
the fact that xi = x2

i holds true for 0/1-variables. The matrix elements for
the j-th constraint matrix sumAj can be expressed as follows:

sumAj
kl =

jL+1∑
i=(j−1)L+1

δikδil for k, l = 1, . . . , KL + 1

– The fourth type of constraint is related to the observation that the bipartite
matching constraints in (2) have a direct impact to certain matrix elements
of the sub-matrix X̃ = xx� of X . If x ∈ {0, 1}KL represents a bipartite
matching then certain elements in X̃ must be zero. Affected elements can
be determined by inspecting the following two cost terms which penalize
matchings that do not meet the bipartite matching constraints.

x�(IK ⊗ (ELL − IL))x =
KL∑
ar

KL∑
bs

(IK)ab(ELL − IL)rsxarxbs (11)

x�((EKK − IK) ⊗ IL)x =
KL∑
ar

KL∑
bs

(EKK − IK)ab(IL)rsxarxbs (12)

The first of these two terms penalizes non-unique assignments of model nodes
to scene nodes. Analogously, the second term penalizes assignments where
different nodes of the model graph are mapped to the same node in the scene
graph. Thus, in summary, the two terms penalize all assignments which do no
lead to a bipartite matching. Figure 5 illustrates such configurations in detail.
All integer solutions X̃ = xx� ∈ R

KL×KL, where x represents a bipartite
matching, have zero-values at those matrix positions where IK ⊗ (ELL − IL)
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x  =1

x  =1

ar
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a=b

object graph scene graph

x  =1ar

x  =1bs

r=s

object graph scene graph

a

b

Bad assignment Bad assignment

Fig. 5. Assignments which do not lead to bipartite matchings are penalized by the
quadratic terms (11) and (12)

and (EKK − IK)⊗ IL have non-zero elements. Accordingly, we want to force
the corresponding elements in X ∈ R

(KL+1)×(KL+1) to be zero. Fortunately,
this can be achieved with the constraint matrices zeros1Aars,zeros2 Aŝâb̂ ∈
R

(KL+1)×(KL+1) which are determined by the indices a, r,s and ŝ, â, b̂. They
have the following matrix elements

zeros1Aars
kl =δk,(aL+r+1)δl,(aL+s+1) + δk,(aL+s+1)δl,(aL+r+1) , (13)

zeros2Aŝâb̂
kl =δk,(ŝK+b̂+1)δl,(ŝK+â+1) + δk,(ŝK+â+1))δl,(ŝK+b̂+1) , (14)

where k, l = 1, . . . , KL + 1. Note that each of these matrices has only two
non-zero matrix elements at symmetric positions. The indices a, r,s and ŝ, â, b̂
attain all valid combinations of the following triples where s > r and b̂ > â:

(a, r, s) : a = 1, . . . , K; r = 1, . . . , L; s = (r + 1), . . . , L

(ŝ, â, b̂) : ŝ = 1, . . . , L; â = 1, . . . , K; b̂ = (â + 1), . . . , K

With this we define (LL − L)K/2 + (KK − K)L/2 additional constraints
that ensure zero-values at the corresponding matrix positions of X .

Altogether we have the following 1 + KL + K + (LL − L)K/2 + (KK − K)L/2
SDP constraints:

Tr[oneAX ] = 1

Tr[intAjX ] = 0 for j = 2 . . . , KL + 1

Tr[sumAjX ] = 1 for j = 1, . . . , K

Tr[zeros1AarsX ] = 0 ∀(a, r, s) , Tr[zeros2Aŝâb̂X ] = 0 ∀(ŝ, â, b̂)

The name gangster operator was introduced in [28] for the last two constraint
operators because they “shoot holes”,i.e. zeros, into the matrix X .
We note here that we dropped the additional linear inequality constraints of the
bipartite matching,

∑K
i=1 xij ≤ 1, ∀j, which, in principle, can be incorporated

by lifting schemes (see e.g. [27]). This, however, would considerably increase the
number of constraints and slow down the computation. Our experiments (section
5) show that this does not compromise the performance of our approach.
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4 Combinatorial Solutions by Post-processing

The diagonal elements of the global optimum Xbound ∈ R
(KL+1)×(KL+1) to

the semidefinite relaxation (8) can be interpreted as a non-integer approxima-
tion x̂sol = diag(Xbound) to the solution of (4). Omitting the first element in
x̂sol ∈ R

KL+1, which was added due to the homogenization (9), we obtain the
approximation xsol ∈ R

KL for the indicator vector x ∈ {0, 1}KL.

4.1 Probabilistic Interpretation of the Non-integer Solution

According to the constraints AKxsol = eK , we have for each node i of the model
graph

∑L
j (xsol)ji = 1, i = 1, . . . , K. Hence, (xsol)ji may be considered as the

probability that model node i matches to scene node j. To illustrate this in-
terpretation, figure 6 shows a completely ambiguous situation, whereas figure 7
depicts for each of the five model nodes i = 1, . . . , 5 the values (xsol)ji. The pres-
ence of equally likely matchings clearly shows that multiple plausible hypotheses
for matchings can be represented through the convex problem relaxation. As ex-
plained next, and as validated in section 5, this property can be exploited to
compute the final matching from xsol.
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Fig. 6. Ambiguous situation with two global optima. The node colors indicate the
similarity between the nodes of the object and the scene graph. Despite convexity
and uniqueness, the semidefinite relaxation is able to represent multiple hypotheses for
matching – see figure 7.
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Fig. 7. The non-integer solution xsol for the ambiguous matching situation shown
in figure 6. The plot is subdivided into K = 5 segments, with the i-th segment (i ∈
{1, . . . , K}) representing all possible matchings from the model node i to all L = 26
nodes in the scene graph. In each segment the probabilities sum up to one.
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4.2 Post-processing

Winner-Take-All Strategy. An obvious strategy for determining the final
matching is to compute among all binary vectors x representing valid matchings
the vector that is maximally aligned with xsol:

max
x

x�
solx s.t. AKx = eK , ALx ≤ eL , x ∈ {0, 1}KL (15)

The exact solution to (15), denoted with x∗
lin, can be computed by solving a linear

program because the constraint matrices AK and AL are total unimodular (cf.
section 2.1). According to the probabilistic interpretation, x∗

lin represents the
most probable matching.

Sampling. To exploit alternative hypotheses for valid matchings as well, we may
randomly select a node i ∈ {1, . . . , K} of the model graph and assign to it a scene
node j ∈ {1, . . . , L} by sampling from the distribution (xsol)ji, j = 1, . . . , L.
This assignment is only accepted if it results in a valid matching representing an
improved combinatorial solution. In our experiments, we conducted 10 ·KL such
sampling steps, starting with the solution x∗

lin to (15). The resulting matching
is denoted with x∗

sampling .

5 Experiments

5.1 Real World Example

For the problem shown in figure 1, we computed feature similarities (weights w)
by determining the earth mover distance [29] between local gray value histograms
for each node. We point out that more elaborate feature selection or even learning
is beyond the scope of this paper, whose main focus is the optimization.
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Fig. 8. Matching computed by the linear program (3) without regularization, i.e. sen-
sitivity to relational structure. Only 3 out of the 12 assignments are correct (marked
with red).
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To demonstrate that the regularization in (4) is indeed necessary, we first
computed the bipartite matching (3). The corresponding solution, shown in fig-
ure 8, just picks the locally best fitting scene graph nodes. Only the assignments
drawn in red are correct.

The non-integer solution xsol obtained by the SDP relaxation (8) of the
approach (4), is shown in figure 9, where (xsol)ji is plotted for each model node
i = 1, . . . , K.

1 1 41 / 1 2 41 / 1 3 41 / 1 4 41 / 1 5 41 / 1 6 41 / 1 7 41 / 1 8 41 / 1 9 41 / 1 10 41 / 1 11 41 / 1 12 410
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3->20 4->12

5->14 6->11
9->41

11->28

Fig. 9. The non-integer solution (xsol)ji for each model node i = 1, . . . , K = 12,
as obtained by the SDP relaxation. Only a few assignments have significantly large
probabilities. The most likely ones are marked with red and green, respectively.
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Fig. 10. SDP relaxation with winner take all post-processing results in the correct
matching. An alternative hypothesis is shown by the green line segments.

Only a few mappings i 	→ j have significantly large probabilities (xsol)ji. The
most likely assignments are marked with red, and some alternative candidates
with (xsol)ji ≥ 0.1 are marked with green. The corresponding matchings are
shown in figure 10. The red assignments correspond to the optimal combinato-
rial solution which, in turn, corresponds to the solution x∗

lin to (15). Sampling,
therefore, cannot lead to further improvements, in this case.

5.2 Generating Random Problem Instances

In order to get a more complete picture of the performance of our approach,
we conducted a large series of experiments with randomly generated problem
instances. Two kinds of experiments were considered:
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Random Subgraph Problems. An object graph with K nodes is randomly
created with an edge probability1 equal to 0.5. Then the scene graph is
created by copying the object graph and enlarging it to L nodes by adding
(L−K) random nodes and edges with edge probability 0.2. Hence, the model
graph always forms a subgraph of the scene graph in this series of experi-
ments. Costs {wji} are selected randomly within the small range 0.4 . . . 0.6
if the mapping of the object node i to the scene node j represents a de-
sired mapping. Otherwise the costs are set randomly to a value within the
wider range 0.4 . . . 1.0. Note that the wider range includes the small range,
which increases the probability that some undesired mappings have cheaper
assignment costs wji than the desired mapping. Therefore, the linear match-
ing approach (2), which ignores the graph structure, is likely to fail in all
experiments.
We fixed the size of the object graph to K = 9 and varied the scene graph
size from L = 14 to L = 30.
By construction, we know which subgraph of the scene corresponds to the
object in each experiment. Accordingly, the corresponding matching is de-
fined to be ground truth, irrespective of the existence of other accidental
matchings with a better objective value (4) in some rare cases.

Random Model and Scene Graphs. In this series of experiments both
object and scene graphs with K and L nodes, respectively, are created ran-
domly, and independently from each other. The similarities wji are set ran-
domly within the range 0.4 . . . 1.0. The edge probability was set to 0.4 for
the smaller model graph, and to 0.3 for the larger scene graph.
To compute ground truth, we have to rely on exhaustive search, forcing us
to limit2 the maximum size of the scene graph to L = 19.

For each size L, we created 1000 problem instances. The value of the regulariza-
tion parameter α was 0.15 and 0.3 for the subgraph and purely random problems,
respectively.

5.3 Evaluation

Fraction of Optimally Solved Problem Instances. Figure 11 shows the
percentage of optimally3 solved problem instances for various problem sizes K
and L. We observe that for almost all smaller subgraph problems the global
optimum is obtained by the convex relaxation followed by the winner take all
post-processing step. The main observation, however, is that the sampling was
always able to significantly increase the fraction of global optimal solutions.
This confirms the usefulness of a probabilistic interpretation of the non-integer
solution vector xsol to the SDP relaxation. Furthermore, figure 11 shows that

1 The edge probability is the probability that an edge of the underlying complete
graph is present.

2 The number of possible assignments growth as L!/(L − K)!.
3 We count a solution as optimal if it has an equal or better objective value than the

objective value of the correct matching.
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Fig. 11. Fraction of optimally solved problem instances for increasing problem sizes
K and L. The sampling post-processing step significantly increases this fraction by
exploiting the information in the non-integer solution vector xsol.

the more structured subgraph matching problems are easier to solve than the
purely random problem instances.

Quality of Optima. To get a more accurate picture of the performance of our
approach, we investigated the quality of the combinatorial solutions. To this end,
we computed the mean values along with the standard deviation of the ratios
f∗

lin/f∗
opt and f∗

sampling/f∗
opt for the solutions f∗

lin and f∗
sampling obtained by the

winner take all and the sampling post-processing step, respectively. A ratio close
to 1 indicates that the obtained solution is close to the objective value f∗

opt of the
true matching. The results are shown in table 1. We observe that the sampling
post-processing step always improves the results obtained by the winner take all
post-processing, and that the corresponding mean f∗

sampling is very close to f∗
opt.

For example, for the larger subgraph problems with K = 9, L = 30, the sampling
improves the deviation from 35% to only 5%. Again, the random problems turn
out to be more difficult to solve, but sampling still leads to good solutions close
to the global optimum.

Table 1. Mean and standard deviation of the optima relative to the correct solution.
A ratio close to 1 indicates that the computed solution is close to f∗

opt. Winner take
all post-processing is always inferior to sampling. Note that the ratio for the subgraph
problems can become smaller than 1 due to accidental matchings with smaller objective
function value than that of the correct matching.

K,L 9,15 9,17 9,19 9,25 9,30
f∗

lin/f∗
opt 1.00 ± 0.01 1.01 ± 0.04 1.02 ± 0.08 1.17 ± 0.21 1.35 ± 0.24subgraph problems

f∗
sampling/f∗

opt 0.99 ± 0.01 0.99 ± 0.01 1.00 ± 0.02 1.02 ± 0.06 1.05 ± 0.09

f∗
lin/f∗

opt 1.58 ± 0.36 1.74 ± 0.42 1.99 ± 0.49 n.a. n.a.random problems
f∗

sampling/f∗
opt 1.10 ± 0.12 1.11 ± 0.12 1.14 ± 0.14 n.a. n.a.
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6 Conclusion

We proposed and investigated a novel approach to subgraph matching in com-
puter vision using regularized bipartite matching, semidefinite relaxation, and a
corresponding probabilistic post-processing step. A salient property of our ap-
proach is its mathematical simplicity: high-quality approximate solutions can be
computed by just solving a convex optimization problem. As a consequence, no
additional tuning parameters related to search heuristics, etc. are needed, apart
from a single regularizing parameter penalizing structural differences of match-
ings. Extensive numerical experiments revealed a surprisingly good quality of
the suboptimal solutions. Our approach provides a basis for learning optimal
feature configurations for object recognition in future work.
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Abstract. In the spirit of stabilizing a solution to handle possible over-
fitting of data which is especially common for high order models, we
propose a relaxed target training method for regression models which
are linear in parameters. This relaxation of training target from the con-
ventional binary values to disjoint classification spaces provides good
classification fidelity according to a threshold treatment during the deci-
sion process. A particular design to relax the training target is provided
under practical consideration. Extension to multiple class problems is
formulated before the method is applied to a plug-in full multivariate
polynomial model and a reduced model on synthetic data sets to illus-
trate the idea. Additional experiments were performed using real-world
data from the UCI[1] data repository to derive certain empirical evidence.

Keywords: Pattern Classification, Parameter Estimation, Pattern
Recognition, Multivariate Polynomials and Machine Learning.

1 Introduction

Apart from statistical means, learning from example constitutes a major
paradigm in pattern classification (see e.g.[2, 3]). Under this paradigm, a clas-
sifier minimizes a certain energy function and forms a map between the input
feature space and the output hypothesis space of possible functional solutions
such as pattern classes. Although one usually does not have full access to the ex-
pected input-output spaces, a subset of the input-output spaces, which we called
training set, is often available. A key question to perform empirical learning from
this training set is the predictivity of learned algorithm for new data which is
not found in the training set. This predictivity is also termed generalization in
the context of pattern classification [4].
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Main reasons for poor predictivity come from two viewpoints, namely from
the data perspective and from the classifier perspective. From the data perspec-
tive, the main concern is representativeness of training data, i.e. whether or not
the training data covers the entire operating range of expected input-output
spaces. From the classifier perspective, the major question is whether or not the
classifier under-fits or over-fits the usually limited data available. As we may
not always have the luxury to generate a sufficiently large data set for possible
good coverage, we shall take the classifier perspective and address a narrower
question upon an appropriate classification objective for stable prediction and
hence reduce the chances of obtaining a largely biased solution or over-fitting
the available finite training data set.

In this work, we propose to use a relaxed target for classification energy
minimization, particularly for least-squares type of error objective (LSE) since
it is widely used due to its simplicity and well developed theory (see e.g.[2, 3]
for discriminant related functions). The main difference between our ‘relaxed
target’ and the‘soft classification’ or ‘partial classification’ as seen in [5, 6] is that
we are modifying the target vector to stabilize the solution and not concerned
with whether or not the classification can be performed ‘fully’ or ‘partially’.
Moreover, all elements in the relaxed target vector can be varied according to its
role in classification whereas soft classification in [5] refers only to data within
the indecision zone. While not entrapping ourselves into arguing about good
definition of terms, our relaxed target formulation inherits the merit of fast single
step computation from the classical linear least squares error methods and at
the same time maintaining, in some sense, the essence of classification objective.
The classical linear least squares error methods adopting a binary target function
attempt to map the input features onto distinct and usually discrete class values
(e.g. labelled as ‘0’ and ‘1’ by intention) whereas in actual application, we only
need to map the input features onto distinct classes described by disjoint spaces
(e.g. ‘(−∞, 0]’ and ‘[1, ∞)’). This problem is addressed, and thus termed relaxed
target labelling.

Main contributions of this work are summarized as follows: (i) Formulation of
a new target relaxation method which modifies the commonly used least-squares
error function from binary points mapping to disjoint spaces mapping in order
to provide good classification fidelity according to a threshold treatment during
the decision process. While providing good classification stability, the proposed
formulation retains the simplicity of single step solution like that in least-squares
formulation; (ii) Massive standardized experiments conducted to evaluate the
proposed solution comparing with a benchmark classifier.

Organization of the presentation is as follows: Section 2 provides some clas-
sification preliminaries related to function mapping prior to motivating the idea
of target relaxation. In Section 3, the main concept of target relaxation is first
illustrated with an example. This is followed by a suggested target relaxation
formulation in the same section. Section 4 reports statistical experiments on a
synthetic data and Section 5 extends the experimentation to real-world prob-
lems. Finally, some concluding remarks are provided in Section 6.
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2 Preliminaries and Problem Treatment

2.1 Pattern Classification

Let R denotes the set of real numbers and N denotes the set of natural numbers.
We define R

− = (−∞, t0] and R
+ = [t1, +∞) where t0 and t1 denotes some real

numbers with t1 � t0. Given an inference measure g, for two-class problems, we
usually use the following classification function cls : R → {0, 1} to segregate the
two classes:

cls(g) =
{

0, g < t0
1, g � t1.

(1)

For multi-class problems, given NC pattern classes with decision inference g =
{g1, g2, · · · , gNC }, we use the following classification function cls : R

l →
{1, 2, ..., NC} for definition of each class label:

cls(g) = argmaxi gi, i = 1, 2, ..., NC . (2)

This is known as winner-takes-all technique.

2.2 Function Mapping

The above formulations for pattern classification can be treated from function
mapping point of view. For two-class problems with l number of input features,
we are interested in the following mapping:

g : R
l → [R−, R+], l ∈ N. (3)

For multi-class problems with l number of inputs and NC pattern classes, we
have

g : R
l �→ [R−, R+]NC , l, NC ∈ N, (4)

when we consider the winner-takes-all classification technique mentioned above.
We shall utilize these mappings to establish the need for target relaxation and
apply the idea on a recently proposed reduced model [7].

2.3 Motivation

The call for having a non-uniform treatment of training targets can be seen
from the actual classification requirement point of view, i.e. mapping of pattern
feature space onto disjoint target spaces (see (3) and (4)) that sufficiently provide
each pattern class a label. Consider the two-class problems. What is needed
here is merely g : R

l → [R−, R+] because the final decision stage only uses a
threshold function (1) to decide upon the class label and not performing a strict
binary mapping in the training objective. The conventional training for binary
target values does more than what is sufficient for this classification process.
By relaxing the ‘hard’ requirement from mapping onto binary values, the least



190 K.-A. Toh, X. Jiang, and W.-Y. Yau

squares classification error objective becomes one that reflects more truly about
the actual threshold treatment at the final stage of decision process.

Mathematically, a pattern classifier cannot be improved by replacing the
hard target labels by soft/relaxed target labels when the size of training set is
not limited [3]. Particularly, it has been shown that the class-specific discrim-
inant functions are at the same time least mean-square estimates for Boolean
class membership indicators as well as least mean-square estimates for the pos-
teriori probabilities or soft/relaxed labels (see pages 113-116 of [3]). However
in practice, the available training set size is always limited. The ambiguity or
relevance of the supporting target labels can thus be adequately expressed by
having a soft/relaxed target label. Moreover, to date, there is no known means
to effectively assign the soft/relaxed target labels and solve the learning prob-
lem in a single step just like those of least mean-square estimates. Our relaxed
target labelling method suggests some means to provide soft assignment of the
target labels.

3 Learning of Relaxed Classification Targets

3.1 An Illustrative Example

We begin with an example for illustration purpose. Consider a 2-dimensional
problem with two Gaussian classes, both with covariance matrices equal to iden-
tity and with means µ1 = [1/

√
2, 1/

√
2] and µ2 = [−1/

√
2, −1/

√
2]. An instance

of training data consisting of 100 samples (50 for each class) is shown in Fig. 1(a).
For illustration purpose, we use a full bivariate polynomial model to learn the
decision hyper-surface.

Based on a regularized least squares minimization algorithm, the learning
target is conventionally chosen as a binary (zero and one) function as shown
in Fig. 1(b) (see dashed curve). This results in decision boundary as shown in
Fig. 1(a) (see dotted curve) for a 5th-order bivariate polynomial model. (FM5)
If, however, we assign the target according to the distance between each data
point and the known ‘ideal’ decision boundary1 (linear dashed line in Fig. 1(a)),
we get the decision boundary represented by the solid line as shown in Fig. 1(a).
We label this 5th-order FM as FM5-RLX since the target was relaxed by values
assigned according to distances from the ideal line. These newly assigned tar-
gets and the trained outputs are represented respectively as crossed points and
solid line in Fig. 1(b). Here we see that by relaxing the target output from the
two-values binary function, a near perfect fit is found for the trained output.
Comparing the two decision boundaries resulted from two types of target vec-
tors (binary and relaxed ones), we see that modification of learning target by
relaxation according to classification requirement provides some means to shape
the decision boundary.

To investigate into possible generalization properties on unseen test data, in
the following experiments, we use the above data model to generate statistical

1 This is distance from point (xo
1, x

o
2) to line ax1 + bx2 + c = 0 given by axo

1+bxo
2+c

±
√

a2+b2
.
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Fig. 2. Average error rates from 1000 runs versus polynomial order

runs. We perform two sets of training using, namely, (i) 100 training data points
(denoted as N100), and (ii) 10 training data points (denoted as N10) on the full
bivariate polynomial model. The test set contains 1000 samples with 500 samples
in each pattern class. In all the following experiments on this Gaussian data, the
error rates were obtained from the average of test errors taken from 1000 runs
of randomly generated Gaussian data. The same set of randomly generated data
for all 1000 runs was used in all compared algorithms.

Fig. 2 shows the average error rates for different polynomial orders using the
regularized least squares formulation. The dashed curves correspond to use of
the conventional binary target function (denoted as FM) and the solid curves
correspond to use of relaxed target function (denoted as FM-RLX). Here, we see
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that for both cases (i)-(ii), the average error rate increases with the polynomial
order. The error rates for FM-RLX for both cases are well below that of FM
for all polynomial orders. These results show that target relaxation exhibits a
much smaller performance degradation as the polynomial order increases when
compared with the conventional binary target.

Since the desired ‘distance-to-ideal-decision-boundary’ of individual sample
is not available in practice, we shall walk through a viable formulation to adjust
the target output and discuss some design issues before an illustration of such
application using Ripley’s benchmark synthetic data.

3.2 A Suggested Method for Training Target Relaxation

Consider the regularized solutions corresponding to respectively two-class and
multi-class problems [8] given by

α = (P T P + bI)−1P T y, (5)

and
Θ = (PT P + bI)−1P T Y, (6)

where P ∈ R
m×K , y ∈ R

m×1, Y ∈ R
m×NC , I is a (K × K) identity matrix, and

b is a regularization constant.
Without loss of generality, consider the prediction test output of a two-class

problem given by

ŷtest = g(α, x,y) = Ptest α

= Ptest (PT P + bI)−1PT y. (7)

The test output can be seen as a projection of test data (Ptest) onto the learned
parameter plane given by α. Since α is dependent on the training data given by
feature matrix P and target vector y, the prediction test output is also dependent
on P and y. The traditional least squares approach had been used to fix the target
vector in binary form and it attempted to minimize the squared errorswith respect
to this binary target output. The consequence is that training is rather ‘hard’ with
respect to each and every target output since all training outputs from the same
class are driven to equal values when constructing the decision surface.

Take the two-class problem and suppose we perform a validation2 on the
training set itself, i.e the training set is partitioned into two sets, one for training
and one for validation. Denote symbols with a subscript v for validation set and
those without for training set. Then the validation output is

ŷv = Pvα = Pv(PT P + bI)−1PTy, (8)

2 Cross validation remains to be a viable means to assess generalization wherein a
recent support can be seen from the connection between stability (of a certain cross
validation) and predictivity (generalization) [4].
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and the validation error can be written as

R̂v(α) = (yv − ŷv)T (yv − ŷv)
= [yv − Pv(P T P + bI)−1PT y]T [yv − Pv(P T P + bI)−1PT y]
= [yv − PvΦy]T [yv − PvΦy], (9)

where Φ = (PT P + bI)−1P T . A common treatment for possible good generaliza-
tion is to optimize the validation through argminα R̂v(b, α) (Note: in the forth-
coming derivations, only those variables which are treated as adjustable are in-
cluded in the arguments of R̂v). Here, we propose to look at R̂v(b, α,y) adjusting
also the target vector used in training. First, consider miny R̂v(b, α,y) + b′‖y‖2

2
(b′ is a real value regularization coefficient) and based on the similar solution
form (5) from a regularized LSE, we obtain a relaxed target as

y = [(PvΦ)T (PvΦ) + b′I]−1(PvΦ)T yv, (10)

in regularized form. Substitute (10) into (5), we have

α = Φ(ΦT PT
v PvΦ + b′I)−1ΦT PT

v yv. (11)

Here, we note that α in (11) optimizes the newly formulated R̂v(b, b′, α,y) ad-
justing also the training target y.

It is noted that the relaxed y obtained above can result in overlapping R
−

and R
+ containing the two pattern classes. The above formulation can thus

include constraints to bound the values of y so as to segregate the two pat-
tern classes. The minimization problem hence becomes miny R̂v(y) subject to a
certain constraint function h(y) which maps y onto disjoint R

− and R
+.

Limiting the upper bound of target y−: Consider the first pattern class
of a two-class problem and let the training target output for this pattern class
falls below a certain threshold value, i.e. yi � t0 for all i = 1, ..., k samples (we
denote this class as y− = [y−

1 , ..., y−
k ]T ⊂ y). Define the constraint vector as

h(y−) = [h(y−
1 ), ..., h(y−

k )]T where

h(y−
i ) =

{
y−

i − t0 if y−
i > t0

0 if y−
i � t0

, i ∈ {1, ..., k}. (12)

This means that the constraint is activated when the modified sample target y−
i

falls outside R
− = (−∞, t0]. The minimization problem can then be written as

min
y−

R̂v(y−) subject to h(y−) � 0. (13)

By the penalty function method, the constrained problem can be formulated as
an unconstrained one as

min
y−

R̂v(y−) + ch(y−)T h(y−), (14)
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where c is a real value penalty coefficient.
Since h in (12) is non-smooth, and it results in nonlinear formulation if

approximated by a log-like function, we consider only the differentiable part of
h where the first derivative is

∂h(y−)
∂y− = I ∈ R

k×k. (15)

The solution ŷ− solving (14) for this differentiable formulation is given by

ŷ− = [(PvΦ−)T (PvΦ−) + cI]−1[(PvΦ−)Tyv + c t0], (16)
= [ŷ−

1 , ŷ−
2 , ..., ŷ−

k ]T ,

with t0 = [t0, ..., t0]T ∈ R
k and Φ− being obtained based on data which consti-

tute the first pattern class. To preserve the fast single-step computation of linear
objective with linear constraints, we adopt the following approximation for the
solution y− accounting also the non-differentiable part of h(y−):

y−
i =

{
ŷ−

i if ŷ−
i � t0

t0 if ŷ−
i > t0

, i ∈ {1, ..., k}. (17)

Limiting the lower bound of target y+: Similarly, for the second pattern
class with target yi � t1 (i.e. yi ∈ [t1, +∞), we denote this class as y+ = [y+

k+1, ...,

y+
m]T ⊂ y) for the rest of i = k + 1, ..., m samples, and the constrained function

can be written as

h(y+
i ) =

{
−y+

i + t1 if y+
i < t1

0 if y+
i � t1

, i ∈ {k + 1, ..., m}, (18)

and the approximated constrained solution minimizing the penalized objective
function (14) using the constraint h(y+

i ) � 0 in (18) is

y+
i =

{
ŷ+

i if ŷ+
i � t1

t1 if ŷ+
i < t1

, i ∈ {k + 1, ..., m}, (19)

where

ŷ+ = [(PvΦ+)T (PvΦ+) − cI]−1[(PvΦ+)T yv − c t1], (20)
= [ŷ+

k+1, ŷ
+
k+2, ..., ŷ

+
m]T ,

with t1 = [t1, ..., t1]T ∈ R
m−k, I ∈ R

(m−k)×(m−k) and Φ+ is obtained based on
data which constitutes the second pattern class.

Relaxed solution: The above modified training target vectors (17) and (19)
can be concatenated to form a single relaxed target vector yT

rlx = [y−T
,y+T ]

and substitute back into (5) for the validated training parameter estimation:

α = (PT P + bI)−1P T yrlx = Φ

[
y−

y+

]
. (21)
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3.3 Multi-class Problems

The above formulations can be generalized to multi-class problems where the
validation error is written as

R̂v(α) = (Yv − Ŷv)T (Yv − Ŷv)
= [Yv − PvΦY ]T [Yv − PvΦY ], (22)

with Φ = (PT P + bI)−1P T . The solutions for the differentiable part of the
constraint functions can be packed accordingly as

Ŷ − = [(PvΦ−)T (PvΦ−) + cI]−1[(PvΦ−)T Yv + c T0], (23)

Ŷ + = [(PvΦ+)T (PvΦ+) − cI]−1[(PvΦ+)T Yv − c T1], (24)

where T0 = [t0, ..., t0] ∈ R
k×NC and T1 = [t1, ..., t1] ∈ R

(m−k)×NC . The ap-
proximated solution form for (23)3 and (24)4 are concatenated to form a single
relaxed target matrix Y T

rlx = [Y −T
, Y +T ] and substitute back into (6) for the

validated training parameter estimation:

Θ = (PT P + bI)−1PT Yrlx = Φ

[
Y −

Y +

]
. (25)

Remark 1: Here we note that SVM can also be considered to relax the target
via the use of support vectors and find the solution through quadratic pro-
gramming methods. The difference between SVM and the relaxed method is the
optimization objective. SVM optimizes the separation margin between pattern
classes while the relaxed method minimizes the validated training error (i.e. the
solutions (21) and (25) minimize the least-squares error of training with relaxed
training target based on validation).

The main advantage of our approach over the SVM approach is that com-
putation of learning parameters (α using (21) and Θ using (25)) involved only
a single step and no initialization is needed. The only intermediate step is to
partition the data into respective pattern classes to compute the regression ma-
trices Φ− and Φ+. The estimation of α and Θ, with estimation of relaxed target
embedded, are least squares optimal. �

3.4 Validation Data Selection

The above formulations immediately prompt us another question: how to select
the validation data? Obviously, representative data gives rise to good prediction
models. We do not simply select arbitrarily a subset of the training data for
validation since we do not have much information about how this subset is biased
with respect to the expected distribution. While not limiting ourselves from

3 Y − approximated from Ŷ − similar to that in (17) for each output.
4 Y + approximated from Ŷ + similar to that in (19) for each output.
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other possible choices, we propose in this paper to use the centroids obtained
from the mean feature vector of each pattern class. There are two reasons for
this choice: (i) it is likely to be unambiguously supported by the data5, and thus
representative; (ii) it does not hold back any data from training, i.e. all available
training data can be used for training.

4 Ripley’s Synthetic Data

In this section, we use Ripley’s synthetic data to demonstrate the effectiveness of
the relaxed target method for a reduced multivariate polynomial model (RM) as
seen in [8] and a full multivariate polynomial model (FM). The data consists of
a binary output indicating two pattern classes with each sample containing two
feature elements. According to [9], a 100-example training set (randomly selected
from Ripley’s original 250) and a 1000-example test set was used to demonstrate
the decision boundary and generalization capability of RVM. It was shown in
[9, 10] that utilizing considerably small number of Gaussian kernel functions, the
RVM produces comparable test error (slightly better) with that of SVM using
similar kernel function.

In all the following experiments, we perform 1000 runs of training using each
100-example subset randomly selected from the original 250-example training
set. The same set of randomly selected data for all 1000 runs was used in all
compared algorithms. This is to provide a good statistical picture regarding the
performances especially the generalization property.6

Fig. 3(a)-(b) shows the relative computing efforts for RVM, SVM, FM, FM-
RLX, RM and RM-RLX in terms of CPU time running under similar computing
platform (1.4GHz Pentium-Centrino, Matlab environment [12]). It is seen from
this plot that the increment of CPU overheads to the original RM is relatively
small as compared to those iterative methods (SVM and RVM).

Next, we compare relaxation with regularization alone. Besides RM, we
demonstrate that the relaxed target method can also be applied to a conventional
full multivariate polynomial model. Fig. 3(c) shows the corresponding average er-
ror rates (from 1000 runs) plotted against each polynomial order for several cases
of multivariate polynomial regression: (i) FM: full multivariate polynomial with
regularization b = 0.1, (ii) FM-RLX: full multivariate polynomial with regular-
ization b = 0.1 plus relaxed target with constraint parameter c = 1, and (iii) RM:
reduced polynomial RM [8] with regularization b = 0.1, (iv) RM-RLX: reduced
polynomial RM [8] with regularization b = 0.1 plus relaxed target with constraint
parameter c = 1. These results show that the relaxed target method provides
possible room beyond regularization for good predictivity for both FM and RM.
5 We say that a point is unambiguously supported by the data when it is surrounded

by many labelled points of the same class. This will not be the case if the class distri-
butions are non-convex and for such case the number of centroids can be increased
to cover different regions. While not diverting to various possibilities, in this work
we shall focus on applicability of the fundamental approach on single centroid per
pattern class.

6 For the Ripley’s data, Tipping used a single run in [9] and Mário used 20 runs in [11].
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Fig. 3. (a)-(b): Total CPU times for 1000 runs versus polynomial order. FM,
RM used b = 0.1, FM-RLX, RM-RLX used (b, c) = (0.1, 1), SVM-1 used
(C, Gamma,Coeff)=(3,1,1), SVM-2 used (3,0.1,1), SVM-3 used (3,0.1,3), SVM-4 used
(1,1,1), RVM-1 used default width=0.5, RVM-2 used width=1; (c): Average (1000 runs)
test error rates versus polynomial order.

The average test errors of SVM [13] and RVM [14] are also plotted in Fig. 3(c)
for comparison. For SVM, in order to demonstrate the effect of different param-
eter tunings for the 10 model orders, four settings of (C, Gamma, Coeff)7 are
experimented: (i) SVM-1 using (3,1,1); (ii) SVM-2 using (3,0.1,1); (iii) SVM-3 us-
ing (3,0.1,3) and (iv) SVM-4 using (1,1,1). The RVM-1 (using default settings:
width=0.5, maximum number of iterations=500) in this figure has only error rates
for 1st-5th orders because matrix singularities are frequently encountered for the
experimented data set for higher order models. RVM-2 used a width of 1 with
maximum number of iterations equal 500 for all model orders. The experiment
shows that SVM tends to have high test error rates at low and high order models
due to under-fitting and over-fitting. Both the RVMs and RM-RLX maintained
relatively consistent test error rates throughout all experimented model orders.
Overall, the average error rates for FM-RLX and RM-RLX are seen to be lower
(approx. 0.5%-1%) than that of RVM. This is considered significant improvement
as the range of operation is approaching the Bayes error of about 8%[9].

5 Experiments on UCI Data

To gain more insights into the effect of the proposed target relaxation method on
real-world problems, we perform further experiments on 38 benchmark UCI data

7 In [13], C is the cost of constraint violation, Gamma and Coeff are the parame-
ters of the polynomial kernel which has the form of [Gamma∗ < X(:, i), X(:, j) >
+Coeff ]Degree where < X(:, i), X(:, j) > is the inner-product of input vectors X(:, i)
and X(:, j). Degree is the order of the polynomial.
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sets. These data sets were taken from [8] where 4 out of the total 42 data sets
were left out due to computing memory limitation in current running platform.
Both the RM and its respective relaxed target counterpart (RM-RLX) will be
experimented. The full multivariate polynomials are not experimented because
more than half of the total 42 data sets ran into problems of either matrix size
too large to be computed or matrix singularity [8].

5.1 Experimental Setup

In all the following experiments, the regularization parameter was fixed at b =
0.0001 as our experience in [7] revealed that variation of b within [10−6, 10−2] did
not show large variation in performance, b is fixed here to save computational
cost. Since our purpose here is to observed the impact of adjustment of target
output on the test accuracy, the polynomial order r was fixed following the
RM-Tuned algorithm for each data set as seen in [8]. Similar to [8], ten runs of
10-fold stratified cross-validation were performed for all accuracy results except
for 6 cases which used the original training and test sets provided as they are
considered as large data sets.

The target relaxed RM was labelled as RM-RLX where similar settings to
above were based on, except that in this target relax mode an additional con-
straint parameter c was included. This constraint parameter c was chosen from
{0.1, 1, 10, 100} based on 10-fold validation using only the training set. The val-
idation data was selected according to the mean of each pattern class as men-
tioned in section 3.4.

5.2 Results

(i) Relative Test Accuracy of RM-RLX to That of RM

The average test accuracies of RM-RLX are shown in Table 3 (average accuracies
from 10 runs of 10-fold experiments). The relative performance of RM-RLX with
respect to RM is shown in the last two columns of the table. As seen from the
table, except for few cases with degradation of performance, the accuracy can
improve from near zero to about 2.25% for RM-RLX over RM. The average
accuracy of RM-RLX is found to be degraded for about 0.17% as compared to
that of RM because of exceptionally poor performance of StatLog-vehicle data
set due to numerical ill-conditioning. Overall, the observations for most data sets
are in-lined with those from previous experiments on RM-RLX.

(ii) Comparing Test Accuracies of RM-RLX, SVM-Poly, and
RVM-Poly

In the next set of experiments, we compare RM-RLX with SVM and RVM. A
SVM Matlab toolbox [13] which has already implemented SVM with polynomial
kernel for multi-class case is used. We choose the polynomial kernel in our ex-
periments because: (i) in [15] the polynomial kernel showed good performance as
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compared to other kernels, and (ii) RM also applied multivariate polynomials in
the implementation and this matches our goal to compare the different training
objectives given by SVM and the relaxed method.

To observe the best performance of SVM for benchmarking, the parameters
( [13] polynomial order Degree, cost of constraint violation C and scaling factor
Gamma) of SVM-Poly are chosen based on an exhaustive search from cross-
validation using only the training set8. The offset parameter Coeff is fixed
at 1 for two reasons: (i) Coeff is relative to Gamma in [Gamma∗ < X(:, i),
X(:, j) > +Coeff ]Degree and hence changing γ itself results in change of relative
importance of Coeff with respect to Gamma∗ < X(:, i), X(:, j) >, and (ii) much
computational cost can be saved from exhaustive search of fewer parameters.

The RVM (taken from a toolbox as seen in [14]) adopts the polynomial
kernel for similar reasons stated above for SVM-Poly, and the only parameter
polynomial order r was chosen similar to that of RM for comparative reason
and to save computational time. Since the RVM toolbox does not extend to
multi-class problems, only 2-class problems (data sets 1-16) are experimented.

The average accuracies for the standardized ten runs of 10-fold experiments
using similar data partitioning are shown in Table 2 and Table 3 respectively for
RVM-Poly and SVM-Poly. The results for SVM-Poly are tabulated along with
the finally selected parameters from cross-validation using only the training set.
For the given 16 sets of 2-class data, the RVM shows convergence for only 6 sets
of data which are tabulated in Table 2. For both tables, the results with higher
average accuracy are marked bold. It can be seen that the average accuracies for
RM-RLX and SVM-Poly are comparable for the 38 data sets studied.

5.3 Summary of Results and Comments

The number of data sets which has better, equal and poorer performances for
the relaxed target formulation over the original step target formulation are sum-
marized in Table 1. Here, we see that x (better accuracy count) is significantly

Table 1. Summary of results

Method \ Number of data sets x y z x
x+y+z

(%) y
x+y+z

(%) z
x+y+z

(%)
RM-RLX vs RM (total 38) 18 8 12 47.37 21.05 31.58
RM-RLX vs SVM-Poly (total 38) 16 2 20 42.11 5.26 52.63
RM-RLX vs RVM-Poly (total 6) 6 0 0 100.00 0 0

x: better performance, y: equal performance, z: poorer perfor-
mance

8 In tuning the SVM classifier, Degree is found from integers between 1 and 10,
Gamma is found from the set {0.01, 0.1, 1} and C is found from {1, 10, 100}. C is
chosen from relatively low values because physical data sets are likely to be non-
separable and much validation time can be saved from exhaustive search within a
small parameter set. Finding of Gamma and C in geometric sequences is due to the
observation that when theses parameters are small, a small change in the value of
these parameters had a large effect on the performance than when they are big [16].
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Table 2. Parameter settings and classification accuracy statistics for RVM-Poly

No Name RVM-Poly
r min ave max std

1 Shuttle-l-contr 2 0.9259 0.9670 0.9889 0.0226
2 BUPA-liver 2 0.6088 0.6429 0.6735 0.0202
5 Monk-3 2 0.8417 0.8800 0.9083 0.0221
6 Pima-diabetes 1 0.7671 0.7697 0.7750 0.0024
11 Votes 2 0.8143 0.9136 0.9381 0.0389
16 Sonar 1 0.7050 0.7320 0.7600 0.0166

Table 3. Parameter settings and classification accuracy statistics for SVM-Poly and
RM-RLX

No Name SVM-Poly (Coeff=1.0) RM-RLX RM-RLX − RM

r C γ ave std r c s ave std diff sign
1 Shuttle-l-contr 2 100 1.00 0.9807 0.0029 2 1 1 0.9630 0.0029 0.0052 +
2 BUPA-liver 4 1 1.00 0.7259 0.0090 2 100 1 0.7274 0.0098 0.0000 o
3 Monk-1 3 10 1.00 0.9450 0.0181 4 0.1 0.5 0.9900 0.0082 -0.0008 −
4 Monk-2 4 100 1.00 0.7575 0.0268 7 1 1 0.7750 0.0168 0.0081 +
5 Monk-3 2 10 1.00 0.9042 0.0168 2 10 1 0.9158 0.0087 0.0008 +
6 Pima-diabetes 10 100 0.01 0.7749 0.0037 1 1 1 0.7759 0.0048 0.0004 +
7 Tic-tac-toe 2 100 1.00 0.9835 0.0005 2 0.1 1 0.9835 0.0005 0.0000 o
8 Breast-cancer-W 1 1 0.01 0.9716 0.0020 3 1 1 0.9709 0.0021 0.0009 +
9 StatLog-heart 7 1 0.01 0.8404 0.0044 2 1 1 0.8448 0.0110 0.0007 +
10 Credit-app 3 10 0.10 0.8637 0.0014 1 1 1 0.8644 0.0023 0.0002 +
11 Votes 2 100 0.10 0.9443 0.0049 2 1 1 0.9545 0.0027 0.0002 +
12 Mushroom 6 100 1.00 1.0000 0.0000 2 0.1 0.1 0.9960 0.0002 0.0005 +
13 Wdbc 6 1 0.10 0.9791 0.0017 3 0.1 1 0.9511 0.0044 0.0013 +
14 Wpbc 4 100 1.00 0.8056 0.0045 1 100 0.1 0.8117 0.0115 0.0000 o
15 Ionosphere 6 100 1.00 0.9071 0.0068 3 0.1 0.05 0.8976 0.0061 0.0008 +
16 Sonar 7 100 0.01 0.8355 0.0164 1 1 1 0.7585 0.0179 0.0025 +
17 Iris 5 10 1.00 0.9733 0.0104 4 0.1 1 0.9693 0.0033 -0.0067 −
18 Balance-scale 2 100 1.00 1.0000 0.0000 2 10 1 0.9290 0.0013 0.0000 o
19 Teaching-assist 9 10 1.00 0.5521 0.0151 9 100 0.5 0.5957 0.0164 0.0007 +
20 New-thyroid 3 100 1.00 0.9681 0.0060 4 0.1 1 0.9381 0.0100 0.0014 +
21 Abalone 3 100 1.00 0.6629 0.0010 7 100 1 0.6475 0.0118 -0.0185 −
22 Contraceptive-mthd 3 1 1.00 0.5440 0.0068 5 10 1 0.5434 0.0048 -0.0002 −
23 Boston-housing 1 100 1.00 0.7645 0.0086 4 1 1 0.7841 0.0041 0.0006 +
24 Wine 5 100 0.01 0.9600 0.0084 1 0.1 1 0.9875 0.0028 0.0000 o
25 Attitude-smoking∗ 1 1 1.00 0.6950 0.0000 1 0.1 0.2 0.6950 0.0000 0.0000 o
26 Waveform∗ 8 1 1.00 0.8230 0.0000 1 1 1 0.8310 0.0000 -0.0020 −
27 Thyroid∗ 1 1 0.01 0.9271 0.0000 3 1 1 0.9408 0.0000 0.0009 +
28 StatLog-DNA∗ 1 10 1.00 0.8373 0.0000 3 100 0.1 0.9452 0.0000 0.0000 o
29 Car 4 100 1.00 0.9958 0.0010 3 100 1 0.8716 0.0019 -0.0001 −
30 StatLog-vehicle 3 10 1.00 0.8122 0.0097 6 100 1 0.7593 0.0327 -0.0636 −
31 Soyabean-small 1 1 0.10 1.0000 0.0000 1 0.1 0.1 0.9725 0.0135 0.0225 +
32 StatLog-satimage∗ 7 100 1.00 0.8890 0.0000 6 1 0.1 0.8640 0.0000 -0.0005 −
33 Glass 10 1 0.10 0.6781 0.0131 2 100 1 0.6405 0.0163 -0.0076 −
34 Zoo 4 10 1.00 0.9190 0.0099 1 100 0.1 0.9790 0.0083 0.0000 o
35 StatLog-image-seg 2 100 0.10 0.9725 0.0019 6 10 1 0.9338 0.0092 -0.0072 −
36 Ecoli 4 10 0.10 0.8709 0.0029 2 100 1 0.8620 0.0476 -0.0017 −
37 Led-display∗ 1 1 1.00 0.7450 0.0000 1 0.1 1 0.7290 0.0000 0.0015 +
38 Yeast 3 10 1.00 0.6016 0.0025 6 100 1 0.5931 0.0098 -0.0034 −

Mean 3.95 47.66 0.68 0.8529 0.0057 3.05 30.34 0.79 0.8471 0.0080 -0.0017 −
∗ : Accuracy measured from the given training and test set instead of 10-fold validation.
r : Polynomial order of SVM-Poly and RM-RLX.
C : Cost of constraint in SVM-Poly.
γ : Polynomial scaling factor.
c : Cost of constraint in RM-RLX.
s : Input scaling factor for RM and RM-RLX.
Note: Data from the Attitudes Towards Smoking Legislation Survey - Metropolitan Toronto 1988,

which was funded by NHRDP (Health and Welfare Canada), were collected by the Institute for
Social Research at York University for Dr. Linda Pederson and Dr. Shelley Bull.
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larger than z (poorer accuracy count) especially for relaxed target method ver-
sus original binary target, i.e. 47.37% versus 31.58% for RM. If we consider
(x + y), then we can say that about 70% data sets have comparable or better
test performances for the relaxed target formulation than the original step target
formulation. The accuracy improvement ranges from about 0.1% to more than
2% for RM.

It is noted that for all numerical well-conditioned cases, the performance of
the relaxed formulation can be made equal to the original least square estimation
adopting the binary target values by using a high value of c (e.g. c � 1000). This
means that we have at worst the original estimate using step function for well-
conditioned applications. However, for numerical ill-conditioned case, the test
performance can degrade as much as 6.5% for the relaxed target formulation.

A comparison of superiority performance counts for RM-RLX are also sum-
marized with respect to SVM-Poly and RVM-Poly in Table 1. While RVM-Poly
may have insufficient successful runs for conclusive observations, it can be seen
that RM-RLX has comparable performance with that of SVM-Poly which is well
recognized to be among one of the top classifiers. The significance of this work
can thus be seen from two aspects: (i) comparable accuracy to a top classifier,
and (ii) fast deterministic single-step estimation process for target relaxation.

6 Conclusion

In this paper, a target relaxation method is proposed to provide good classifi-
cation fidelity according to a threshold treatment during the decision process.
The proposed method modifies the commonly used least-squares error function
from binary points mapping to disjoint spaces mapping. With a particular cen-
troid based validation design, we demonstrated that the relaxed target method
provided means to stabilize the solution within a single computational step.
While this particular design uses the polynomial models, the method is directly
applicable to estimators which are linear in their parameters. Experiments on
real-world data show the effectiveness of the method for many data sets. The
relaxed classifier is also shown to have comparable average classification accu-
racy with SVM adopting the polynomial kernel. With this particular design on
target relaxation, we hope that more effective relaxation means can be inspired
for good classifier predictivity.
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Abstract. In this paper, we present a novel successive relaxation linear program-
ming scheme for solving the important class of consistent labeling problems for
which an L1 metric is involved. The unique feature of the proposed scheme is
that we use a much smaller set of basis labels to represent the label space. In
a coarse to fine manner, the approximation improves during iteration. The pro-
posed scheme behaves very differently from other methods in which the label
space is kept constant in the solution process, and is well suited for very large
label set matching problems. Based on the proposed matching scheme, we de-
velop a robust multi-template tracking method. We also increase the efficiency of
the template searching by a Markov model. The proposed tracking method uses
a small number of graph templates and is able to deal with cases in which objects
change appearance drastically due to change of aspect or object deformation.

1 Introduction

Matching is one of the most important tasks in computer vision, and is key for stereo,
motion estimation, 3D object reconstruction, tracking, and object recognition. Match-
ing can be mathematically formulated as a consistent labeling problem, in which we
need to assign labels to sites such that a predefined energy function is minimized. For
consistent matching problems, labels are usually defined in a metric space and there-
fore the distances of labels can be measured. Although simple in concept, consistent
labeling is NP-hard in general. For some special cases, for instance, when sites have
linear or tree order, dynamic programming can be applied to solve labeling problem in
polynomial time. Another special case is when labels for each site have linear order, and
the metric defined in the label space is convex. In this case, polynomial-time max-flow
schemes [1] can be applied. Other searching schemes, e.g. branch and bound schemes
[2], whose worst and average complexities are exponential, have also been applied to
medium sized matching problems. For the general case in image matching, approxi-
mation algorithms are preferred. Relaxation labeling (RL) [3] was one of the earliest
methods for solving labeling problems, and has had a great deal of influence on later
matching schemes. RL uses local search, and therefore relies on a good initialization.
ICM — Iterative Conditional Modes [4] — another widely applied method for solving
labeling problems, is greedy and has been found to be easily trapped in a local mini-
mum. In recent years, graph cut (GC) [5] and belief propagation (BP) [6][7][8] have
become standard methods for solving consistent labeling problems. Graph cut based
methods have been successfully applied in matching problems such as stereo [9] and

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 203–219, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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motion [10]. Loopy belief propagation has also been widely applied in stereo [11] and
object matching [12]. GC and BP are more robust than traditional labeling schemes and
are also found to be faster than stochastic annealing based methods. But GC and BP are
still very complex for large scale problems that involve a large number of labels. Besides
GC and BP, many other schemes have been presented, such as spectrum graph theory
based methods [13]. Although intensively studied, the large scale matching problem is
still an unsolved problem. In this paper, we present methods based on linear program-
ming to solve the class of consistent labeling problems with L1 regularity terms. For
this class of problems, an efficient LP method can be formulated, which is found to be
faster and more robust in solving large label set problems than the standard methods
such as BP and GC.

The work most related to the proposed scheme is the mathematical programming
schemes, which have received much interest in formulating and solving labeling prob-
lems. The early RL schemes belong to this class. One of the major challenges of a
labeling algorithm is to overcome the problem of local minima in the optimization pro-
cess. Different schemes have been proposed. Deterministic annealing schemes [14][15]
have been successfully applied for matching point sets and graphs. Quadratic program-
ming schemes [16] and most recently semidefinite programming schemes [17] have
been proposed for matching problems. Up to now, these schemes could only be applied
to small scale problems. On the contrary, because of its efficiency, Linear Programming
has been applied in many vision problems, such as estimating motion of rigid scenes
[18]. A linear programming formulation [19] has been presented for uniform labeling
problems and for approximating general problems by tree metrics. Another general LP
scheme, studied in [20], is quite similar to the linear relaxation labeling formulation [3].
This LP formulation is found to be only applicable to small problems because of the
large number of constraints and variables involved.

We present a linear programming relaxation scheme for L1-regularity consistent la-
beling problems, and we study an efficient successive relaxation scheme to solve the
optimization problem. Different from other methods, the proposed scheme uses a much
smaller number of basis labels to represent the matching space. This is one key compo-
nent of the method to speed up the algorithm. In our scheme, basis labels correspond to
the coordinates of the 3D lower convex hull of the matching cost function for each site.
We propose a successive relaxation scheme to increase the accuracy of the approxima-
tion iteratively. During the iteration, we shrink the trust region for each site and locate
the new trust region based on the solution of the previous relaxation solution, but re-
convexify the matching cost based on the original cost function. This process continues
until the trust region becomes small. Since the convexification process eliminates many
false local minima in the earlier stages of the solution process, the proposed scheme is
able to find a good approximated solution quickly. Iteratively, the successive relaxation
process refines the labeling result.

Based on the proposed matching scheme, we propose a robust template tracking
scheme. In object tracking, handling drastic shape and appearance changes of objects,
due to severe viewpoint and aspect changes and object shape deformation, is a diffi-
cult problem. Two classes of methods have been used to try to solve the problem. The
first class uses features resistant to object aspect and deformation, such as the color
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histogram. The mean-shift based method [21] belongs to this class. Methods relying on
invariant features cannot handle large appearance changes and usually do not produce
an accurate correspondence in tracking. The second class of method is most correlated
with the method studied in this paper, which is appearance-based and requires a set of
key templates representing an object’s appearance. Black and Jepson [22] propose a
PCA based approach to select and represent templates. Researchers also study methods
to learn the templates on-line [23]. In this paper, we present a scheme which does not
rely on a complex training process. The system requires a very small number of ex-
emplars. Graph templates are then generated and used in tracking. Apart from tracking
objects of fixed appearance, the proposed scheme is also able to track an object that
changes appearance dramatically by selecting the best template in matching. To further
increase efficiency, the templates are organized into a digraph, so that one template can
only be replaced by its scaled or rotated version or its neighbors with the same scale
and rotation settings. The tracking process is then equivalent to finding a node transition
sequence in the given digraph. Experiments show very promising results for tracking
objects in cluttered backgrounds.

2 Matching by Linear Programming

The matching problem can be stated generally as the following consistent labeling
problem,

min
f

∑

s∈S

c(s, fs) +
∑

{p,q}∈N
λp,qd(fp, fq)

where c(s, fs) is the cost of assigning label fs to site s; d(fp, fq) is the distance be-
tween the labels assigned to neighboring sites p and q; S is a finite set of sites; N is the
set of non-ordered neighboring site pairs; λp,q are smoothing coefficients. For computer
vision problems, labels can be discrete or continuous. When the labels are discrete, we
denote a problem as a discrete labeling problem, and otherwise as a continuous labeling
problem. For a discrete labeling problem, we can interpolate the cost c(s, fs) for each
site piecewise-linearly such that c(s, fs) becomes a surface, and allow fs to take values
in the convex hull supported by the discrete labels: we thus obtain the continuous ex-
tension of a discrete problem. Continuous labeling problems such as motion estimation
can be well approximated by such a continuous extension of a discrete system. In the
following discussions, without loss of generality we assume both the set S and the label
set Ls to be discrete. In this paper, we focus on that subset of consistent labeling prob-
lems such that d(fp, fq) = ||fp − fq||; || · || is the L1 norm and f are vectors defined
in the L1 metric space. When f degenerate into scalars, a maximum-flow scheme can
be used to solve the problem. For problems with label dimensionality greater than 1,
the problem becomes much more complex. We rewrite the formulation as follows, with
boldface symbols for site s and label f to emphasize that they are vectors:

min
f

∑

s∈S

c(s, fs) +
∑

{p,q}∈N

λp,q||fp − fq||
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In the following, we assume the f vectors are 2D. The methods proposed below can be
easily extended to cases where the labels have higher dimensionality. To simplify nota-
tion, c(s, fs) is also used to represent the continuous extension matching cost surfaces.

2.1 Approximation by Linear Programming

The above energy optimization problem is nonlinear and usually non-convex, which
makes it difficult to solve in this original form without a good initialization process. We
now show how to approximate the problem by a linear programming formulation via
linear approximation and variable relaxation, as outlined in [24, 25] by Jiang et al. To
linearize the first term, the following scheme is applied. A basis Bs is selected for the
labels for each site s. Then the label fs can be represented as a linear combination of
the label basis as fs =

∑
j∈Bs

ξs,j · j, where ξs,j are real-valued weighting coefficients.
The labeling cost of fs can then be approximated by the linear combination of the cost
of the basis labeling costs c(s,

∑
j∈Bs

ξs,j · j) �
∑

j∈Bs
ξs,j · c(s, j). We also further

set constraints ξs,j ≥ 0 and
∑

j∈Bs
ξs,j = 1 for each site s, so as to constrain the space

spanned by the basis to the convex hull of the basis labels. Clearly, if ξs,j are constrained
to be 1 or 0, and the basis contains all the labels, i.e. Bs = Ls, the above representation
becomes exact. Note that fs are not constrained to the basis labels, but can be any
convex combination. To linearize the regularity terms in the nonlinear formulation we
can represent a free variable by the difference of two nonnegative auxiliary variables
and introduce the summation of the auxiliary variables into the objective function. If
the problem is properly formulated, when the linear programming problem is optimized
the summation will approach the absolute value of the free variable.

Based on this linearization process, a linear programming approximation of the
problem can be stated as

min
∑

s∈S

∑

j∈Bs

c(s, j) · ξs,j +
∑

{p,q}∈N
λp,q

2∑

m=1

(f+
p,q,m + f−

p,q,m)

s.t.
∑

j∈Bs

ξs,j = 1, ∀s ∈ S

∑

j∈Bs

ξs,j · φm(j) = fs,m, ∀s ∈ S, m = 1, 2

fp,m − fq,m = f+
p,q,m − f−

p,q,m, ∀ {p,q} ∈ N , m = 1, 2

ξs,j, f+
p,q,m, f−

p,q,m ≥ 0

where fs = (fs,1, fs,2) and function φm returns the mth component of its argument.
It is not difficult to show that the linear programming formulation is equivalent to the
general nonlinear formulation if the linearization assumptions hold. In general situa-
tions, the linear programming formulation is an approximation of the original nonlinear
optimization problem.

Property 1: If Bs = Ls, and the cost function of its continuous extension c(s, j) is
convex, ∀s ∈ S , the LP exactly solves the continuous extension of the discrete labeling
problem. Ls is the label set of s.
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Proof: We just need to show that when LP is optimized, the configuration {f∗s =∑
j∈Bs

ξ∗s,j · j} also solves the continuous extension of the nonlinear problem. Since
c(s, j) is convex,

∑
j∈Ls

c(s, j)ξ∗s,j ≥ c(s, f∗s ). And, when the LP is minimized we have
∑

{p,q}∈N λp,q
∑2

m=1(f
+
p,q,m + f−

p,q,m) =
∑

{p,q}∈N λp,q||f∗p − f∗q ||. Therefore

min
∑

s∈S,j∈Ls

c(s, j)ξs,j +
∑

{p,q}∈N
λp,q

2∑

m=1

(f+
p,q,m + f−

p,q,m)

≥
∑

s∈S

c(s, f∗
s ) +

∑

{p,q}∈N
λp,q||f∗p − f∗q ||

According to the definition of continuous extension, f∗s are feasible solutions of the
continuous extension of the non-linear problem. Therefore the optimum of the linear
programming problem is not less than the optimum of the continuous extension of the
nonlinear problem. On the other hand, it is easy to construct a feasible solution of LP
that achieves the minimum of the continuous extension of the nonlinear problem. The
property follows.

In practice, the cost function c(s, j) is usually highly non-convex for each site s. In
this situation, the proposed linear programming model approximates the original non-
convex problem by a convex programming problem.

Property 2: For general cost function c(s, j), and if Bs = Ls, ∀s ∈ S, the linear
programming formulation solves the continuous extension of the reformulated discrete
labeling problem, with c(s, j) replaced by its lower convex hull for each site s.

The proof is similar to that of Property 1, by replacing c(s, j) in the non-linear func-
tion with its lower convex hull. An example for lower convex hull and the coordinates
of the lower convex hull vertices are illustrated in Fig. 1. Fig. 2(a) shows the convexifi-
cation effect introduced by LP relaxation.

Property 3: For general cost function c(s, j), the most compact basis set Bs contains
the vertex coordinates of the lower convex hull of c(s, j), ∀s ∈ S.

By Property 3, there is no need to include all the labeling assignment costs in the
optimization: we only need to include those corresponding to the basis labels. This is
one of the key steps to speed up the algorithm.

Property 4: If the convex hull of the cost function c(s, j) is strictly convex, nonzero
weighting basis labels must be “adjacent”.

Proof: Here “adjacent” means the convex hull of the nonzero weighting basis labels
cannot contain other basis labels. Assume this does not hold for a site s, and the nonzero
weighting basis labels are j

k
, k = 1..K . Then, there is a basis label jr located inside the

convex hull of jk , k = 1..K . Thus, ∃αk such that jr =
∑K

k=1 αkjk and
∑K

k=1 αk=1,
αk ≥ 0. According to Karush-Kuhn-Tucker Condition (KKTC), there exists λ1, λ2, λ3
and µj such that

c(s, j) + λ1 + λ2φ1(j) + λ3φ2(j) − µj = 0 and ξs,jµj = 0, µj ≥ 0, ∀j ∈Bs
Therefore we have,
c(s, jk) + λ1 + λ2φ1(jk) + λ3φ2(jk) = 0, k = 1..K
c(s, jr) + λ1 + λ2φ1(jr) + λ3φ2(jr) ≥ 0
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Fig. 1. Lower convex hull. Left: The surface; Middle: Lower convex hull facets; Right: Coordi-
nates of the lower convex hull vertices.

On the other hand,

c(s, jr) + λ1 + λ2φ1(jr) + λ3φ2(jr)
= c(s,

∑K
k=1 αkjk) + λ1 + λ2φ1(

∑K
k=1 αkjk) + λ3φ2(

∑K
k=1 αkjk)

<
∑K

k=1 αkc(s, jk) + λ1 + λ2
∑K

k=1 αkφ1(jk) + λ3
∑K

k=1 αkφ2(jk) = 0

which contradicts the KKTC. The property follows.
It is not difficult to show that any basic feasible solution of the linear program has at

most 3 basic variables from ξ of each site. Therefore, when using the simplex method,
there will be at most 3 nonzero-weight basis labels for each site. After convexification,
the original non-convex optimization problem turns into a convex problem and an ef-
ficient linear programming method can be used to yield a global optimal solution for
the approximation problem. Note that, although this is a convex problem, standard local
optimization schemes are found to work poorly because of quantization noise and large
flat areas in the convexified objective function.

Approximating the matching cost by its lower convex hull is intuitively attractive
since in the ideal case, the true matching will have the lowest matching cost and thus the
optimization becomes exact in this case. In real applications, several target points may
have equal matching cost and, even worse, some incorrect matching may have lower
cost. In this case, because of the convexification process, in a one-step relaxation, the
resulting fractional (continuous) labeling could be far from the true solution, as shown

c(0,j)

c(|S|-1,j)

j

:Basis Labels

Convexification

j
j

c(i,j)

: Lower Convex Hull Vertices

j

… …

(a)

Template Target Image Nonzero -
weight
Basis Label

True Solution

Fractional 
Solution

(b)

Fig. 2. (a): The convexification process introduced by LP relaxation. (b): An example when a
single LP relaxation produces a fractional labeling.
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in the Fig 2(b). In this simple example, there are 2 sites in the source image and we
construct a simple 2-node graph template. There are 5 target points in the target im-
age. The labels are displacement vectors. We assume that a white square will match a
white square with zero cost. And the circles will match with zero cost. Matching be-
tween different shape points have large matching cost. The light gray square is in fact
the true target for the white one in the source image, but the match cost is a very small
positive number because of noisy measurement. By solving the LP relaxation problem,
we get a fractional solution, as illustrated in Fig 2(b), that has zero cost for the LP’s
objective function but is not the true solution. Adjusting the smoothing parameter will
not help because we already achieve the minimal (zero) cost. A traditional rounding
scheme will try to round ξ into 0 and 1. Unfortunately, the rounding will drive the solu-
tion even farther from the true solution, in which the square template node will match
one of the white squares in the target image. Intuitively, we can shrink the searching
region for each site based on the current LP solution, and do a further search by solv-
ing a new LP problem in the smaller trust region. Clearly, if the trust region shrinks
slowly, we will find the true optimal solution. In the following section, we expand this
idea and propose a successive convexification scheme to improve the approximation
iteratively.

3 Successive Relaxation Method

Here we propose a successive convexification linear programming method to solve the
non-linear optimization problem, in which we construct linear programming problems
recursively based on the previous searching result and gradually shrink the matching
trust region systematically.

Assume Bn
s is the basis label set for site s at stage n linear programming. The

trust region Un
s of site s is determined by the previous relaxation solution fn−1

s =
(fn−1

s,1 , fn−1
s,2 ) and a trust region diameter dn. We define Qn

s = Ls ∩Un
s . Bn

s is specified
by Bn

s = {the vertex coordinates of the lower convex hull of {c(s, j),∀j ∈ Qn
s }}, where

c(s, j) is the cost of assigning label j to site s.

Algorithm 1. Successive Convexification Linear Programming
1. Set n = 0; Set initial diameter = d0;
2. FOREACH(s ∈ S)
3. { Calculate the cost function {c(s, j), ∀j ∈ Q0

s};
4. Convexify {c(s, j)} and find basis B0

s ; }
5. Construct and solve LP0;
6. WHILE (dn ≥ 1)
7. { n ←n+1;
8. dn = dn−1 − δn;
9. FOREACH(s ∈ S)
10. { IF (Qn

s is empty) Qn
s = Qn−1

s ; Un
s = Un−1

s ;
11. ELSE update Un

s , Qn
s ;

12. Reconvexify {c(s, j)} and relocate basis Bn
s ; }

13. Construct and solve LPn; }
14. Output f∗s , ∀s ∈ S;
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It is not difficult to verify that the necessary condition for successive LP converging
to the global minimum is that LPn ≤ E∗, where E∗ is the global minimum of the non-
linear problem. Since the global minimum of the function is unknown, we estimate an
upper bound E+of E∗ in the iterative process. The configuration of targets that achieves
the upper bound E+ is composed of anchors — an anchor is defined as the control point
of the trust region for one site in the next iteration. A simple scheme is to select anchors
as the solution of the previous LP, rs = f (n−1)

s . Unfortunately, in the worse case, this
simple scheme has solutions whose objective function is arbitrarily far from the opti-
mum. In fact, the fractional solution could be far away from the discrete label site. To
solve this problem, we use a deterministic rounding process: we check the discrete la-
bels and select the anchor that minimizes the non-linear objective function, given the
configuration of fractional matching labels defined by the solution of the current stage.
This step is similar to a single iteration of an ICM algorithm. In this step, we project a
fractional solution into the discrete space. We call this new rounding selection scheme
a consistent rounding process. Let rs be the anchor; ms be the global optimal solution;
and fs be the fractional labeling solution of LP.

Proposition 1: The energy with consistent rounding is bounded above by 3εopt +∑
{p,q}∈N λp,q(||mp−fp|| + ||mq−fq||), where εopt is the optimal energy.
Except for LP1, we further require that new anchors have energy not greater than

the previous estimation: the anchors are updated only if new ones have smaller energy.
The anchors are kept inside the new trust region for each site. The objective function
for LPn must be less than or equal to E+. This iterative procedure guarantees that the
objective function of the proposed multi-step scheme is at least as good as a single
relaxation scheme. In the following example, we use a simple scalar labeling problem
to illustrate the solution procedure.

Example 1 (A scalar labeling problem): Assume there are two sites {1, 2} and for
each site the label set is {1..7}. The objective function is min{f1,f2} c1,f1 + c2,f2 +
λ|f1 − f2|. In this example we assume that {c1,j} = {2, 6, 1.7, 4, 5, 2, 2}; {c2,j} =
{5, 1, 3, 4, 1, 2, 5}, and λ = 0.5.

Based on the proposed scheme, the problem is solved by the sequential LPs: LP0,
LP1 and LP2. In LP0 the trust regions for sites 1 and 2 both start as the whole label
space [1, 7]. Constructing LP0 based on the proposed scheme corresponds to solving
an approximated problem in which c for site 1 and 2 are replaced by their lower convex
hulls respectively (see Fig. 3). Step LP0 uses convex hull basis labels {1, 3, 7} for site
1 and {1, 2, 5, 6, 7} for site 2. LP0 finds a solution with nonzero weights ξ1,3 = 1,
f1 = 3; and ξ2,2 = 2/3, ξ2,5 = 1/3, and resulting continuous label LP solution f2 =
(2/3 ∗ 2 + 1/3 ∗ 5) = 3. Based on the proposed rules for anchor selection, we fix site
1 at label 3 and search for the best anchor label for site 2 in [1, 7] using the nonlinear
objective function. This label is 2, which is selected as the anchor for site 2. Similarly,
the anchor for site 1 is 3. At this stage E+ = c(1, 3) + c(2, 2) + 0.5 ∗ |3 − 2| = 3.2.
Further, the trust region for LP1 is shrunk to [2, 6]×[2, 6] by reducing the previous trust
region diameter by a factor of 2. The solution of LP1 is f1 = 3 and f2 = 3. The anchor
site is 3 for site 1 and 2 for site 2, with E+ = 3.2. Based on LP1, LP2 has new trust
region [3, 5]× [2, 4] and its solution is f1 = 3 and f2 = 2. Since 3 and 2 are the anchors
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Fig. 3. Successive convexification LP in 1D. Labels in circles are LP fractional solutions.

for site 1 and 2 respectively and in the next iteration the diameter shrinks to unity, the
iteration terminates. It is not difficult to verify that the configuration f1 = 3, f2 = 2
achieves the global minimum. Fig. 3 illustrates the proposed successive convexification
process for this example.

Interestingly, for the above example, ICM or even the graph cut scheme only finds
a local minimum, if initial values are not correctly set. For ICM, if f2 is set to 5 and
the updating is from f1, the iteration will fall into a local minimum corresponding to
f1 = 6 and f2 = 5. The GC scheme based on α-expansion will have the same problem
if the initial values of f1 and f2 are set to 6 and 5 respectively.

A revised simplex method is used to solve the LP problem. Therefore, an estimate
of the average complexity of successive convexification linear programming is O(|S| ·
|Q|1/2 · (log |Q|+ log |S|)), where Q is the label set. Experiments also confirm that the
average complexity of the proposed optimization scheme increases more slowly with
the size of label set than previous methods such as the graph cut scheme, whose average
complexity is linear with respect to |Q|.

4 Object Tracking with Multiple Templates

Based on the above matching framework, we present a robust multiple template track-
ing method that can be used to track objects with changing appearance. One assumption
we use in the tracking process is that the template’s scale and rotation remain continu-
ous even if the template changes. This assumption is valid for appearance changes for
most real-world objects, from simple rigid objects to complex articulated ones. We use
a set of templates to represent possible object appearance in the tracking process. These
templates can be further formulated as a digraph to represent the possible transitions
from one appearance model to another. Models that can be reached in one step from the
current model include the model itself and its neighbors. Other parameters in the track-
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ing include the scale and rotation changes of the template. Based on this formulation,
tracking becomes the process of locating the object with the best templates constrained
by the model transition graph.

The deformable template defined includes feature nodes and neighbor relations. In
this paper, the features are image blocks in the template images and target images cen-
tered on the edges. We use a very low edge detection threshold so as not to lose weak
features. Usually we can downsample the feature points in the template and target im-
ages to reduce the complexity. To make the scheme resistant to changing illumination,
we use chromaticity color space, in which the three color channels are normalized by
their arithmetic mean. The L1 norm is also used in calculating the cost of matching an
image block with a target block. We also use non-square blocks at the boundary of the
template, since values outside of the boundary are not defined. Therefore, each feature
node also contains a feature mask in calculating the matching cost. We use baseline De-
launay triangulation to obtain the neighbor relations of the feature nodes. To simplify
the matching problem, we decompose the geometrical transformation of the template
into two cascaded transformations: a global transformation G and a local deformation
D. The global transformation is shared by all the sites in the template while the lo-
cal deformation can be different for all sites. And, we assume that matching cost c is
only influenced by global transformation but not local deformation. Intuitively, c is a
function of the source pixel (site), the target pixel (label), and the global transformation
(such as scaling and rotation). The energy minimization problem becomes:

min
G,D

E :
∑

s∈S

cG(s, D ◦ G(s)) +
∑

{p,q}∈N
λp,q||D ◦ G(p)−D ◦ G(q)−G(p)+G(q)||

In the tracking process, the global transformation G is specified as the previous rotation
and scale estimation and is updated after each matching process. With G fixed, the
problem is reduced to the consistent labeling problem discussed in the last section and
we can apply the proposed LP scheme to solve for D by the successive convexification
LP scheme.

After finding the matches of the feature points in the template with corresponding
points in the target image based on the proposed method, we need to further decide how
similar these two constellations of matched points are and whether the matching result
corresponds to the same event as in the exemplar. We use the following quantities to
measure the difference between the template and the matching object. The first measure
is P , defined as the average of pairwise length changes from the template to the target.
To compensate for the global deformation, a global affine transform A is first estimated
based on the matching and then applied to the template points before calculating P . P is
further normalized with respect to the average edge length of the template. The second
measure is the average warped template matching cost M , which is defined as the aver-
age absolute difference of the target image and the warped reference image in the region
of interest. The warping is based on a cubic spline. The total matching cost is simply
defined as M +αP , where α has a typical value from 0.1 to 0.5. Experiments show that
only about 100 randomly selected feature points are needed in calculating P and M .

Because of the constraints of the physical dynamics, we can safely consider only the
neighboring templates equaling the current rotation and scale. The current template and
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its neighbors are used in the template selection process. The template with the lowest
matching cost is chosen, its matching result is recorded, and the rotation θ and scale γ
are updated based on the following smoothing model, in which α is typically 0.9:

(θ, γ) = α(θestimate, γestimate) + (1 − α)(θlast, γlast)

The proposed scheme is resistant to drifting because we do not track the object se-
quentially based on the features in the previous frame, and thus avoid template errors
accumulated during the tracking process. But we do use parameters such as the rotation
angle and scale estimated from previous frames to reduce the searching complexity. A
model selection error may still possibly spread to future frames and make the tracker
fail. In our scheme, tracking failure can be detected by comparing the minimum match-
ing error with a threshold. When the matching error is too large, we infer a tracking
failure and apply a restart process. In this process, all the templates in a rotation and
scale range are used to match the target image and the best template is chosen.

5 Experimental Results

We start by comparing the proposed successive convexification LP scheme with the
GC, BP, and ICM methods for local deformation estimation. We use the same energy
formulation for all methods. GC uses the α-expansion scheme for symbol updating and
a fixed order symbol sequence in the iteration. BP is the baseline belief propagation al-
gorithm. BP was not conducted for all the images because of its high complexity. Fig. 4
shows comparison results for matching synthetic grayscale images with ground truth
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Fig. 4. (a, b): Reference and target image; (c, d): Ground truth horizontal and vertical displace-
ment; (e): Lowest MAE is achieved for the different methods by adjusting the smoothing factors
so that they each perform optimally
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Fig. 5. (a, b): Two synthetic images. (c, d) Ground-truth x-motion and y-motion for images (a)
and (b); (e): Mean absolute errors of LP, ICM and Graph Cut.
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(a) (b) (c) (d) (e)

Fig. 6. (a): Template model showing distance transform; (b): Matching result of proposed scheme;
(c): Matching result by GC; (d): Matching result by ICM. (e): Matching result by BP.

(a) (b) (c) (d) (e) (f)

Fig. 7. Color template matching. (a): Template; (b): Matching result of successive relaxation LP
with range the whole target image; (c): Matching result for GC with range [−50, 50] × [50, 50];
(d): Matching result for GC with range the whole target image; (e, f): Matching results for ICM
and direct sweeping search.

Fig. 8. Tracking result for video tape sequence. Selected from 600 frames.

displacement. The search window is [-20,20]×[-20,20]. The proposed method achieves
substantially better results. Fig. 5 shows another experiment result based on synthetic
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images. Two images and their warped versions based on a known displacement field are
used in the experiment. Then, the proposed LP scheme, ICM, and GC are used to solve
the L1 norm consistent labeling problem. The target labels are all the pixels in the tar-
get image. The mean absolute error of the estimated matching for each method is then
calculated based on the ground truth matching. The smoothing factor for each method
is then adjusted such that a minimum matching error is obtained. These match errors
for different methods are listed in Fig. 5. The proposed scheme achieves the minimum
matching error. Fig. 6 shows another matching result for synthetic images. In this ex-
periment, the pixel block size is 5 by 5 and the smoothing factor equals 1.5. The search
range is the whole target image. The sites are selected on the zero-value pixels and the
matching candidates for each site are all the zero-value pixels in the target image. The
proposed scheme again performs the best among different schemes compared. Fig. 7
shows a template matching experiment for a color image of a wire-metal sculpture. The
direct search scheme uses a fixed template shape and sweeps a search window over the
target image. As shown in the figure, only our proposed scheme finds the correct target
when the search range increases to the whole image. The matching energy for LP is
6.12e3, lowest compared to GC 7.45e3, ICM 11.5e3, and direct search 12.73e3.

Fig. 8 shows an experiment result for tracking a planar object under indoor lighting
conditions. The glossy surface makes robust tracking a challenging task. In this experi-
ment we use the first frame as the template image and the region of interest is indicated
and a graph template is generated automatically based on random selected edge pixels
and Delaunay triangulation. The scale and the rotation status of the template are adap-
tively updated based on the matching result. In the experiment, the smoothing factor α

Fig. 9. Tracking result for car sequence. Selected from 1000 frames.
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Fig. 10. Tracking result for hand sequence. Selected from 500 frames.

for scale and rotation update is set to 0.9. The proposed scheme successfully tracks the
object over a long video sequence. Fig. 9 is another tracking result based on a single
template, this time for a cluttered outdoor scene. The proposed scheme robustly and
accurately follows the moving car in a video sequence with 1000 frames.

Fig. 10 shows a tracking result in which two exemplars are used. The hand under-
goes dramatic shapes changes between the two gestures. There are also large scale and
rotation changes of the hand involved in this sequence. The proposed scheme success-
fully tracks the movement of the hand in a poor, low-contrast video. Fig. 11 shows a
result for tracking a walking person, using three exemplars. The posture of the person
walking in the scene is accurately recovered. The template follows the object success-
fully in this very complex-background setting.

6 Conclusions

In this paper, we present a robust multiple-template object tracking scheme based on a
robust linear programming based matching scheme — successive convexification linear
programming. The proposed optimization method can be used for solving consistent
labeling problems with L1 regularity term, and is found to be able to converge to the
global optimal solution with high probability. The successive convexification idea can
also be generalized to other convex smoothing term problems. The proposed scheme is
shown to be more efficient than the graph cut and belief propagation schemes for object
matching problems. Based on the proposed optimization scheme, we study an object
tracking framework in which multiple templates can be defined. Templates are updated
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Fig. 11. Tracking result for walking sequence. Selected from 150 frames.

based on the estimation of the global transform resulting from mean square estimation
of the matching patterns of the previous stage, and template matching is solved by the
proposed LP based scheme. We further present measures to quantify the similarities
of the template with target objects. By choosing the best template to its corresponding
matching patterns, the proposed scheme can be used to robustly track objects changing
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appearance dramatically, using only a few templates. Since no training, but only several
exemplars are needed, the proposed scheme is easier to deploy than appearance-model
based schemes. Experiments show robust tracking results in cluttered environments.
The proposed matching scheme can also be applied to other applications such as large
scale motion estimation, wide baseline matching and 3D object reconstruction.

7 Appendix

Proposition 1: The energy with consistent rounding is bounded above by 3εopt +∑
{p,q}∈N λp,q(||mp−fp|| + ||mq−fq||), where εopt is the optimal energy.

Proof: The proof is simple but lengthy:
∑

s c(s, rs) +
∑

{p,q}∈N λp,q||rp−rq||
≤

∑
s c(s, rs) +

∑
{p,q}∈N λp,q(||rp−fq|| + ||rq − fp|| + ||fp − fq||)

=
∑

s c(s, rs) +
∑

s
∑

p∈N (s) λs,p||rs−fp|| +
∑

{p,q}∈N λp,q||fp − fq||
Recalling the anchor selection rule,

c(s, rs) +
∑

p∈N (s) λs,p||rs−fp||≤ c(s,ms) +
∑

p∈N (s) λs,p||ms−fp||
Therefore

∑
s c(s, rs) +

∑
{p,q}∈N λp,q||rp−rq||

≤
∑

s c(s,ms) +
∑

s

∑
p∈N (s) λs,p||ms−fp|| +

∑
{p,q}∈N λp,q||fp − fq||

=
∑

s c(s,ms)+
∑

{p,q}∈N λp,q(||mp−fq||+||mq−fp||)+
∑

{p,q}∈N λp,q||fp−fq||
≤

∑
s c(s,ms) +

∑
{p,q}∈N λp,q(||mp − mq|| + ||fq − mq||

+||mq − mp|| + ||mp − fp||) +
∑

{p,q}∈N λp,q||fp − fq||
≤

∑
s c(s,ms) + 2

∑
{p,q}∈N λp,q||mp − mq|| +

∑
{p,q}∈N λp,q||fp − fq||

+
∑

{p,q}∈N λp,q(||fq − mq|| + ||mp − fp||)
Noticing that

∑
{p,q}∈N λp,q||fp − fq|| ≤ εopt, the proof is complete.
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Abstract. In this paper we present a new technique to extract layers
in a video sequence. To this end, we assume that the observed scene
is composed of several transparent layers, that their motion in the 2D
plane can be approximated with an affine model. The objective of our
approach is the estimation of these motion models as well as the estima-
tion of their support in the image domain. Our technique is based on an
iterative process that integrates robust motion estimation, MRF-based
formulation, combinatorial optimization and the use of visual as well as
motion features to recover the parameters of the motion models as well
as their support layers. Special handling of occlusions as well as adap-
tive techniques to detect new objects in the scene are also considered.
Promising results demonstrate the potentials of our approach.

1 Introduction

Motion perception is an important characteristic of biological vision used as
input in various tasks like to determine the focus of attention, etc. Therefore,
motion analysis has been a long time objective of computational vision, a low to
mid-level task.

The segmentation of an image sequence into regions with homogeneous mo-
tion is a challenging task in video processing [1, 2, 3, 4, 5, 6] that can be used
for various purposes such as video-based surveillance and action recognition. In
addition, it can be considered for video compression [1] since the motion model
and the corresponding supporting layers provide a compact representation of the
scene.

Motion/displacement is a well-defined measurement in the real world. On
the other hand, one can claim that recovering the corresponding quantity in the
image plane is a tedious task. Optical flow calculation [7, 8, 9, 10, 5] is equivalent
with the estimation of a motion displacement vector for each pixel of the image
plane that satisfies the visual constancy constraint. Such a task refers to an
ill-posed problem where the number of unknown variables exceeds the number
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of constraints. The use of smoothness constraints [11] and other sophisticated
techniques were consider to address such an issue.

Parametric motion models are an alternative to dense optical flow estimation
[12, 10, 13, 5]. The basic assumption of such a technique is that for an image
block, the 2D motion in the image plane can be modeled using a parametric
transformation. Such assumption is valid when the block refers to a projection
of 3D planar patch.

The objective of this work is to recover different planar surfaces, or motion
layers, and the motion parameters describing their apparent displacements. In
the literature, a K-mean clustering algorithm [1] on the motion estimates, or a
minimum description length (MDL) [3] were considered to determine the num-
ber of motion planes. In the latter case, the extraction is done according to
a maximum likelihood criterion, followed by optimization by the Expectation-
Maximization algorithm [14, 3]. More recent approaches [15] refer to region grow-
ing techniques within combinatorial optimization [16].

In this paper, we present an iterative technique to estimate the motion pa-
rameters, the support of each layer as well as its visual properties. The latter
is used to overcome cases where motion information is not enough to estimate
the support. Our approach addresses in a very efficient fashion motion estima-
tion through a robust incremental technique, accounts for occlusions through
a forward/backward transformation and recover the layer support through a
MRF-based formulation that is optimized with the graph cut approach and the
α-expansion algorithm. To this end, motion residuals, visual appearance as well
as spatial and temporal smoothness constraints are considered.

The reminder of this paper is organized according to the following fashion. In
section 2, we briefly introduce the problem under consideration while in section
3, an iterative approach to recover the motion parameters is presented. The
extraction of the support regions of the different layers is part of section 4, while
in section 5 we discuss the implementation details of our approach and provide
experimental results and future directions.

2 Decomposition of Scenes in Motion Layers

Let us consider a static scene that consists of several planes, a moving observer
on the scene, and a sequence of 2D images acquired by the observer. Due to the
camera’s ego motion from one image to the next, one will be able to observe
motion on the static parts of the scene. Such motion (2D projection) depends
on the camera projection model and the depth level of the different planes in
the 3D scene. Here, we consider the projective camera model. The concept of
motion decomposition in layers [1] consists of separating the image domain into
n support regions Si, i ∈ [1, n] with their corresponding motion models (Ai, σi).
The i-th layer Li, i ∈ [1, n] is defined as the couple (Si, Ai).

The image domain Ω is partioned into n disjoint sets Si such that ∪n
i=1Si =

Ω, Si ∩ Sj = ∅, i �= j and neither the number of layers, not their support
regions, nor their motion parameters are known. In the reminder of this paper,
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we will propose efficient methods to address the estimation of these unknown
variables.

In terms of motion, one can find in the literature parametric models of vari-
ous degrees of freedom like rigid, similarity, homographic, quadratic, etc. Affine
model is a reasonable compromise between low complexity and fairly good ap-
proximation of the non-complex motions of objects at about the same depth. It
consists of 6 degrees of freedom,

A(x, y) =
(

a0 · x + a1 · y + a2
a3 · x + a4 · y + a5

)

Such a model describes accurately (as detailed in [2]) the motion induced by a
planar object viewed from a moving camera. Furthermore, this model describes
well the 2D motion of the projection of an arbitrary 3D scene undergoing camera
rotations, zoom and small camera translations [17]. Likewise, when the overall
depth of the object is greater than the depth within the object, the model de-
scribes the image motion with a sub-pixel accuracy.

Motion estimation consists of recovering the parameters of this model such
that a correspondence between the projections of the same 3D patch within
two consecutive images is established. In principle, motion estimation refer to
an ill-posed problem since neither the projection model, neither the internal
parameters of the cameras are known and therefore constraints are to be deduced
from the images toward its estimation.

3 Recovering the Parameters of the Motion Models

The intensity preservation constraint (equivalent to the brightness constancy
assumption) [7] is often used to address motion estimation. The essence of this
constraint is that under the assumption of planar, Lambertian surfaces and with-
out global illumination changes, the appearance of the 2D projection of the same
3D patch will not change over time. Therefore if a motion vector dx = (dx, dy)
is assumed for the pixel x = (x, y), then the following condition is to be satisfied:

I(x; t) ≈ I(x + dx; t + 1), (i)
I(x; t) ≈ I(x + A(x); t + 1), (ii)

for the case of dense motion (i) and for the case of affine motion (ii). Given such
a condition, one can define the total motion residual according to:

E(A) =
∫

Ω

|I(x; t) − I(x + A(x); t + 1)|2 dx (1)

Solving the inference problem, that is recovering the parameters of the affine
model through the lowest potential of the above function is a common practice in
computational vision. One can consider an iterative process using a well adopted
first order linear form of optical flow constraint:

A(x) · ∇I(x; t) + ∇tI(x) = 0 (2)
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where ∇I to the spatial gradient and ∇tI to the temporal gradient. One can
consider minimizing the corresponding cost function

E(A) =
∫

Ω

|A(x) · ∇I(x; t) + I(x; t + 1) − I(x; t)|2 dx (3)

with standard linear methods that will fail though to capture large displacements
between two successive frames. To overcome this limitation, we consider an iter-
ative process as prescribed in [12]. To this end, one can consider an incremental
update of the motion parameters where at each step, given the current estimates
A, we seek to recover an improvement of the estimation ∆A such that the ac-
cumulation of existing parameters and the improvement minimizes the following
residual error:

E(∆A) =
∫

Ω

[I(x; t) − I(x + A(x); t + 1) − ∆A∇I(x + A(x); t + 1)]2 dx (4)

that has a closed form solution. While one can claim that such an incremental
method will improve the estimation process, it will still suffer from the pres-
ence of outliers resulting an estimation bias. Robust estimation process like an
M-estimator can be used to overcome this limitation. Such a method assigns
weights we(x) to the constraints at the pixel level that are disproportional to
their residual error, thus rejecting the motion outliers. To this end, one should de-
fine the influence function, ψ(x) like for example the Tukey’s estimator [Fig. 1]:

ψ(x) =
{

x(Kσ
2 − x2)2 if |x| < Kσ

0 otherwise (5)

where Kσ characterizes the shape of the robust function. The weights we(x) are
then computed as following: we(x) = ψ(r(x))

r(x) ([12]).
One can now consider such a process for each layer in an independent fashion,

that consists of minimizing the following cost function

E(∆A1, ..., ∆An) = (6)
n∑

k=1

∫
Ω

χSi(x)ρ [I(x; t) − I(x + Ai(x); t + 1) − ∆Ai∇ I(x + Ai(x); t + 1)] dx

Fig. 1. Tukey function ρ (on the left) and its derivative ψ (on the right)
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where χSi is the characteristic function of the region Si. Once the support layers
are known, one can proceed to a straightforward estimation of the motion models.
Occlusions due to motion of the observer and the scene often arise in motion
and stereo reconstruction and must be taken into account. Such a case can be
accounted for through the joint estimation of the backward/forward motion;

Let (i) A1, ..., An be the motion models that create visual correspondences
between the images t and t + 1 (such that I(x; t) = I((x + A(x); t + 1)) and (ii)
A′

1, ..., A′
n the ones that create visual correspondences between the images t + 1

and t (such that I(x; t + 1) = I((A′(x); t)). Then, we seek for a simultaneous
estimate of the improvements of both models forward/backward according to:

E(∆A1, ..., ∆An, ∆A′
1, ..., ∆A′

n) = (7)
n∑

k=1

∫
Ω

χSi(x)ρ [I(x; t + 1) − I(x + A′
i(x); t) − ∆A′

i(x)∇ I(x + A′
i(x); t)]

+
n∑

k=1

∫
Ω

χSi(x)ρ [I(x; t) − I(x + Ai(x); t + 1) − ∆Ai(x)∇ I(x + Ai(x); t + 1)]

Under the assumption on the absence of occlusion, one can consider that for a
given pixel, both transformations capture its real motion and therefore, posing
x′ = x + A (x), the following condition will be satisfied:

x′ + A′ (x′) = x (8)

Such a concept is presented in [Fig. (2)]. The distance between the origins of
the pixel x and its position upon the application of forward/backward motion
models;

D(x) = ‖x′ + A′(x′) − x‖2 (9)

Fig. 2. Occlusion Detection: the Euclidean distance between the pixel origin and the
corresponding one after being transformed through the forward/backward motion is
used to detect occlusions



Extraction of Layers of Similar Motion Through Combinatorial Techniques 225

can be considered as an indicator on the presence of occlusions and used to
ponderate the influence function ψ defined in equation 5:

ψ(x) = ψ(x) · 1
1 + D(x)

(10)

Hence, occlusions will have low influence on the estimation process. However,
given the robust estimation process that was considered for any given partition of
the image, we will be able to recover affine motion models that, to some extent,
describe the observed motion. Therefore, we refer to the egg and the chicken
problem where it is crucial to have a consistent estimation of the support layers.

4 Extraction of Support Layers

Let us consider a partition of the image into n segments

{S1, ..., Sn} : ∪n
i=1Si = Ω, Si ∩ Sj = ∅, i �= j

The problem of extracting support within the layer decomposition process con-
sists of selecting for each pixel of Ω, the label among these n that dictates the
most appropriate motion model for this image patch. One can see such a task in
the form of a labeling problem, where one should assign to the pixel x a label
ω(x) ∈ [1, n] according to a certain criterion. Within our approach we adopt
motion and appearance terms to address such a labeling process while imposing
certain spatial and temporal smoothness constraints on the label space.

4.1 Motion Criterion

Let us consider the distribution of the residual errors within a layer. Under the
assumption of proper motion estimation as well as correct classification, one can
consider that residual errors are due to the presence of noise that in the most
general case white.

Therefore, the motion residual ri(x) = |I(x, t) − I(x + Ai(x), t + 1)| for the
layer Li obeys a normal law G(µi, σi). Consequently, the probability for given a
pixel within the region Li to actually being part of this region according to the
observed residual is:

p (ri(x)|Ai, σi) =
1√

2πσi

exp
(

−ri
2(x)

2σi
2

)
(11)

where σi is the standard deviation computed during the motion estimation for
each layer support. We consider the following robust estimator which tolerates
50% of outliers efficiently:

σi = 1.4826
{

median
x∈Si

|ri(x)|
}

(12)
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One can assume independence on the distribution of the residual errors within
the pixels of a support layer Si and given the expected distribution, would like
to maximize the conditional density,

pi(ri(x)|Ai, σi) = p

( ⋂
x∈Si

{ri(x)|Ai, σi}
)

=
∏
x∈Si

p(ri(x)|Ai, σi) (13)

Furthermore, independence on the residual errors is assumed between the differ-
ent support layers. Then, using the Bayes rule, one can consider the posterior for
the labeling process ω according to the motion characteristics in the following
fashion:

p(ri(x)|Ai, σi, ω) =
∏
x∈Ω

pω(x)(rω(x)(x)|Aω(x), σω(x)) (14)

where the assumption that all labelings are equal probable was made. Maxi-
mizing the posterior is equivalent with minimizing the negative log-likelihood of
such a density:

Emotion(ω) = −
∫

Ω

log
[
pω(x)

(
rω(x)(x)|Aω(x), σω(x)

) ]
dx

=
∫

Ω

(
log

[
σω(x)

]
+

rω(x)
2(x)

2σω(x)
2

)
dx (15)

The lowest potential of this objective function will classify image pixels according
to their residual errors. Such classification will reflect the maximum posterior ac-
cording to the expected distribution of the residual error for each layer. However,
motion estimates are reliable when image structure is present and consequently
motion-based classification may be ambiguous in some cases, like in the lack of
texture.

4.2 Visual Appearance Criterion

We overcome this limitation through the introduction of a visual grouping con-
straint, where a classification according to the observed intensities is to be con-
sidered. To this end, we consider a flexible parametric density function - Gaussian
mixture - to describe the visual properties of each layer;

pi(I) =
mi∑
k=1

π{i,k} p{i,k}
(
I|µ{i,k}, Σ{i,k}

)
(16)

where pi() is the colour distribution of the i-th layer that consists of mi Gaussian
components with π{i,k} ∈ [0, 1] being the prior of the component k (or its propor-
tion in the mixture) and (µ{i,k}, Σ{i,k}) the mean and the covariance matrix of
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this component. These parameters are estimated from an observed distribution
through an EM algorithm [18]. To efficiently determine the number of Gaus-
sian components per mixture, a Minimum Description Length (MDL) criterion
is considered. Such a colour distribution has been chosen because it provides
a simple and efficient way to learn the visual characteristics of each layer while
not being constraint to be a unimodal. Therefore even regions with very different
colour characteristics that belong to the same plane will be accounted for. Then,
the posterior segmentation probability can be considered as the most efficient
metric to recover the separation of the image domain into regions of support for
the different layers according to their expected appearance properties. Similar
to the case of motion, we consider that layers as well as pixels within regions
are independent and all possible labelings are equally probable, leading to the
following objective function

Evisual(ω) = −
∫

Ω

log
[
pω(x) (I(x))

]
dx (17)

=
∫

Ω

log

(mω()∑
k=1

π{ω(),k} p{ω(),k}
(
I()|µ{ω(),k}, Σ{ω(),k}

))
dx

where x were omitted from the notation due to the lack of space. One can seek
the lowest potential of these two terms weighted according to some constant to
recover the most appropriate image partition in terms of support layers. Such a
method will be able to determine support through an independent decision pro-
cess according to the similarity between the observed image and the expected
properties in terms of appearance and residual error. Such an independent pro-
cess will form several discontinuities that will be quite disrupting to the human
eye and will violate the condition that images are assumed to be consistent at a
local scale.

4.3 Spatial Smoothness

Such a limitation is often addressed using local smoothness constraints on the
label domain, that consists of saying that neighborhood pixels should belong to
the same layer;

Esmooth(ω) =
∫

Ω

[∫
N (x)

V(ω(x), ω(u))du

]
dx (18)

where N (x) is the local neighborhood of x. Here, the function V has the following
form (named Pott’s model):

V(ω(x), ω(u)) =
{

+αdiff , ω(x) �= ω(u)
0 , ω(x) = ω(u) (19)

with αdiff > 0 and the local neighborhood consists of pixels that are 4- or 8-
connected. Such a term will penalize discontinuities in the support space that
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are also discontinuities in the motion space. While such an assumption seems
natural, it is not valid when considering pixels that refer to real discontinuities of
the observed scene. In that case, we should tolerate label discontinuities, which
is satisfied through a multiplicative factor applied to the smoothness potential
that is inversely proportional to the image gradient [19], or:

Vg(ω(x), ω(u)) = V(ω(x), ω(u)) exp

(
−‖I(x) − I(u)‖2

2σ2

)
(20)

Such a term will produce smoothness on the label space in rather uniform re-
gions while it will relax the constraint in areas where physical discontinuities are
present.

One can further explore smoothness in the temporal domain. Given that we
are treating sequences of images observing the same scene, the assumption of
smoothness within the labeling in the temporal space is valid.

4.4 Temporal Smoothness

Let us consider a sequence of images I(; 1), I(; 2), ..., I(; τ), as well as a sequence
of labelings ω(; 1), ω(; 2), ..., ω(; τ). We assume that we are currently treating
the image t ∈ [1, τ ] and the motion models A1, ..., At−1 have correctly been
estimated. Then, we define a smoothness function on the temporal space that
takes into account the motion models and the support layers of the previous
frame:

Vt(ω(x; t)) =
{

+αdiff , ω(x; t) �= ω(A−1
t−1(u); t − 1)

0 , ω(x; t) = ω(A−1
t−1(u); t − 1)

(21)

where A−1
t−1 is the inverse motion model that establishes correspondences between

the frames I(; t) and I(; t − 1). One can now introduce an additional temporal
smoothness term:

Etsmooth(ω) =
∫

Ω

Vt(ω(x))dx (22)

where particular attention is to be paid to address the presence of new objects
in the scene. Motion residual errors, visual consistency and spatial and temporal
smoothness can now be considered to recover the optimal partition of the image
given the expected characteristics of each layer, or:

E(ω) = Emotion(ω) + αEvisual(ω) + βEsmooth(ω) + γEtsmooth(ω) (23)

The lowest -sub-optimal- potential of the discrete form of the above function
can be determined using several techniques of various complexity like the iter-
ated conditional modes [20], the highest confidence first [21], the mean field and
simulated annealing [22] and the min-cut max flow approach [23]. Because of its
efficiency, the graph-cut framework is retained to recover the optimal solution
on the label assignement problem [23].
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5 Graph-Cuts and Implementation

The graph G = 〈V , E〉 is a set of nodes V and directed edges E connecting them.
Two special terminal nodes are present: the source s and the sink t. Each edge
connecting nodes p and q is assigned a weight w(p, q). We break all edges in
two groups: n-links and t-links. A n-link is an edge connecting two non-terminal
nodes. A t-link connects a non-terminal node with a terminal node, s or t. The
cut C is a partitioning of the nodes of the graph into two disjoint subsets S et
T such that the source s ∈ S and the sink t ∈ T . Its cost c(S, T ) is the sum
of the weights of all edges (p, q) such that p ∈ S and q ∈ T . The minimum cut
is the cut with minimal cost and can be determined in polynomial time with a
max-flow extraction algorithm.

For the energy (23), finding directly the optimal solution is not feasible in
practical. Indeed, the problem of multi-labeling is NP-hard and no polynomial
method is available to obtain the optimal solution. However, the α-expansion al-
gorithm [23] gives fastly a good approximation of this energy which is guaranteed
to be within a factor of 2 from the optimal one. To minimize the energy (23),
we proceed as follows: we start with an initial layer assignments, obtained at the
previous iteration. Then, for each α ∈ [1, n], we improve this energy by modi-
fying some labelings to the label α via an α-expansion move which we describe
here: considering a binary graph G, each pixel x ∈ Ω is representd by a non-
terminal node p connected to the source with a weight ts,p and to the sink with
a weight tp,t. Each pair of neighbouring nodes (p, q) - if their layer assignments
are different - are linked through an intermediate node a with weights ts,a, tp,a

and ta,q respectively. For t-link weights, we define the data cost function Dp(ω)
as Dp(ω) = Emotion(ω) + αEvisual(ω) + γEtsmooth(ω). The table 1 summarizes
all the weights associated to the n- and t-links. The minimal cut gives the new
layer assignments which is optimal considering label α against all the others.

Table 1. Weights associated to each nodes of the α-expansion graph

link weight for
ts,p Dp(ω(x)) ω(x) �= α

ts,p ∞ ω(x) = α

tp,t Dp(α) ∀ ω(x)
ts,a V(ω(x), ω(u)) ω(x) �= ω(u)
tp,a V(ω(x), α) ω(x) �= ω(u)
ta,q V(α, ω(u)) ω(x) �= ω(u)
tp,q V(ω(x), α) ω(x) = ω(u)

5.1 Implementation Details

Once appropriate modules have been presented to address each sub-task, now we
can proceed to the definition of the overall concept. In the first image, a random
sampling into N segments is considered. These segments are used as support
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layers, and the motion as well as visual properties are obtained. Such measures
are then introduced to the α-expansion algorithm that will provide a new image
partition with different visual and motion properties. The process is repeated
until convergence. Initialization of the layer support from one image to the next
is done through the motion models and the same process as the one of the first
frame is considered. One critical step is the estimation of the number of layers.
Toward this end, we use two techniques sequentially. The first one reduces the
number of layers and the second one detects new layers (or new objects) which
appear in the video.

5.2 On the Number of Layers

We merge two layers if their motions are similar. As motion parameters does not
define uniquely the motion over all the layer support, rather than considering
them directly, we consider the optical flow generated by the two motion models.
Hence, using the notation introduced in section 3, the motion similarity criterion
rij between two layers i and j is computed as follows:

rij =
1

|Si|

∫
Ω

(Ai(x) − Aj(x))2χSi(x)dx

+
1

|Sj |

∫
Ω

(Ai(x) − Aj(x))2χSj (x)dx

where |Si| =
∫

Ω χSi(x)dx (similarly for |Sj |). If rij drops down under a certain
threshold, the two layers i and j are merged together. Furthermore, layers with
too small support (and so giving bad motion estimation) or with too important
variance (due to too many outliers in the support) are deleted.

New objects which appear must be detected and classified in new layers.
Toward this end, we proceed as follows: first, warp residual is computed for the
whole frame, giving a residual map. We apply a binary threshold T to this map.
All pixels whose residual is higher than T are extracted and pixels which do not
belong to a large connected region (the minimal size Tmin of the region is defined
empirically) are ignored. These connected regions which contain the remaining
pixels are considered as new layer support.

6 Discussion and Conclusion

6.1 Experimental Results

The validation was also done on two classical sequences (calendar sequence Fig. 3
and flowers sequence Fig. 4) to permit comparisons with previous methods. One
can see that the algorithm extracts well the different layers for both sequences.
In Fig. 3, if the calendar and the train are well segmented, the ball is over-
segmented (due to lack of texture and similar colors with the background) and
is classified in the same layer than the train.
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Fig. 3. Results on calendar sequence (one frame on four is considered). Each column
represent a frame: frames 0,12,24,36 are represented here. First row, original sequence;
second row, the layers extracted ; third row, superposition of layers boundaries with
original sequence.

For the flowers sequence, the first frame is over-segmented but the number
of layers is then well determined. The background is well distinguished from
the middle-plane (the house and the flowers). Colors criterion permits to over-
come ambiguities in the sky due to lack of texture. However, branches are not
well classified with the good layer. Indeed, due to the small distance between
the tree and the camera, as branches do not belong to the same 3D plane,
their motion can not be represented with the same affine model than the one of
the tree.

6.2 Conclusion

In this paper, a method to robust motion estimation and layered reconstruc-
tion of scene according to parametric motion models is presented. Our method
performs robust motion estimation while being able to account for occlusions
through a forward/backward iterative estimation process. Furthermore, within
an forward/backward schema, our approach groups the image domain into lay-
ers according to motion, appearance and spatial and temporal smoothness con-
straints. Promising experimental results demonstrate the potential of the pro-
posed method as shown in [Fig. 3 and 4].

Computational complexity is the most important limitation of the proposed
approach. In particular the motion estimation step is time consuming and can
lead to sub-optimal results. Hardware implementation of the method in Graphics
Processing Units is under consideration. The sequential nature of the proposed
approach is also a limitation. To this end, one can consider a combinatorial
approach where the parameters of the affine models are also recovered through
an α-expansion algorithm.
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Fig. 4. Results on flowers sequence. Each column represent a frame: frames 0,3,6,...,18
are represented here. First row, original sequence; second row, the layers extracted
; third row, superposition of layers boundaries with original sequence. One can note
that layers become more accurate and stay constant throughout the sequence. Main
parameters: α = 0.25, β = 10, γ = 1, Tmin = 0.2.
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Abstract. This contribution proposes a compositionality architecture
for visual object categorization, i.e., learning and recognizing multiple
visual object classes in unsegmented, cluttered real-world scenes. We pro-
pose a sparse image representation based on localized feature histograms
of salient regions. Category specific information is then aggregated by
using relations from perceptual organization to form compositions of
these descriptors. The underlying concept of image region aggregation
to condense semantic information advocates for a statistical representa-
tion founded on graphical models. On the basis of this structure, objects
and their constituent parts are localized.

To complement the learned dependencies between compositions and
categories, a global shape model of all compositions that form an ob-
ject is trained. During inference, belief propagation reconciles bottom-
up feature-driven categorization with top-down category models. The
system achieves a competitive recognition performance on the standard
CalTech database1.

1 Introduction

The automatic detection and recognition of objects in images has been among
the prime objectives of computer vision for several decades. There are several
levels of semantic granularity on which classification of objects can be conducted,
e.g. recognizing different appearances of the same object as opposed to different
representations of the same category of objects. Object categorization aims at
recognizing visual objects of some general class in scenes and labeling the images
accordingly. Therefore, a given set of training samples is used to learn category-
specific properties which are then represented in a common model. Based on
this model, previously unknown instances of the learned categories are then to
be recognized in new visual scenes.

The large variations among appearances and instantiations of the same visual
object category turn learning and representing models for various categories into
a key challenge. Therefore, common characteristics of objects in a category have
to be captured while at the same time a great flexibility with respect to variabil-
ity or absence of such features has to be offered. Consequently, we propose a sys-
tem that infers scene labels based on learned category-dependent agglomerations
1 http://www.vision.caltech.edu/html-files/archive.html

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 235–250, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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of features which are robust with respect to intra-class variations and are thus
reliably detectable. This approach to categorization has its origin in the princi-
ple of compositionality [9]. It is not only observed in human vision (see [2]) but
also in cognition in general that complex entities are perceived as compositions
of simpler, more unspecific, and widely usable parts. Objects are then defined
by their components and the relations between those components. Therefore, the
relationships between parts compensate for the limited information provided by
each individual part. Moreover, a comparably small number of these lower-level
constituents suffices to enable perception of various objects in diverse scenes. We
like to emphasize that we see key contribution of our approach in the probabilistic
coupling of different components which have been discussed in the literature. The
homogeneity of this compositionality architecture and the common probabilistic
framework for information processing yields the demonstrated robustness which
we consider indispensible for object recognition.

Our architecture detects features of salient image regions and represents them
using a small codebook that has been learned on the training set. Consecutively
relations between the regions are acquired and used to establish compositions
of these image parts. Therefore the part representations, the compositions, as
well as the overall image categorization are all combined in a single graphical
model, a Bayesian network [19]. Thus the probabilities of compositions and over-
all image categorization can be inferred from the observed evidence using model
parameters that are learned from the training data. This learning is based on
category labels of complete training images as the only information, e.g., im-
ages labeled as belonging to the car category contain a car somewhere in the
image without marking the car region specifically. Therefore, the intermediate
representation, that is the set of relevant compositions, is learned with no user
supervision. Furthermore, the spatial configuration of all object components of a
given category are learned and captured in a global, probabilistic shape model.
Categorization hypotheses are then refined based on this information and objects
can be localized in an image. The architecture has been trained and evaluated on
the standard CalTech database (cars, faces, motorbikes, and airplanes). An addi-
tional background category of natural sceneries from the COREL image database
has been incorporated for learning the hidden compositions. In summary, the ar-
chitecture combines bottom-up, feature-driven recognition with top-down, cate-
gory model driven hypotheses in a single Bayesian network and performs them
simultaneously during belief propagation to infer image categorization.

This contribution outlines our approach in Section 3. An evaluation of the
categorization model follows in Section 4 before we conclude this presentation
with a final discussion. Related work is summarized in the next section.

2 Related Work

Object categorization has previously been mainly based on local appearance
patches (e.g. [1, 12, 13, 6, 7]). That is, image regions are extracted, converted to
grayscale and subsampled to obtain limited invariance with respect to minor vari-
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ations in such patches. The resulting features are clustered to acquire a codebook
of typically some thousand local patch representatives that are category specific.

To incorporate additional information beyond extracted local patches and
features, a sequence of recognition models have been proposed in the class of
constellation models. Originally, Fischler and Elschlager [8] described a spring
model with local features to characterize objects. In the same spirit, Lades et
al [11] proposed a face recognizer which has been inspired by the Dynamic Link
Architecture for cognitive processes with a neurobiologically plausible dynamics.
Similar to this model, Weber et al. [21] have introduced a joint model for all
features present in an object. Fergus et al. [7] extend this approach and estimate
the joint spatial, scale, appearance, and edge curve distributions of all detected
patches which they normalize with respect to scale. However, due to the complex-
ity of the joint models used by these approaches, only a small number of parts can
be used. In contrast to this, Agarwal et al. [1] build a comparably large codebook
of distinctive parts and learn spatial configurations of part tuples which belong
to objects of a single category. However, since the individual appearance patches
are highly specific the joint model is restricted in terms of its generalization
ability and requires large training sets. To overcome these difficulties, Leibe et.
al [12, 13] estimate the mean of all shifts between positions of codebook patches
in training and test images. Using a probabilistic Hough voting strategy one ob-
ject category is distinguished from a background category. Moreover, the spatial
information is used to segment images and to take account of multiple objects in
a scene. We further refine this approach and reconcile conflicting categorization
hypotheses proposed by compositions of parts and those proposed by spatial
models. Therefore, compositions and spatial models are coupled in a Bayesian
network and beliefs are propagated between them in an alternating manner.

The approach in [12] to incorporate top-down information into segmentation
has been proposed previously by Borenstein and Ullman in [5] where learned ob-
ject fragments are aligned based on bottom-up coherence criteria. This improves
especially segmentation boundaries, but they do not use this process for recogni-
tion. In [4] an extension is presented that uses the sum-product algorithm [19, 10]
to solve local contradictions and to obtain a globally optimal segmentation.

The approach of forming an object representation based on compositions of
unspecific, and reliably detectable features has strong support by visual cog-
nition [2]. Geman et al. [9, 3] present this concept in the context of stochastic
grammars and use it for recognizing handwritings. However, compositionality
in the scenario of object categorization is a novel technique. In [18] we have
proposed an architecture for forming compositional grouping hierarchies based
on the psychological principles of perceptual organization [14]. Therefore differ-
ent types of perceptual relations between parts are established to build salient
compositions of reduced description length and increased robustness.

3 Categorization Based on Interacting Compositions

Our architecture which represents compositionality in a graphical model for
performing object categorization has several stages. The following sketches the
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Fig. 1. Outline of the processing pipeline and information flow. Belief is being propa-
gated along the solid lines, whereas the dotted ones indicate the capturing of evidence.

recognition process and states how learning is involved (see Figure 1): At first a
scale invariant Harris interest point detector is used [16] to detect salient image
regions. Every region is then captured by several feature histograms, each being
localized with respect to the interest point. The features are represented using a
probability distribution over a codebook that has been obtained by a histogram
quantization in the learning stage. This codebook captures locally typical fea-
ture configurations of the categories under consideration. In a next step relations
are detected between the regions and are being used to infer compositions. This
inference is based on previously learned category specific grouping probabilities.
Thereafter, all these compositions are taken into account to yield the overall
categorization probability for the image. In addition to a maximum a-posteriori
estimate for the category, this also yields a confidence in this classification. Fi-
nally, a learned model of object shapes is used to infer the object position in the
image based on all compositions and the categorization hypothesis. This spatial
probability distribution is in turn used to refine compositions and overall catego-
rization. Thereby, both bottom-up image classification which depends on features
and top-down recognition which depends on category models are corroborating
another by running in an interleaved manner during belief propagation.

The following section gives a detailed account of the different stages and de-
scribes the learning of models which are underlying the inference procedure used
for recognition with the network illustrated in Figure 2. Due to the independence
properties represented by this Bayesian network, the categorization probabilities
factorize and their computation is split into separate parts [19]. This factorization
is significant to dividing up the procedure into the different stages and making
inference feasible. In [19] a message-passing algorithm is introduced that propa-
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gates evidence through polytrees to estimate the belief of unobserved variables,
that is their posterior given the evidence. For some random variable Y it is

BEL(y) := P (Y = y|E) , (1)

where E denotes the observed evidence. Moreover, it has been widely advocated
that this so called sum-product algorithm [10] yields good approximations even
for Bayesian networks with loops (cf. [17]).

3.1 Localized Feature Histograms for Compositionality

As outlined above, representations of object categories have to deal with large
intra-class variations. However, the local appearance patches that have been
widely used in the field of object categorization are basically subsampled image
patches. The clustering that is then performed to obtain patch representatives
is usually based on normalized grayscale correlation whereby invariance to illu-
mination changes of patches as a whole is obtained. However, since the resulting
invariances are just established by a global subsampling and intensity normaliza-
tion, translations or local alterations still have an overproportional influence on
the complete feature. Moreover, due to the low-pass filtering, only information
on the strongest edges is preserved while the remaining patch content is blurred.

To overcome these problems we follow the concept of compositionality [9]
where models for complex objects are decomposed into more unspecific, ro-
bustly detectable and thus widely usable components. This strategy results in
fairly short representations for components and facilitates robust estimation of
the statistics that model the grouping of parts. This section starts by outlin-
ing the part representation, while later sections continue to present relations
and compositions.



240 B. Ommer and J.M. Buhmann

Edge orient Edge strength Color

Marginal histograms

... ...

Fig. 3. Sketch of localized feature histograms

A crucial problem of forming a scene representation is the trade-off between
its invariance properties, e.g. to varying influences of the imaging process, and
its specificity for a certain task, e.g. distinguishing object categories. As delin-
eated above, current approaches to categorization base their class recognition
mainly on highly distinctive local appearance patches (e.g. [1, 12, 6]) and in-
corporate only limited invariance with respect to alteration of patch contents.
An alternative approach at the other end of the modeling spectrum is that of
using histograms over complete images (cf. [20]). Thereby, utmost invariances
with respect to changes of individual pixels can be obtained. In conclusion, the
former approach facilitates almost perfect localization while the latter one of-
fers maximal invariance with respect to local distortions. We therefore aim at a
representation whose invariance properties are transparently adjusted between
these two classical extremes and add the specificity lost by invariance through
the relations that are used for forming the compositions.

To process an image, we start by applying the interest point detector to ob-
tain some 102 to 103 interest points together with rough local scale estimates.
Although our implementation incorporates multiple scales, our current approach
is based on a single estimated scale selected by the interest point detector. There-
fore we extract quadratic image patches (with a side length of 10 to 20 pixel
depending on scale) and subdivide them into a number of subpatches with fixed
location relative to the patch center (see Figure 3). In each of these subwin-
dows three types of marginal histograms are computed (four bins allocated for
each), measuring edge strengths, edge orientations, and color. The statistics of
each feature channel are estimated independently from another to make the es-
timates robust by having enough data support. In the following, the vector of
measurements ei denotes the combination of the features extracted in all the
subpatches at interest point i. These vectors serve as evidence in our Bayesian
network. The trade-off between invariance and localization is represented by the
number of subpatches—in the current implementation a patch is divided up into
four of these subwindows.

The proposed representation differs from the SIFT features [15] not only in
that color is used. Whereas SIFT features aim at distinguishing different in-
stances of the same object from another, we seek a representation that is invari-
ant to the specificities of individual object instances and environment configura-
tions. To obtain a small codebook of atomic representatives for compositionality,
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we reduce the complexity of the very features whereas the other approach would
have to perform this indirectly by clustering in a high-dimensional space with
few prototypes.

3.2 Codebook Representation of Atomic Compositional Parts

To facilitate a robust estimation of statistics in subsequent stages of the architec-
ture, a small codebook for features is generated during learning. This set forms
a representation of atomic compositional parts. The codebook is generated by
clustering the features detected in training images of all the different categories
with k-means—resulting in a set of 300 centroids in our current implementation.
It should be emphasized that this representation is shared by all the different
categories. During recognition the squared euclidean distance dν(ei) of a mea-
sured feature ei to all the centroids aν from the codebook is computed. The
objective is to represent measurements not merely by their nearest prototype
but by a distribution over the codebook, thereby leading to increased robust-
ness. Now, for each measurement ei, a new random variable Fi is introduced
that takes on cluster indices ν as its values. Each of these variables is coupled
with the corresponding measurement using the same Gibbs distribution [22]

P (Fi = ν|ei) := Z(ei)−1 exp (−dν(ei)) , (2)

Z(ei) :=
∑

ν

exp (−dν(ei)) . (3)

Subsequently, P (Fi = ν) is abbreviated using its realization fi = ν and simply
writing P (fi) which models the first stage of the Bayesian network in Figure 2.

3.3 Forming Compositions

The part representations have to be augmented by additional evidence. There-
fore, relations between image regions are taken into account. From the various
principles of perceptual organization, investigated in [18] for grouping processes,
we apply good continuation. This concept basically groups those entities together
that form a common smooth contour. Hence we consider pairs of patches which
lie on a common edge curve and measure their distance. To facilitate a later
robust statistical estimation, this distance is discretized into three ranges (i.e.
close/medium/far) which depend on a histogram over all these distances mea-
sured in the training data. The edge curves are obtained by performing Canny
edge detection twice, once with a scale parameter that is the mean of the lower
half of all scales detected at the interest points, and once with scale being equal
to the mean of the upper half. The edge images are then added up. Now consider
two patches at interest points i and j. If they are observed to lie on the same
contour and have a discretized gap of rij they establish the relation Rij = rij .
The two parts are then forming a composition which we denote by < i, j >, i.e.,

< i, j > ⇔ part i & part j form a composition . (4)
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Since the relations between image regions are observed, all the random variables
Rij enter as evidence into the Bayesian network in Figure 2. It should be em-
phasized that this is a sparse set of nodes—iff both patches lie on a common
contour, such a random variable is introduced. In conclusion, a grouping based on
such relations incorporates additional edge information that takes compositions
beyond a mere proximity or co-occurrence grouping.

Based on the detected relations the following modelling heuristic describes
how compositions of parts are formed. Let the random variable Cij represent a
composition of the two image regions i, j. Each such composition is of a certain
category. That is, it has a certain state cij ∈ CC , where this state space of
compositions is a superset of the set CI = {face, airplane, . . . } of all categories
for images, i.e. CI ⊂ CC . Consider the illustrating example of an image that
is recognized to contain a motorbike. Then compositions representing subparts
such as tires might be added to the set of allowed image categories. In our current
implementation both sets differ by an additional category for background that
we have incorporated for compositions, i.e. CC = CI ∪ {background}.

The distribution of a composition of the two parts i, j depends only on the
representations of the involved parts, their relation, as well as on the catego-
rization of the image, denoted by CI , where cI ∈ CI . Thereby, the invariances
represented in the Bayesian network from Figure 2 are reflected,

P (Cij = cij |Fi = fi, Fj = fj , Rij = rij , C
I = cI) . (5)

All Cij are assumed to be identically distributed and this distribution is split
into

P (cij |fi, fj, rij , c
I) ∝ P (cI |cij)P (cij |fi, fj, rij) (6)

using Bayes formula and dropping a normalization constant. The first factor
models category confusion probabilities which are assumed to be independent
from features and relations (P (cI |cij) = P (cI |cij , fi, fj , rij)) when compositions
cij are given. With no further assumptions on categories, we have made the
following choice,

P (cI |cij) =

⎧
⎪⎨

⎪⎩

|CI |−1, if cij = background
η, if cI = cij

1 − η, otherwise .

(7)

In our current implementation we simply set η = 1. The second distribution in
Eq. (6) is the categorization probability of compositions: The underlying non-
parametric model is obtained in the learning stage by processing all the training
images as follows: for each detected grouping, the category label of the whole
image is taken as cij and the distribution is estimated from the empirical his-
togram of all observed compositions. Figure 4 and 9 visualize the category beliefs
of compositions for the different classes.

3.4 Modeling Object Shape

In the following, a model of the spatial configuration of object components is
presented. This model is used to refine the image categorization by propagating
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(a) (b) (c)

(d) (e) (f)

(g)

Fig. 4. Categorization belief of compositions. For each composition cij , (b) displays
P (Cij = car|E) at the position of patches i and j. Image regions that are not used
to form compositions are displayed with the uniform distribution over all categories.
Regions that are involved in multiple compositions show the average belief of these
compositions. (c) Displays the posterior for class face, (d) for motorbike, (e) for airplane,
and (f) for background. Where the last category facilitates a figure-ground segregation
of compositions. (g) Shows the regions selected by the algorithm to categorize the image
as motorbike.

information on the estimated object location. The shape of an object of a given
category is modeled by the displacement sij of all of its components from its
center x. Letting xij denote the location of a composition (the midpoint between
its components) detected in the training data, its shift is computed as

sij = x − xij . (8)

During learning, the object centers are computed by

x =
∑

I∈train data

∑

<i,j>∈I

xij · P (Cij = cI |fi, fj , rij) . (9)
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To predict the location of the object center, a Parzen window density estimation
is performed. The probability of a shift, given the features of a composition and
the object category, is represented by the following non-parametric model

p(S = s|fi, fj , rij , c
I) =

1
N

N∑

l=1

KσN

(
s − s(l)

ij

)

σN
. (10)

Here Kσ is a Gaussian kernel function with diagonal covariance matrix Σ = σ ·I.
Moreover, s(l)

ij is the l-th shift vector found in the training data for a composition
of parts represented by (fi, fj , rij). The number of shift vectors observed for such
a composition in the training set is denoted N = N(fi, fj , rij). Therefore, the
spatial density of the object center given one composition is

p(X = x|fi, fj, rij ,xij , c
I) = p(S = x − xij |fi, fj, rij , c

I) . (11)

Using this equation the conditional probability to observe a composition at lo-
cation xij can be written as

p(xij |fi, fj , rij , c
I ,x) ∝ p(S = x − xij |fi, fj , rij , c

I) p(xij |fi, fj , rij , c
I) . (12)

To simplify the representation in the graphical model the locations xij are dis-
cretized on a regular 10 × 10 grid. The latter term is then approximated during
learning by histogramming over the observed positions of compositions in the
training data. Figure 5 gives an example for the estimation of object locations.
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(a) (b) (c)

(d) (e) (f)

Fig. 5. Spatial density of the object location, given some categorization CI . (b) displays
p(x|{fi, fj , rij ,xij}<i,j>, CI = car). In (c) the category CI is face, in (d) motorbike, in
(e) airplane. (f) shows the inferred final belief for the object center position, p(x|E).
Note that the density for the true category in (d) and the final belief are both nicely
peaked at the true center.
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3.5 Inference of Image Categorization

During recognition, loopy belief propagation is performed using the evidence
E = {ei}i ∪ {rij ,xij}<i,j> to categorize the scene as a whole, i.e. we are in-
terested in the belief of the random variable CI . Belief propagation simplifies
the complex problem of optimizing a marginalization of the joint distribution
over all model variables. This is rendered possible by using the independence
properties represented in the graphical model and taking only the resulting lo-
cal interactions into account. To simplify the computation scheme we transform
the Bayesian network from Figure 2 into the factor graph (cf. [10]) displayed in
Figure 6(a). Function nodes represent the conditional probability distributions,
whereas the remaining variable nodes correspond to the random variables of the
Bayes net. To propagate beliefs each vertex in this graph has to compute and
send messages to its neighbors as follows: Consider some variable node v that
has function node neighbors Fv and Fw1 , . . . , Fwn as depicted in Figure 6(b).
Adjacent to each Fwi is again some variable node wi and Fv has variable node
neighbors v and u1, . . . , um. Now an unobserved variable sends messages to its
function node neighbors by taking all the incoming messages into account [10],

µv→Fv (v) :=
∏

i

µFwi
→v(v) . (13)

If v is an evidence variable and observed to be in state v′ then this message
is just µv→Fv (v) = 1{v = v′}, where 1{.} denotes the characteristic function.
Moreover a function node sends the following messages to its neighbors

µFv→v(v) :=
∑

u1,...,um

Fv(v, u1, . . . , um)
∏

j

µuj→Fv(uj) . (14)
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Fig. 6. (a) Conversion of the Bayesian network from Figure 2 into a factor graph
representation. The function nodes F• represent the posterior of the corresponding
random variable, e.g. Ffi = P (fi|ei), see text for details. (b) A simple factor graph
used for illustrating belief propagation.
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The belief of v given all the present evidence E is then the product of all of its
incoming messages

P (v|E) ∝ µFv→v(v)
∏

i

µFwi
→v(v) . (15)

In conclusion, our architecture propagates beliefs not only in a bottom-up
manner from the observed image features to infer categorization and object loca-
tion. The system also propagates information backwards in a top-down fashion
from object localization and categorization to composition and part hypotheses,
cij and fi respectively. While the bottom-up feature-driven and the top-down
category model driven updates are performed concurrently, hypotheses get im-
proved by finding those which have optimal mutual agreement.

4 Evaluation

In the following, the proposed architecture is evaluated on the CalTech image
database. During learning, some 700 images are presented to the system together
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i

c
i c

I

Fig. 7. A simple Bayesian network for categorization used to evaluate the gain of
compositionality
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Fig. 8. Category confusion matrix for categorization without using compositionality.
The predicted class is shown on the x-axis, whereas the true class is on the y-axis. This
model achieves an overall classification rate of 82.5%.
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with the image category labels as the only additional information. The test
scenario is then to classify previously unknown images as belonging to one of
the categories. Moreover, a confidence in this categorization is returned.

In order to evaluate the gain of compositionality in categorization, we first
investigate a simpler model. It is based on the same image representation but
with neither compositions nor a shape model (see Figure 7). Therefore the cate-
gorizations cij of compositions are replaced by the classification ci of single parts,
where P (ci|fi, c

I) is empirically estimated from the training data in the same
way as the cij in Section 3.3. Figure 8 displays the resulting category confusion
matrix. The confidence in a categorization of class cI (shown on the x-axis) of
images with a given ground truth category (shown on the y-axis) is visualized
in this figure. Therefore a row represents the beliefs of the different categories

(a) (b) (c)

(d) (e) (f)

(g)

Fig. 9. Categorization belief of compositions. For each composition cij , (b) displays
P (Cij = car|E) at the position of patches i and j. See Figure 4 for details. (c) Shows
the posterior for class face, (d) for motorbike, (e) for airplane, and (f) for background.
Where the last category facilitates a figure-ground segregation of compositions. (g)
Shows the regions that support categorizing the image as car.
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Fig. 10. Category confusion matrix for categorization based on the full model with
compositionality and shape. This approach achieves an overall classification rate of
91.7% and has a significantly higher confidence than the previous one. Considering
only the last three categories a recognition rate of 94.4% is achieved (see text for
details). Compare this with the 93.0% reported in [6] for the same three categories.

for one test image. This model achieves an overall correct classification rate of
82.5%. However, the categorization confidence is quite low.

Subsequently, this simple model is to be compared with the full approach
outlined in Section 3. Figure 10 displays the category confusion matrix of the
model that is based on compositions and their spatial arrangement. When com-
paring the two plots it becomes evident that the system with compositionality
and shape achieves a significantly increased confidence in the correct catego-
rizations. Moreover, the recognition rate has increased to 91.7%. This illustrates
that the relations used for compositions add crucial information to that already
present in the individual parts. As one can see, most of the error results from
falsely classified car images. This is due to the fact that the interest point de-
tector returns only very few votes for the large homogeneous parts of the body
of a car. Most detections are in the background or at the outline of the vehicle.
This is also apparent in the illustration of compositions in Figure 9. Although
for this specific dataset the background features would provide good indications
for the presence of cars, we do not want to introduce such dependencies as they
are to a great deal database specific and would very likely lead to an overfitting
to this image collection. In a future extension of the approach we therefore plan
to revise the interest point detection stage to also incorporate homogeneous re-
gions. When leaving out the car category and considering only the remaining
three ones, the present approach achieves an overall recognition rate of 94.4%.
Compare this with the average recognition rate of 93.0% reported by Fergus et
al. in [6] for the same three categories.
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5 Conclusion and Future Work

Inspired by Geman’s compositionality approach [9], we have devised a novel
model for object categorization on the basis of a Bayesian network. The underly-
ing image representation emphasizes keypoint relations and it accounts for large
intra-class variations as they are usually encountered in general object catego-
rization. Models for compositions and global object shape have been introduced
and tightly combined in a single graphical model to infer image categorizations
based on the underlying statistical framework. As a result, the system not only
propagates information on an image category in a feature-driven, bottom-up
manner. It also uses category models to corroborate such hypotheses by a model-
driven, top-down inference, thereby reconciling different locally proposed cate-
gorization hypotheses by belief propagation. The system achieves competitive
recognition performance on a standard image database used for categorization.

The approach shows significant potential for future extensions at several
stages. First, feature representation should incorporate multiple scales and seg-
mentation or other prior information to deal with homogeneous regions. More-
over, compositions could be formed in a recursive manner to yield a representa-
tion that is semantically closer to the final image categorization. Also, additional
types of relations should add significant information on the objects present in
a scene. All these refinements are expected to be necessary for large-scale ex-
periments with hundreds of classes and a diverse nature of rigid, articulate and
flexible objects.
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Würtz, and W. Konen. Distortion invariant object recognition in the dynamic link
architecture. IEEE Trans. Comput., 42, 1993.

12. B. Leibe, A. Leonardis, and B. Schiele. Combined object categorization and seg-
mentation with an implicit shape model. In ECCV Workshop on Stat. Learning
in Computer Vision, 2004.

13. B. Leibe and B. Schiele. Scale-invariant object categorization using a scale-adaptive
mean-shift search. In Pattern Recognition, DAGM, 2004.

14. D. G. Lowe. Perceptual Organization and Visual Recognition. Kluwer Academic
Publishers, Norwell, MA, 1985.

15. D. G. Lowe. Distinctive image features from scale-invariant keypoints. Int. J.
Computer Vision, 60(2), 2004.

16. K. Mikolajczyk and C. Schmid. Scale & affine invariant interest point detectors.
Int. J. Computer Vision, 60(1), 2004.

17. K. Murphy, Y. Weiss, and M. Jordan. Loopy-belief propagation for approximate
inference: An empirical study. In UAI, 1999.

18. B. Ommer and J. M. Buhmann. A compositionality architecture for perceptual
feature grouping. In EMMCVPR, 2003.

19. J. Pearl. Probabilistic Reasoning in Intelligent Systems: Networks of Plausible
Inference. Morgan Kaufmann, 1988.

20. R. C. Veltkamp and M Tanase. Content-based image and video retrieval. In
O. Marques and B. Furht, editors, A Survey of Content-Based Image Retrieval
Systems. Kluwer, 2002.

21. M. Weber, M. Welling, and P. Perona. Unsupervised learning of models for recog-
nition. In ECCV, 2000.

22. G. Winkler. Image Analysis, Random Fields and Markov Chain Monte Carlo
Methods—A Mathematical Introduction. Springer, 2nd edition, 2003.



Learning Hierarchical Shape Models from Examples

Alex Levinshtein1, Cristian Sminchisescu1,2, and Sven Dickinson1

1 University of Toronto, Canada
{babalex, sven}@cs.toronto.edu

Phone number: (416) 978-3853
2 TTI-C, Chicago, USA

crismin@cs.toronto.edu

Abstract. We present an algorithm for automatically constructing a decomposi-
tional shape model from examples. Unlike current approaches to structural model
acquisition, in which one-to-one correspondences among appearance-based fea-
tures are used to construct an exemplar-based model, we search for many-to-
many correspondences among qualitative shape features (multi-scale ridges and
blobs) to construct a generic shape model. Since such features are highly ambigu-
ous, their structural context must be exploited in computing correspondences,
which are often many-to-many. The result is a Marr-like abstraction hierarchy, in
which a shape feature at a coarser scale can be decomposed into a collection of at-
tached shape features at a finer scale. We systematically evaluate all components
of our algorithm, and demonstrate it on the task of recovering a decompositional
model of a human torso from example images containing different subjects with
dissimilar local appearance.

1 Introduction

The early generic object models proposed by researchers such as Marr and Nishihara
[11] and Brooks [10] not only decomposed a 3-D object into a set of volumetric parts
and their attachments, but supported the representation of objects at multiple scales,
using an abstraction hierarchy. Marr’s classical example of a human consists of a sin-
gle cylindrical part at the highest level, a torso, head, and arms appearing at the next
level, an upper arm and lower arm appearing at the next level, etc. Modeling an ob-
ject at different levels of abstraction is a powerful paradigm, offering a mechanism for
coarse-to-fine object recognition. Unfortunately, such models were constructed manu-
ally, and the feature extraction and abstraction machinery required to effectively recover
volumetric parts, much less their abstractions, was not available at the time.

The recognition community has recently returned to the problem of modeling ob-
jects as configurations of parts and relations, with the goal of automatically recover-
ing (or learning) such descriptions from examples. For example, collections of interest
points [1, 7] or affine-invariant image patches [2], forming a “constellation” of fea-
tures, capture the “parts” and their geometric relations that define a view-based ob-
ject category. Armed with powerful new machine learning techniques, complex con-
figuration models can be automatically recovered from image collections or image se-
quences. For example, one can extract models based on motion and persistent appear-
ance [4, 6, 12, 3, 5]. Global detectors that combine both motion and appearance have
also been successfully applied to pedestrian tracking tasks [13].

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 251–267, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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As powerful as these part-based techniques are, they all rely on computing a one-
to-one correspondence between low-level, appearance-based features. However, two
exemplars belonging to the same class may not share a single appearance-based feature.
Yet at some higher level of abstraction, the two exemplars may share the same coarse
part structure. Local, appearance-based features simply do not lend themselves to the
types of abstract object representations proposed by Marr and his peers – abstractions
in which a single part may cover an entire subcollection of local, appearance-based fea-
tures. One approach might be to try and group the appearance-based features into local
collections each of which defines an abstract part. However, appearance-based features
are texture encodings of neighborhoods centered at interest points, and do not reflect
the underlying shape structure required for perceptual grouping. Granted, the analysis
of moving interest point-based features can support their partitioning into groups. But
again, this requires the tracking of an exemplar, for which one-to-one feature correspon-
dence is assured. Moreover, it is not clear how to abstract a coarse part model from a
sparse set of local features.

In this paper, we address the problem of recovering a Marr-like abstraction hier-
archy from a set of examples. We begin by applying a multi-scale blob and ridge de-
tector [18] to a set of images containing exemplars drawn from the same class. The
extracted features become the nodes in a blob graph whose edges reflect nonacciden-
tal proximity relations between pairs of features. Blobs and ridges capture the coarse
part structure of an object, and represent low-order projections of restricted classes of
volumetric part models, including generalized cylinders, superquadric ellipsoids, and
geons. Unfortunately, as feature complexity increases, so does its reliability decrease,
as seen in Figure 1, showing the extracted blob graphs from a set of images of different
humans with varying appearance and arm articulations. Some parts are over-segmented,
some are under-segmented, some are missing, and some are spurious (possibly repre-
senting background clutter). These segmentation errors all pose a significant challenge
to a matching algorithm whose goal is to find common structure in a set of images.
Whereas one-to-one matching of local appearance-based features can exploit the high
dimensionality of the features to ensure robust matching, one-to-one matching of noisy
blobs and ridges is ripe with ambiguity, and structural relations and context must be
exploited for successful matching.

Still, there is an even more challenging problem to be solved here. In Figure 1,
sometimes an arm may appear as a single, elongated ridge (when the arm is extended),
while at other times, an arm is broken into two smaller ridges (due to articulation at the
elbow). Any matching algorithm that assumes a one-to-one correspondence between
features cannot match these two descriptions, therefore failing to capture the notion that
a coarser feature can be decomposed (at a finer level of abstraction) into two smaller
features. Detecting these decompositional or abstraction relations between features re-
quires a matching strategy that can match features many-to-many. Only then can we
recover the multi-scale abstraction models that support true generic object recognition
or categorization.

In this paper, we propose a framework for learning a shape abstraction hierarchy
from a set of examples with dissimilar local appearance. From a set of noisy, poorly-
segmented blob graphs, capturing the articulated part structure of objects at different
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Fig. 1. Blob graphs extracted from a set of images, each containing the upper body of a differ-
ent person (with different clothing). The high level of feature abstraction comes at the cost of
increased segmentation errors in the form of under- and over-segmentation, missing features,
and spurious features (including background clutter). Notice also that features may be extracted
at different levels of abstraction, such as a straight arm (single ridge) or bent arm (two smaller
ridges). Edges between blobs reflect a commitment to nonaccidental proximity-based grouping
(see text) with edge width reflecting strength of grouping.

levels of abstraction, we construct an abstraction hierarchy, in the form of a graph, that
contains both coarse-to-fine decompositional (abstraction) relations as well as attach-
ment relations. Relaxing the one-to-one feature correspondence assumption common to
most structure learning frameworks, we draw on recent results in many-to-many graph
matching to match blob graphs many-to-many, allowing the matching of two exemplars
whose parts may appear at different levels of abstraction. An analysis of the many-to-
many matching results over all pairs of input exemplars ultimately yields the nodes and
edges (both abstraction and attachment) in the final model.

We begin with a summary of related work (Section 2) and proceed to present our
graph construction computed over a multi-scale blob and ridge decomposition (Sec-
tion 3). We then describe our many-to-many graph matching technique (Section 4), our
technique for identifying persistent parts (Section 5.1), and our technique for defining
both attachment and abstraction relations (and their probabilities) (Section 5.2). We
evaluate each stage of the pipeline using ground truth data, and explore the sensitivity
of each step to changes in parameters (Section 6). Finally, we offer some conclusions
(Section 8) as well as directions for future research.

2 Related Work

Many authors have attempted to learn categorical models from examples, and we high-
light only a few due to space limitations. Constellation models have emerged as a pop-
ular representation for modeling general categories, such as motorbikes, faces, and cars
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[1, 7]. Constellation models represent objects as configurations of local, appearance-
based descriptors together with their spatial distributions. Learning these models can be
accomplished robustly since appearance-based patches can be matched effectively and
independently across training examples, therefore providing an efficient model boot-
strapping step. The domain of human structural modeling from examples has also re-
ceived considerable recent attention [8, 6, 5, 3]. Specific human structural tree models
have been used in conjunction with efficient dynamic programming search methods by
[8], while others [6, 4] assume an unknown (but tree-shaped) model structure and rely
on ribbon detectors or temporal tracking [3] and clustering of body parts to recover a
kinematic human representation using maximum weight spanning tree algorithms [9].

There are three critical differences between our approach and the above frameworks.
The first is our use of generic shape features, as opposed to specific appearance-based
features. Using appearance-based features not only constrains the training set to the
same object exemplars, but yields a simple correspondence problem. Our generic fea-
tures, in the form of ridges and blobs, are highly ambiguous, and cannot be tracked
across training examples on the basis of their properties alone. This gives rise to the sec-
ond major difference, whereby the context of a feature, i.e., the nature of its structural
connections to nearby blobs, is critical to computing blob/ridge correspondence across
training examples. The use of perceptual grouping to commit to this necessary structure
prior to matching is in contrast to approaches in which the use of robust, local feature
correspondences allows structural relations to be computed following matching. The fi-
nal, and perhaps most critical difference, is our recovery of decompositional relations
between features, allowing us to capture a coarse-to-fine representation of an object.
Recovering such relations hinges on being able to match features many-to-many, as op-
posed to assuming a one-to-one feature correspondence. Without motion (of a single
exemplar), appearance-based features cannot be matched many-to-many, due to their
lack of generic structure.

3 Representing Qualitative Image Structure

We seek a decomposition of an image into a set of qualitative parts and attachment
relations, and adopt the multi-scale blob and ridge decomposition proposed in [18].
Since blobs are generic features, they encode no appearance-specific information. Con-
sequently, matching a blob in one image to a blob in another cannot be done on the
basis of a blob’s parameters, which include only a blob vs. ridge feature type, position
(not translation or articulation invariant), orientation (not rotation invariant), ridge ex-
tent (not viewpoint invariant), and saliency. To overcome this tremendous ambiguity
during matching, we need to draw on a blob’s context, i.e., the structure of nearby blobs
thought to be part of the same object. Specifically, we seek a set of edges that span
features that are unlikely to be in close proximity by chance. Given our desire to de-
scribe objects at multiple levels of abstraction, spatial coherence and continuity dictate
that, for example, when a coarse, elongated shape is decomposed into a set of smaller,
elongated shapes, the latter will likely be attached end-to-end.

To set the edge weights, we must look ahead slightly to how they will be used at
matching time. The many-to-many graph matching algorithm (to be described in more
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Fig. 2. Edge construction: (a) ridge-ridge; (b) ridge-blob; and (c) blob-blob. The total length of
the bold lines represents the assigned edge weight between the two features in the graph.

detail later) first embeds the nodes of two graphs to be matched into two weighted point
sets in Euclidean space. In this geometric space, a powerful many-to-many weighted
point matching algorithm, the Earth Mover’s Distance (EMD) [14], yields a solution
which, in turn, specifies a many-to-many node correspondence between the original
graphs. EMD will map (or “spread”) a point from one graph to a collection of points
from another graph if the members of the collection are in close geometric proximity.
Therefore, if we want multiple parts at a finer scale in one graph to match a single part
at a coarser scale in another graph, the edge weights (distances) linking the finer scale
parts to be grouped must be relatively small.

A connectivity measure is computed for each pair of features, according to:

max{d1/major(A), d2/major(B)}, (1)

where major(X) is the length of the major axis of blob X . If this measure is greater
than a threshold (whose sensitivity we evaluate in Section 6.1), the blobs are considered
disconnected; if the measure is less than the threshold, an edge is inserted between the
blobs whose weight is a function of d1 and d2, as shown in Figure 2. Due to scene
clutter, the graph may have a number of connected components, representing multiple
objects. We greedily choose the largest (in terms of number of nodes) connected compo-
nent as a simple method for figure-ground separation, and discard the other components.
Ultimately, a distance matrix over these remaining features is necessary to construct an
embedding of the graph into a geometric space. To ensure that the distance matrix is in-
variant to part articulation, the distance between any two nodes is defined as the shortest
path distance (along graph edges) between the nodes.

4 Computing Many-to-Many Blob Correspondences

Given an input training set of blob graphs, we compute a many-to-many matching be-
tween each pair of graphs. In the graph domain, this is an intractable problem that would
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require matching (perhaps connected) subsets of nodes in one graph to subsets of nodes
in another. Our technique is based on a recent approach to this problem, proposed by
Demirci et al. [16], which transforms the many-to-many graph matching problem to a
many-to-many weighted point matching problem, for which an efficient algorithm ex-
ists. Given a shortest-path distance matrix encoding node-to-node distances, the algo-
rithm employs a spherical coding technique to yield a low-distortion embedding of the
nodes in a low-dimensional Euclidean space (we adopt a simpler, spectral embedding
technique). The approach essentially throws out the original graph edges, and locates
the points in space such that the Euclidean distances between points in the embedded
space is close (with low distortion) to shortest path distances between nodes in the orig-
inal graph.

The embedded points can now be matched many-to-many using the Earth Mover’s
Distance (EMD) under transformation [15]. If the points corresponding to one graph are
viewed as piles of earth, while the points corresponding to the other graph are viewed
as holes, the EMD algorithm computes the assignment of earth to holes that minimizes
the amount of work required to move the earth to the holes. If we assume that mass is
approximately conserved through levels of abstraction, then points should be assigned
a weight that’s proportional to the areas of their corresponding blobs. Returning to our
“arm” example, the mass of the straight arm blob should roughly equal the sum of the
masses of the broken arm blobs. The EMD under transformation is an iterative assign-
ment/alignment process that quickly converges on a solution which can be mapped to
a many-to-many node correspondence between the original graphs. In the following
subsections, we provide the details on these steps.

4.1 Graph Embedding

A number of techniques are available for embedding the distance matrix into Euclidean
space; examples include metric tree embedding [17], spherical codes [16], and ISOMAP
[19]. We adopt a spectral embedding of a distance matrix computed in terms of shortest
paths between nodes in a blob graph, similar to [19]. Each blob in the graph maps to a
point which encodes the blob’s embedded position and mass (blob area). The matching
of two blob graphs can now be formulated as the matching of their embedded weighted
point sets, in which a source point’s mass can flow to multiple target points and a tar-
get point can receive flow from multiple source points. For our experiments, we embed
the graph into a 2-D space. Though higher dimensional embeddings will result in a
lower distortion and a more accurate many-to-many matching, the alignment computa-
tion may become underconstrained since more point correspondences will be needed.
A 2-D space was chosen since it requires only 3 point correspondences for an affine
alignment computation. Most of our exemplar images do share at least 3 feature corre-
spondences. It is possible to adapt the dimensionality of the embedding space for each
particular matching, the subject of future work.

4.2 Weighted Point Matching

The Earth Mover’s Distance (EMD) algorithm under transformation [15] allows us to
compute a many-to-many matching of the embedded points which, in turn, specifies
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Fig. 3. Many-to-many matching of blob graphs using Earth Mover’s Distance under transforma-
tion in embedded (Euclidean) space. Left two images show the detected blobs with green lines
indicating blob connections and line width indicating edge strength (nonaccidental, proximity-
based grouping strength). The right figure shows the embedded features (red for left image, blue
for right image) after alignment, using the modified EMD under transformation. The flows are
shown in green, with line width indicating amount of flow; note that since the blobs are well
aligned, the flow distances are very small. The sizes of the circles correspond to the point masses
(blob areas).

a many-to-many node correspondence between the nodes in the original graphs. The
EMD is a global assignment problem, and assumes that the total masses of the two
graphs are the same. However, with noise, occlusion, and clutter, this assumption is
violated, and we must modify the algorithm to take a more local approach. Specifically,
the mass of each feature in the first image is distributed among its nearby features in the
second image in a greedy fashion, with both small flows and flows over large distances
eliminated. If we compute the flows in the opposite direction, i.e., from the second
image to the first image, the flows may be different, due to our greedy approximation.
Augmenting the EMD cost function (the amount of work required to redistribute the
mass) with terms that penalize for unmatched masses in the two images by adding the
sum of untransferred masses in source nodes and the sum of unfilled masses in target
nodes to the cost, we select the direction with minimum cost.

The flows associated with a given direction are used to compute an affine transfor-
mation between the corresponding point sets using a least-squares minimization of the
sum of squared differences between the location of a point in the one set and a weighted
(by the flows) average location of its matched points in the other set:

∑

i

‖(Pos(i) − T (
∑

j

Flows(i, j) × Pos(j)))‖2, (2)

where T is an N−dimensional affine transformation. In this approximation to the itera-
tive FT (an optimal Flow and an optimal Transformation) algorithm [15], which alter-
nates between computing the EMD flows and computing the affine transformation, the
algorithm typically converges in 3-4 iterations. Figure 3 shows two blob graphs and the
final matching, as computed by EMD under transformation. The final flow matrix com-
puted by Algorithm 1 defines a direction of minimum cost. This matrix can be “inverted”
to yield a consistent flow matrix for the opposite direction. These two matrices will play
a key role in our procedure for extracting the parts in the final decompositional model.
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Algorithm 1. EMD Under Transformation for Many-to-Many Matching of Two
Weighted Point Sets
1: Compute the distance matrix d(i, j) = ‖P1i − P2j ‖.
2: Compute the F lows matrix using the above distance matrix d.
3: repeat
4: Compute the transformation T that minimizes∑

i ‖(P1i − T (
∑

j F lows(i, j) × P2j ))‖2.
5: Transform each point P2j from the second set with the computed transformation T .
6: Compute a new distance matrix d(i, j) = ‖P1i − P2j ‖.
7: Compute a new F lows matrix using the new distance matrix d.
8: until the change in the F lows matrix is small
9: Assign a cost to the computed F lows matrix.

10: Return computed flow matrix F lows and its cost.

5 Model Construction

Using the above feature matching framework, each pair of the P input exemplars is
matched, resulting in O(P 2) pairs of mass flow matrices (one per direction). Further-
more, each pair of flow matrices can be row normalized to 1, with each row entry indi-
cating the fraction of mass flowing from the feature specified by the row to the feature
specified by the column. These matrices are combined to form a single N ×N matching
matrix, M , where N is the total number of blobs in all of the exemplar images. M is a
block matrix, where the (i, j)-th block stores the flows from features in image i to fea-
tures in image j; diagonal blocks are identity matrices, reflecting the perfect one-to-one
matching that would result from matching an image to itself.

The final decompositional model is derived from the matching matrix M and the
original blob graphs. First, the one-to-one flows are analyzed to yield consistently ap-
pearing parts, i.e., parts that match one-to-one across many pairs of input images. Next,
the many-to-many flows (M ) between these extracted parts are analyzed to yield the
decompositional relations among parts detected in the first step. Finally, the input blob
graphs are analyzed to yield the attachment edges between the extracted parts. The ex-
tracted parts and their relations are used to construct the final decompositional model.
The following subsections outline these steps in more detail.

5.1 Extracting Parts

Our goal in populating the final model is to select parts that occur frequently across
many input exemplars, i.e., parts that match one-to-one. Recall that entry (p, q) in the
matching matrix M contains the computed flow from blob p (in the image in which it
was detected) to q (in the image it was detected) when the two images were matched;
(q, p) contains the flow in the other direction. If both flows are close to 1.0, then the
blobs are said to be in one-to-one correspondence. However, if part p or q is involved in
a many-to-one decompositional relation, the flow in one direction will be less than 1.0.

By redefining both entries to be the minimum of the two flows, the entries rep-
resenting one-to-one correspondences will retain their high values (close to 1.0) and



Learning Hierarchical Shape Models from Examples 259

the matrix becomes symmetric. Subtracting the entry from 1 turns the symmetric flow
matrix into a symmetric distance matrix, setting up a clustering problem where clus-
ters represent collections of nodes in one-to-one correspondences. Again, we draw on
spectral techniques to embed the distance matrix in a low-dimensional space, and use
the k-means1 algorithm for clustering. The quality [0, 1] of the cluster is proportional
to the “cliqueness” of the one-to-one matches among the members of the cluster. If a
cluster is of sufficient size and quality, it becomes a node in the final decompositional
model.

5.2 Extracting Relations

Two types of edges are used to link together the extracted parts (nodes). Decomposi-
tional edges are directed from one part to multiple parts, and capture the notion that
a feature can appear alternatively as a set of component features, due to finer scale or
articulation (or, in the reverse direction, a set of features can be abstracted to form a
single feature). Attachment relations are the same nonaccidental proximity relations
found in the blob graphs computed from the training images. An attachment edge is
undirected, and implies that the blobs spanning the edge are connected. The many-to-
many matching results (flows) between the extracted parts will be analyzed to extract
the decompositional edges, while the attachment relations (in the original blob graphs)
between the extracted parts will be analyzed to extract the attachment relations.

The K extracted parts represent clusters of matching blobs in the matrix M . For
attachment relations, we compute the likelihood with which any two such parts not
only co-appear in the images in which they were found, but are attached as well. If this
likelihood of attachment exceeds a threshold, we define an attachment relation between
the two extracted parts. The likelihood [0, 1] of attachment between parts i and j is
defined by the K × K matrix PA (part attachment) as:

PA(i, j) =

∑P
p=1

∑B(p)
k=1

∑B(p)
l=1 [Cp(k) = i][Cp(l) = j]connp(k, l)

∑P
p=1

∑B(p)
k=1

∑B(p)
l=1 [Cp(k) = i][Cp(l) = j]

(3)

where P is the number of training images, B(p) is the number of blobs in training
image p, Cp(k) is the cluster that blob k in image p is assigned to, [Cp(k) = i] is an
indicator function whose value is 1 when Cp(k) = i and 0 otherwise, and connp(k, l)
has value 1 if there is an attachment between blobs k and l in image p (and 0 otherwise).
The expression captures the number of times blobs drawn from the two clusters were
attached, normalized by the number of times blobs from the two clusters co-appeared in
an image. Part attachment relations above a threshold Tattach are inserted into the final
model. We found that Tattach = 0.6 worked well for our complete set of experiments,
representing the condition that co-occurring blobs belonging to two different parts are
connected in at least 60% of the input images.

1 We first run k-means with a large value of k, resulting in over-segmented clusters. In a post-
processing step, we reassign some blobs to more compatible clusters, remove noisy blobs from
clusters, remove weak clusters, and merge similar clusters. The resulting procedure yields
stable clusters that are less sensitive to the initial choice of k.
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For decompositional relations, we restrict ourselves to one-to-many decomposi-
tional relations. A directed, one-to-many decompositional relation between one ex-
tracted part (parent) and a set of two or more extracted parts (children) must satisfy
three conditions:

1. Most of the mass of the parent flows to the children.
2. In the reverse (many-to-one) direction, most of the mass of each child flows to the

parent.
3. The children form a connected component, implying a spatial coherence constraint.

Testing the first two (flow) conditions requires a K ×K part flow matrix, PF (i, j),
constructed by averaging the flows from all blobs in extracted part i’s cluster to all blobs
in extracted part j’s cluster:

PF (i, j) =
∑N

k=1
∑N

l=1[C(k) = i][C(l) = j]M(k, l)

(
∑N

k′=1[C(k′) = i]) × (
∑N

l′=1[C(l′) = j])
(4)

where N is the total number of blobs extracted from all images, C(l) is the cluster
that blob l is assigned to, and M is the N × N matching matrix. The expression rep-
resents the sum of all flows from blobs in cluster i to blobs in cluster j, normalized
by the number of flows, yielding a mean flow. The entries in the matrix PF are in the
range [0, 1].

Given the part flow (PF ) and part attachment (PA) matrices, Algorithm 2 ex-
tracts the part decomposition relations among the extracted parts in the final model.
Tchild (0.6) is determined empirically and reflects the degree to which a conservation of

Algorithm 2. Extracting Decompositional Relations
1: for i = 1 to K do
2: Find all parts j �= i, s.t. PF (j, i) ≥ Tchild. Let D be the set of all such parts, representing

the potential children of i.
3: for all subsets D′ of D do
4: Let PAD′ be the upper triangular matrix of PA(k, l), where k, l ∈ D′.

5: The quality of the decomposition of part i into the set D′ is e−|1−
∑

j∈D′ PF (i,j)| ×
min{1,

∑
k,l∈D′ PAD′ (k,l)

|D′|−1 } {The first term in the quality measure cost is high when
most of the parent’s mass flows to the children (and low otherwise). The second term
encourages the children to form a connected component, where a connected component
of D′ children implies at least D′ − 1 attachment edges among them.}

6: end for
7: end for
8: Choose decompositions whose quality exceeds Tdecomp

mass constraint can be imposed between the children and their parent in a many-to-one
mapping. A higher threshold, reflecting a stronger constraint, implies less blob over-
or under-segmentation in the image domain in which the models are being learned.
Tdecomp is also set to 0.6, reflecting the fact that a parent distributes most of its mass to
its children and that the children are attached (the product of the two terms needs to be
larger than 0.6).



Learning Hierarchical Shape Models from Examples 261

5.3 Assembling the Final Model Graph

The final model is a graph whose nodes represent the extracted parts and whose edges
represent the extracted attachment and decompositional relations. Associated with each
node is a saliency value, defined as the average of all the compatibility values of the
blobs in a given cluster (defined in Section 5.1). The attachment relation between parts
i and j has an associated likelihood, defined by PA(i, j). The decompositional relation
between a parent part and its constituent children has both an associated quality, defined
by the algorithm above, and a probability reflecting how likely the decomposition is,
i.e., the probability that the set of children will be observed in an image in lieu of the
parent.

6 Experimental Results

We evaluate our model on a database of 86 torso images containing different individ-
uals with different arm articulations; the blob graphs extracted from some of these
images can be seen in Figure 1. Ground truth is provided for each input image in
the form of a labeling of the extracted blobs in terms of the parts in an ideal torso
decompositional model, shown in Figure 4; blobs that are not deemed (by a human
observer) to correspond to a part on the ideal model are labelled as noise. This al-
lows us to systematically evaluate each component of the system, including the detec-
tion of the blobs and attachment relations forming the input graphs, the many-to-many
matching results, the detection of parts (clustering) that become the nodes in the final
graph2, and the attachment and decompositional relations that link the nodes together.
Moreover, we can evaluate the sensitivity of each step as a function of any underlying
parameters.

Head

Torso

UR Arm

Attachment

Decompostion

Right Arm

LR Arm LL Arm

Left Arm

UL Arm

Fig. 4. The ideal torso decompositional model, representing ground truth for the experiments

2 Since the clustering step is not deterministic (due to the random initialization of clusters),
the clustering experiments, as well as all experiments that rely on the clustering results, were
conducted 20 times for each value of the parameter being evaluated.
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6.1 Evaluation of Input Blob Graphs

As mentioned in Section 1, the detection of blobs is a noisy process, resulting in over-
and under-segmentation, spurious blobs, missing blobs, and poorly localized blobs.
Given the ground truth labeling, we can evaluate the blob detection process. According
to the part labels shown in Figure 4, the percentage of images in which the designated
part was detected was: head (47%), torso (83%), left arm (50%), right arm (51%), left
upper arm (37%), left lower arm (36%), right upper arm (40%), and right lower arm
(37%). These relatively low percentages reflect the significant degree of noise in the
detection of blobs (note that a straight arm and its two components cannot simultane-
ously appear). The attachment relations are governed by a single proximity threshold.
Large threshold values cause all blobs to be attached and thus produce false positive
attachment relations among parts, whereas small threshold values create sparse graphs
with false negative attachment relations among parts. Figure 5(a) shows the error in in-
dividual attachment, representing the sum of the SSD error in the attachment matrices
of all exemplar blob graphs.

6.2 Evaluation of Many-to-Many Matching

The error in the many-to-many matching component is computed by finding the sum
of the SSD errors in the flow matrices of each pair of exemplars. Given the optimal
proximity threshold, our matching algorithm yields a 9% error based on an element-by-
element comparison of the computed matching matrix M to the ground truth data.

6.3 Evaluation of Part Extraction

The error in the clustering step comprising part extraction is a function of two parame-
ters. The cluster error is computed by first finding the best cluster for every part in the
ideal model. Given a labeling of each image in terms of the ideal model, we can then
compute both precision and recall for each model part. The minimum (worst-case) of
the precision and recall values is averaged across all clusters and then inverted to yield
a final error measure. Figure 5(b) plots smoothed error as a function of embedding di-
mension. From the figure, we conclude that the choice of the embedding dimension is
not critical. The second parameter is k, representing an upper bound on the true number
of clusters. Figure 5(c) plots smoothed error as a function of k (maximum number of
clusters). Since the minimum is rather shallow, our algorithm is not very sensitive to the
choice of k.

6.4 Evaluation of Edge Extraction

Errors in the extraction of part attachment and part decomposition edges are computed
by first finding the correspondence between the ideal model (ground truth) parts and
the computed clusters, from which the SSD errors in the attachment and decomposition
edges can be computed. Since the correspondence between ground truth and computed
clusters is not necessarily one-to-one, and since a computed cluster does not necessarily
correspond to any ground truth cluster, an additional error term is added to account for
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Fig. 5. Evaluating the Model: (a) Input attachment relation error as function of proximity-based
grouping threshold; (b,c,f) The four curves represent clustering error, recovered attachment edge
error, recovered decomposition edge error, and final decompositional model error as a function of
dimensionality of embedding, the upper bound k on the number of putative clusters, and training
set size, respectively; (d) Recovered attachment edge error as a function of Tattach; (e) Recovered
decomposition edge error as a function of Tchild and Tdecomp
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Fig. 6. Final decompositional model obtained by our system on 86 input images. Red edges in-
dicate part attachment, while blue edges indicate part decomposition (or, inversely, abstraction).
The values on the decomposition edges specify the children (square brackets), the quality of the
decomposition, and the probability of the decomposition. The top number inside a node is its
part number, the middle number is its cluster quality, and the bottom number is the probability
of occurrence of the part. At the bottom is one example image for each part (shown in red), sam-
pled from its cluster. The model not only captures the correct attachments between parts, but also
captures the decompositional relations between each arm and its constituent subparts.
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the dissimilarity in the number of edges between the ground truth model and the final
recovered model. The error term is the difference in the number of edges relative to
the maximum number of edges in the ground truth and retrieved models. Figures 5(d)
and 5(e) show the error in attachment edges, as a function of the threshold Tattach, and
decomposition edges, as a function of the thresholds, Tchild and Tdecomp. The same
clustering results are used throughout these two experiments. As can be seen from the
figures, there is a range of thresholds that results in good attachments and decomposi-
tion edges.

6.5 Evaluation of the Final Model

From the above experiments, we determined optimal values for the different parame-
ters and manually entered them into the system. In our final experiment, we evaluate the
error of the final decompositional model as a function of the size of the input training
set. The error is defined by averaging the clustering error, the recovered part attachment
error, and the recovered part decomposition error. Figure 5(f) shows the smoothed final
model error and its three components as a function of training set size. It can be clearly
seen that the errors decrease as the number of training images increases. The automat-
ically generated model (for the full training set) is shown in Figure 6. The recovered
model is isomorphic to the ideal model, reflecting our algoithm’s ability to correctly
recover a decompositional model from noisy examples.

7 Limitations

The many-to-many matching component of our framework can handle spurious noise
in the form of missing features and small extraneous features. However, the presence
of a large noise feature or large occluder may result in incorrect assignments during
the EMD stage, for it may draw too much mass from correct features (if it’s a “hole”)
or flood too many correct features (if it’s a “pile”). The impact of such features can be
minimized by assigning additional properties to the features, such as shape or appear-
ance, and then using these properties as constraints in computing the mass flows during
EMD. Another important limitation arises from the fact that positional information of
the blobs is lost during the embedding. Although the use of distance between features
yields articulation invariance, it also means that feature ordering may be lost, as exem-
plified by a head on one torso matching a similarly sized noise blob on the bottom or
side of another torso. Again, the role of additional blob properties as constraints may
help to alleviate this problem.

8 Conclusions and Future Work

We have presented an algorithm for automatically recovering a decompositional, generic
shape model from examples; parts of the model can be represented at different levels
of abstraction – an important representational goal originally proposed by Marr. Two
important challenges face this task: 1) the inherent ambiguity in generic shape features,
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such as ridges and blobs; and 2) the need, due to articulation, scale, and segmentation
error, to match such features many-to-many. By imposing a graph-based perceptual
grouping on the parts, we provide the structural context necessary to match ambiguous
parts many-to-many. Our algorithm requires a number of parameters, and we have es-
tablished the relative insensitivity of the results to changes in the parameters. We have
demonstrated the approach on recovering a decompositional torso model from example
images of different subjects. Although our features and grouping rules are tuned for
articulated objects, such as humans, the framework could be applied to other features
and grouping rules that are more suitable for other categories. The correctness of the
recovered model as a function of the size of the training set has been evaluated with
respect to ground truth. Preliminary results are very encouraging, and current efforts
are aimed at recovering more complex models having a higher incidence of decompo-
sitional structure. Moreover, we seek to augment the recovered model with both node
and relation constraints, derived from the input data. Finally, we plan to apply machine
learning techniques to recover optimal perceptual grouping parameters, and develop
object recognition techniques adapted to part-based decompositional models.
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Abstract. We present a new algorithm for recovering the absolute phase
from modulo-2π phase, the so-called phase unwrapping (PU) problem.
PU arises as a key step in several imaging technologies, from which we
emphasize interferometric synthetic aperture radar/sonar (InSAR/SAS),
magnetic resonance imaging (MRI), and optical interferometry. We adopt
a discrete energy minimization viewpoint, where the objective function
is a first-order Markov random field. The minimization problem is dealt
with via a binary iterative scheme, with each iteration step cast onto a
graph cut based optimization problem. For convex clique potentials we
provide an exact energy minimization algorithm; namely we solve exactly
the PU classical Lp norm, with p ≥ 1. For nonconvex clique potentials,
it is well known that PU performance is particularly enhanced, namely,
the discontinuity preserving ability; however the problem is NP-hard.
Accordingly, we provide an approximate algorithm, which is a modified
version of the first proposed one. For simplicity we call both algorithms
PUMF, for Phase Unwrapping Max-Flow. The state-of-the-art compet-
itiveness of PUMF is illustrated in a series of experiments.

1 Introduction

Phase is an important property of many classes of signals [1]. For instance, in-
terferometric SAR (InSAR) uses two or more antennas to measure the phase
between the antennas and the terrain; the topography is then inferred from
the difference between those phases [2]. In magnetic resonance imaging (MRI),
phase is used, namely, to determine magnetic field deviation maps, which are
used to correct echo-planar image geometric distortions [3]. In optical interfer-
ometry, phase measurements are used to detect objects shape, deformation, and
vibration [4].

In all the examples above, in spite of phase being a crucial information, the
acquisition system can only measure phase modulo-2π, the so-called principal
phase value, or wrapped phase. Formally, we have

φ = ψ + 2kπ, (1)
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where φ is the true phase value (the so-called absolute value), ψ ∈ [−π, π[ is the
measured (wrapped) modulo-2π phase value, and k ∈ Z an integer number of
wavelengths [5, Chap. 1].

Phase unwrapping (PU) is the process of recovering the absolute phase φ
from the wrapped phase ψ. This is, however, an ill-posed problem, if no further
information is added. In fact, an assumption taken by most phase unwrapping
algorithms is that the absolute value of phase differences between neighbouring
pixels is less than π, the so-called Itoh condition [6]. If this assumption is not
violated, the absolute phase can be easily determined, up to a constant. Itoh
condition might be violated if the true phase surface is discontinuous, or if only
a noisy version of the wrapped phase is available. In either cases, PU becomes
a very difficult problem, to which much attention has been devoted [5], [7], [8],
[9], [10], [11], [12], [13],[14].

Phase unwrapping approaches belong to one of the following classes: path
following [7], minimum Lp norm [10], Bayesian [8], [15], [16], and parametric
modelling [17].

Path following algorithms apply line integration schemes over the wrapped
phase image, and basically rely on the assumption that Itoh condition holds along
the integration path. Wherever that condition is not met, different integration
paths may lead to different unwrapped phase values. Techniques employed to
handle these inconsistencies include the so-called residues branch cuts [7] and
quality maps [5, Chap. 4].

Minimum norm methods exploit this fact: if Itoh condition is met, the dif-
ferences between absolute phases of neighbour pixels are equal to the wrapped
differences between correspondent wrapped phases. Thus, these methods try to
find a phase solution φ for which the Lp norm of the difference between absolute
phase differences and wrapped phase differences (so a second order difference) is
minimized. This is, therefore, a global minimization in the sense that all the ob-
served phases are used to compute a solution. With p = 2 we have a least squares
method [18]. The exact solution with p = 2 is developed in [14] using network
programming techniques. An approximation to the least squares solution can be
obtained by relaxing the discrete domain Z

MN to R
MN and applying FFT or

DCT based techniques1[19]. A drawback of the L2 norm is that this criterion
tends to smooth discontinuities, unless they are provided as binary weights. L1

norm performs better than L2 norm in what discontinuity preserving is con-
cerned. Such a criterion has been solved exactly by Flynn [11] and Costantini
[12] using network programming. With 0 ≤ p < 1 the ability of preserving dis-
continuities is further increased at stake, however, of more complex optimization
algorithms [5, Chap. 5], [20].

The Bayesian approach relies on a data-observation mechanism model and
on a prior density expressing the a priori knowledge of the phase. For instance in
[21] a non-linear optimal filtering is applied, while in [22] an InSAR observation
model is considered taking into account not only the image phase, but also

1 M and N are the number of lines and columns, respectively.
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the backscattering coefficient and correlation factor images, which are jointly
recovered from InSAR image pairs.

Finally, parametric algorithms constrain the unwrapped phase to a paramet-
ric surface. Low order polynomial surfaces are used in [17]. Very often in real
applications just one polynomial is not enough to describe accurately the com-
plete surface. In such cases the image is partitioned and different parametric
models are applied to each partition [17].

1.1 Proposed Approach

This paper proposes a new phase unwrapping methodology based on discrete
energy minimization. The objective function considered is a first-order Markov
random field, where the associated energy has only pairwise interactions. The
energy minimization is worked out through a binary iterative scheme, similar
to the one presented in [14], [23]. Each iteration step is casted onto a graph
min-cut/max-flow problem, relying mainly on [24] but also on [25] and [26].

If the chosen clique potentials are convex, we devise a low-order polynomial
exact algorithm. In particular we solve exactly the phase unwrapping classi-
cal Lp norm [10], with p ≥ 1. Otherwise, for nonconvex clique potentials, even
though our problem turns out to be NP-hard [24], [25], it is well known that in
image reconstruction and namely in phase unwrapping, discontinuity preserv-
ing abilities are greatly enhanced [5, Chap. 5], [20], [27], [28], [29], [30], [31];
it also happens that in a nonconvex setting, nor the iterative scheme, nor the
graph cut casting employed in the algorithm are possible. Accordingly, we fur-
ther present a discontinuity preserving phase unwrapping algorithm. This is an
approximate algorithm that is a modified version of the first one, building on
two main ideas: 1) widening of the configuration space of each binary problem;
2) applying majorize minimize (MM) [32] concepts to our energy function, which
allows the graph cut casting. For simplicity we call both algorithms PUMF, for
Phase Unwrapping Max-Flow.

2 Problem Formulation

Figure 1 shows a pixel and its first-order neighbours along with the variables h
and v signalling horizontal and vertical discontinuities respectively.

The Lp norm of the difference between neighbouring pixel phases, 2π-
congruent with wrapped phases, is given by

∑
ij∈Z1

∣
∣∆φh

ij

∣
∣p vij +

∣
∣∆φv

ij

∣
∣p hij ,

where (·)h and (·)v denotes pixel horizontal and vertical differences given by

∆φh
ij =

[
2π(kij − kij−1) − ∆ψh

ij

]
, k ∈ Z (2)

∆φv
ij =

[
2π(kij − ki−1j) − ∆ψv

ij

]
, k ∈ Z (3)

∆ψh
ij = ψij−1 − ψij (4)
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i,j

i-1,j

i+1,j

i,j-1 i,j+1

hi+1,j

hi,j

v i
,j+

1

v i
,j

Fig. 1. Representation of the pixel (i,j) and its first order neighbours along with the
variables h and v signalling horizontal and vertical discontinuities respectively

∆ψv
ij = ψi−1j − ψij , (5)

with ψ being the wrapped (observed) phase, hij = 1 − hij and vij = 1 − vij

(hij , vij ∈ {0, 1}) being binary horizontal and vertical discontinuities respec-
tively, and (i, j) ∈ Z1 where Z1 = {(i, j) : i = 1, . . . , M, j = 1, . . . , N}, with M
and N denoting the number of lines and columns respectively (i.e., the usual
image pixel indexing 2D grid). Similarly our energy function is given by

E(k|ψ) =
∑

ij∈Z1

V
(
∆φh

ij

)
vij + V

(
∆φv

ij

)
hij , (6)

where the clique potential V is a real-valued function.
Our goal is to find the integer image k that minimizes energy (6), k being

such that φ = 2πk + ψ, where φ is the estimated unwrapped image and ψ is
the observed wrapped image; k is the so-called wrap-count image. To achieve
this goal, we cast this integer problem into a series of graph flow calculations for
which efficient max-flow/min-cut algorithms exist. This relies on an energy min-
imization lemma given in section 3.1, and results on binary energy minimization
through graph cuts [24].

We should point out that the variables conveying discontinuity informa-
tion hij and vij are to be introduced when available. In SAR jargon these
images are the so-called quality maps. They can also be used as continuous
variables expressing prior knowledge on phase variability. Quality maps can be
derived from correlation maps for InSAR, or from phase derivative variance in
a more general setting [5, Chap. 3]. Nevertheless, we must stress that in prac-
tice quality maps are very often unavailable, at least partially, which requires
clique potentials to have discontinuity preserving abilities, and therefore, calls for
nonconvexity.

Although energy (6) was succinctly introduced in a deterministic and natural
way, it can also be derived under a Bayesian perspective as in [14]. Consider a
first-order Markov random field prior on the absolute phase image, given by
p(φ) = 1

Z e−U(φ) where U(φ) =
∑

ij∈Z1
V

(
∆φh

ij

)
vij + V

(
∆φv

ij

)
hij , and Z is

a normalizing constant. Assuming that the wrapped phase is noiseless, then
φ = ψ + 2kπ. Therefore, the maximum a posteriori (MAP) estimate exactly
amounts to minimize E(k|ψ) with respect to k.
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2.1 The Clique Potential V

Setting V (·) = |·|p in energy (6), the Lp norm energy expression above mentioned
is recovered. The 2π-quantized version of this clique potential [23] has been
extensively used in phase unwrapping and it is the so-called classical Lp norm.
With p = 2, we have the least-squares type approach, which, as referred above,
tends to oversmooth the inferred phase. To cope with oversmoothing and to
preserve discontinuities, low values of p should be used. However, p < 1 leads
to NP-hard algorithms [20], [24], [25]. L1 has then been a compromise between
discontinuity preserving and algorithm complexity. Flynn in [11] and Costantini
in [12] presented exact L1 norm PU algorithms.

In this paper we consider the family of clique potentials V (·) schematized in
Fig. 2. Please note that the plots therein presented show V (x) as a function of x.
However, our potentials are not centred; in fact, as can be seen from expressions
(6), (2), and (3) V depends on ∆ψ: this means that the clique potential as
function of the labels kij is off-centred. Curves plotted in Fig. 2 are quadratic in
an origin neighbourhood, and given by |·|p outside of it. This shape, which has
been used in edge preserving image restoration, accounts for Gaussian noise and
simultaneously preserves discontinuities [27]. In spite of considering a particular
shape for the clique potential V , the concepts and algorithms next developed do
not depend on the particular shape of V .
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3.5

|X|p |X|p

X2

p=0.2
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p=1.3

p=1.7

Models
discontinuities

Models
Gaussian
noise

Models
discontinuities

x = 2π (k - k’) - ∆ψ

V

Fig. 2. Five instances of clique potentials V . These functions contain distinct branches
in order to attempt both discontinuity preserving and noise smoothing. Note that
cliques are off-centred as function of labels k.

3 Minimizing E by a Sequence of Binary Optimizations

In Subsections 3.1 and 3.2 we derive an exact algorithm assuming that the clique
potential V is convex. With a nonconvex V , as referred, the computational prob-
lem turns out to be extremely difficult, namely, NP-hard; since we are especially
interested in this nonconvex case, we propose an approximate algorithm in Sub-
section 3.3. As will be illustrated, this gives very good results in practice.
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3.1 An Existence Lemma for Energy Minimization

The following lemma, an extension of Lemma 1 in [14], assures that if the min-
imum of E(k|ψ) [E(k|ψ) given by (6)] is not yet reached and if V is convex,
then there exists a binary image δk (i.e., the elements of δk are all 0 or 1) such
that E(k + δk|ψ) < E(k|ψ).

Lemma 1. Let k1 and k2 be two wrap-count images such that

E(k2|ψ) < E(k1|ψ). (7)

Then, if V is convex, there exists a binary image δk such that

E(k1 + δk|ψ) < E(k1|ψ). (8)

Proof. The proof follows the same lines as the proof of Lemma 1 in [14], replacing
quadratic potentials by convex ones. ��

According to Lemma 1, we can iteratively compute kt+1 = kt + δk, where
δk ∈ {0, 1}MN minimizes E(kt+δk|ψ), until the the minimum energy is reached.

3.2 Mapping Binary Optimizations Onto Graph Min-Cuts

Let kt+1
ij = kt

ij +δkt
ij be the wrap-count at time t+1 and pixel (i, j). Introducing

kt+1
ij into (2) and (3), we obtain, respectively,

∆φh
ij =

[
2π(kt+1

ij − kt+1
ij−1) − ∆ψh

ij

]
(9)

∆φv
ij =

[
2π(kt+1

ij − kt+1
i−1j) − ∆ψv

ij

]
. (10)

After some simple manipulation, we get

∆φh
ij =

[
2π(δkt

ij − δkt
ij−1) + ah

]
(11)

∆φv
ij =

[
2π(δkt

ij − δkt
i−1j) + av

]
, (12)

where
ah = 2π(kt

ij − kt
ij−1) − ∆ψt

ij (13)

av = 2π(kt
ij − kt

i−1j) − ∆ψt
ij . (14)

Now introducing (11) and (12) into (6), we can rewrite energy E(k|ψ) as a
function of binary variables δkt

ij ∈ {0, 1}, i.e.,

E(k|ψ) =
∑

ij∈Z1

V
(
2π(δkt

ij − δkt
ij−1) + ah

)
vij

︸ ︷︷ ︸
Eij

h (xij−1,xij)

+ V
(
2π(δkt

ij − δkt
i−1j) + av

)
hij

︸ ︷︷ ︸
Eij

v (xi−1j ,xij)

,

(15)
where xij = δkt

ij .
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The minimization of energy (15) will be now mapped into a max-flow/min-
cut calculation. Since the seminal work [33] of Greig et al., a considerable amount
of research effort has been devoted to energy minimization via graph methods
(see, e.g., [24], [25], [26], [34], [35], [36]). Namely, the mapping of a minimization
problem into a sequence of binary minimizations, computed by graph cut tech-
niques, has been addressed in works [25] and [26]. Nevertheless, these two works
assume the potentials to be either a metric or a semi-metric, which is not the
case for the clique potentials that we are considering: from (15) it can be seen
that V (x, y) �= V (y, x) as a consequence of the presence of ah and av terms2. For
this reason, we adopt the method proposed in [24], which generalizes the class of
binary minimizations that can be solved by graph cuts. Furthermore, the graph
structures therein proposed are simpler.

We now establish a one-to-one mapping between energy function (15) and
cuts on a certain graph G = (V , E), having n vertices and two terminals, source
and sink. This mapping relies, basically, on the observation that any graph-
cut leaves every vertex either on the source side or the sink side, and so this
corresponds to an assignment of a binary variable to each vertex.

For simplicity, let us denote for a moment terms Eij
h and Eij

v by Eij(xk, xl).
We have, thus,

Eij(0, 0) = V (a) dij ,

Eij(1, 1) = V (a) dij ,

Eij(0, 1) = V (2π + a) dij ,

Eij(1, 0) = V (−2π + a) dij ,

where a represents ah or av and dij represents hij or vij .
So we have

Eij(0, 0) + Eij(1, 1) = 2V (a) dij (16)

and
Eij(0, 1) + Eij(1, 0) = [V (2π + a) + V (−2π + a)] dij . (17)

It follows then that

2V (a)dij ≤ [V (2π + a) + V (−2π + a)] dij .

In fact, since V is convex:

V (a)dij ≤ [(1 − t)V (−2π + a) + tV (2π + a)] dij , t ∈ [0, 1]

and setting t = 1/2 we have,

V (a)dij ≤ [1/2V (−2π + a) + 1/2V (2π + a)] dij ⇐⇒ (18)
2V (a)dij ≤ [V (−2π + a) + V (2π + a)] dij ,

which, from expressions (16) and (17), can be stated as

Eij(0, 0) + Eij(1, 1) ≤ Eij(0, 1) + Eij(1, 0). (19)
2 By definition either a metric or a semi-metric must satisfy the symmetry property.
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Using results presented in [24]3, expression (19) assures, by definition, that our
binary energy (15) is so-called regular and accordingly graph representable. This
means that there exists a one-to-one mapping between configurations (x1, . . . ,
xn) [the arguments of energy (15)] and cuts on a certain graph. This mapping
is such that the cost of the cuts equals the energy value at the corresponding
configuration4. Therefore, minimizing the energy corresponds to computing a
max-flow/min-cut on the appropriate graph.

Work [24] also details how to construct the graph. First, build vertices and
edges corresponding to each pair of neighbouring pixels, and then join these
graphs together based on the additivity theorem also given in [24]. So, for each
energy term Eij

h and Eij
v (see expression 15), we construct an “elementary” graph

with four vertices {s, t, v, v′}, where {s, t} represents source and sink, common to
all terms, and {v, v′} represents the two pixels involved (v being the left (up) pixel
and v′ the right (down) pixel). Following very closely [24], we define a directed
edge (v, v′) with the weight E(0, 1) + E(1, 0) − E(0, 0) − E(1, 1). Moreover, if
E(1, 0)−E(0, 0) > 0 we define an edge (s, v) with the weight E(1, 0)−E(0, 0) or,
otherwise, we define an edge (v, t) with the weight E(0, 0)−E(1, 0). In a similar
way for vertex v′, if E(1, 1) − E(1, 0) > 0 we define an edge (s, v′) with weight
E(1, 1) − E(1, 0) > 0 or, otherwise, we define an edge (v′, t) with the weight
E(1, 0)−E(1, 1). Figure 3(a) shows an example where E(1, 0)−E(0, 0) > 0 and
E(1, 0) − E(1, 1) > 0. Figure 3(b) illustrates the complete graph obtained at
the end.

Source

Sink

v

v’
v v'

s

t

E(0,1)+E(1,0)-E(0,0)-E(1,1)

E(1,0)-E(0,0)

E(1,0)-E(1,1)

Cut

s

t
(a) (b)

Source

Sink

Fig. 3. (a) Elementary graph for a single energy term, where s and t represent source
and sink respectively, and v and v’ represent the two pixels involved in the energy term.
In this case E(1, 0) − E(0, 0) > 0 and E(1, 0) − E(1, 1) > 0. (b) The graph obtained at
the end results from adding elementary graphs.

As we have shown above, building on results from [14] and from [24], we
can iteratively find the energy minimum through binary optimizations, based on
max-flow/min-cut calculation on a certain graph5.

3 There are also interesting developments in [37].
4 Up to an additive constant.
5 For a proof that the number of iteration steps is finite see [23].
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Algorithm 1. (PUMF) Graph cuts based phase unwrapping algorithm
Initialization: k ≡ k′ ≡ 0, possible improvement ≡ 1
1: while possible improvement do
2: Compute E(0, 0), E(1, 1), E(0, 1), and E(1, 0) {for every horizontal and vertical

pixel pairs}.
3: Construct elementary graphs and merge them to obtain the main graph.
4: Compute the min-cut (S, T ) {S- source set; T -sink set}.
5: for all pixel (i, j) do
6: if pixel (i, j) ∈ S then
7: k′

i,j = ki,j + 1
8: else
9: k′

i,j = ki,j {remains unchanged}
10: end if
11: end for
12: if E(k′|ψ) < E(k|ψ) then
13: k = k′

14: else
15: possible improvement = 0
16: end if
17: end while

Algorithm 1 shows the pseudo-code for the Phase Unwrapping Max-Flow
(PUMF) algorithm.

In the convex scenario we have proposed an exact minimizer for our class of
energies. At this point we should mention work [36]. There, the author proposes
a minimizer for convex energies, by computing a single cut on a certain graph.
Nevertheless, for a general convex potential that graph can be huge, imposing
in practice heavy computational demands.

3.3 Approximate Algorithm for a Non-convex V

When V is non-convex the previous exact algorithm is not valid and the reason is
twofold. First, Lemma 1 only works for a convex V . Let us use the terminology of
[25] and call a 1−jump move the operation of adding a binary image δk; so, if V
is non-convex it is not possible, in general, to reach the minimum through 1-jump
moves only. Second, with a non-convex V energy (6) is not regular, i.e., (19) does
not hold with generality for every horizontal or vertical pairwise interactions (see
[23]). This means that we cannot make the energy graph-representation used in
the binary optimization that was employed on each algorithm iteration.

Our approximate algorithm arises as a minor modification of PUMF to handle
those two issues. Regarding the latter, as the problem relies on the non-regularity
of some energy terms Eij(xi, xj), i.e., they do not verify (19), our procedure con-
sists of approximating them by regular ones. We do that by leaning on majorize
minimize MM [32]. The basic idea is the following: consider the regular energy

E
′ij(xi, xj) ≡

{
E

′ij(xi, xj) ≥ Eij(xi, xj), if (xi, xj) �= (0, 0)
E

′ij(0, 0) = Eij(0, 0)
(20)
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Algorithm 2. Approximate PUMF
Initialization: k ≡ k′ ≡ 0
1: for all i in [1, 2..., m, 1, 2, ..., m] (m is the maximum jump size) do
2: possible improvement ≡ 1
3: while possible improvement do
4: Compute E(0, 0), E(1, 1), E(0, 1), and E(1, 0) {for every horizontal and vertical

pixel pairs}.
5: Find any non-regular pixel pairs [E(0, 1) + E(1, 0) − E(0, 0) − E(1, 1) < 0]. If

there is any set it to zero.
6: Construct elementary graphs and merge them to obtain the main graph.
7: Compute the min-cut (S, T ) {S- source set; T -sink set}.
8: for all pixel (i, j) do
9: if pixel (i, j) ∈ S then

10: k′
i,j = ki,j + i

11: else
12: k′

i,j = ki,j {remains unchanged}
13: end if
14: end for
15: if E(k′|ψ) < E(k|ψ) then
16: k = k′

17: else
18: possible improvement = 0
19: end if
20: end while
21: end for

then, necessarily,
Eij(x�

i , x�
j ) ≤ Eij(0, 0), (21)

where (x�
i , x

�
j ) minimizes E

′ij(xi, xj).
So, by replacing the nonregular energy terms Eij(xi, xj) with regular ones

E
′ij(xi, xj), we have the guarantee of energy decreasing and so approximate the

minimum, on each binary optimization6. A possible solution to obtain the re-
placement terms can be, for instance, to increase term Eij(0, 1) until [Eij(0, 1)+
Eij(1, 0)−Eij(0, 0)−Eij(1, 1)] equals zero; we choose this solution in the results
presented in the next section, yet others are possible [23].

With respect to the first referred reason for non validity of PUMF, our strat-
egy is extending the range of allowed moves. Instead of only 1-jumps we now use
sequences of i-jumps, which correspond to add an (iδ)k image (pixels can have
the 0 or i values).

The above presented approximate algorithm has proved outperforming re-
sults in all the experiments we have put it through; in the next section we
illustrate some of those experiments. Algorithm 3.3 shows the pseudo-code of
the modified PUMF algorithm.

A final word about i-jumps is worthy. This kind of moves is used in work [25]
(from which we take the terminology) to solve minimization problems through

6 Work [38] that uses graph cuts based optimization, also approximates non regular
cliques employing a theorem that is equivalent to the proposed majorize minimize
(MM) procedure. We thank Vladimir Kolmogorov for pointing out that work.
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a sequence of binary problems, namely via α-expansions for which the author
derives a bound on the energy under the nonconvex scenario. We should stress
again that, nevertheless, we cannot use that kind of algorithms, as our clique
potentials are not symmetric (thus, not a metric nor a semi-metric).

4 Experimental Results

The results presented in this section were obtained with MATLAB coding (max-
flow algorithm is implemented in C++7). We first present images illustrating the
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Fig. 4. (a) Wrapped Gaussian elevation with a quarter of the plane with zero height.
The associated noise standard deviation is 0◦. (b) Wrapped Gaussian elevation with a
quarter of the plane with zero height. The associated noise standard deviation is 41.2◦.
(c) Image in (a) unwrapped by PUMF. (d) Image in (b) unwrapped by PUMF. (e) Energy
decreasing for the unwrapping of image in (a). (f) Energy decreasing for the unwrapping
of image in (b). Notice that no discontinuities are supplied to the algorithm.
7 Code made available in http://www.cs.cornell.edu/People/vnk/software.html

by V. Kolmogorov. See [39] for more details.
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performance of PUMF on three representative phase unwrapping problems; then
we compare the performances of PUMF and state-of-the-art PU algorithms. We
have employed nonconvex potentials in all the presented experiments (please see
Section 2.1).

Figures 4(a) and 4(b) display two phase images (100 × 150 pixels) to be un-
wrapped; they are synthesized from an original absolute phase surface formed by
a Gaussian elevation with a height of 14π rad, and standard deviations σi = 15
and σi = 10 pixels; additionally in a quarter of the plane the Gaussian has
zero height, introducing surface discontinuities, and therefore rendering a quite
difficult unwrapping problem. We stress that we did not supply discontinuities
as an input to the algorithm. The wrapped images are generated according to
an InSAR observation statistics (see, e.g., [14]), producing an interferometric
pair, with correlation coefficient 1.0 and 0.95, respectively. This corresponds to
an interferometric noise standard deviation of 0◦ and 41.2◦, respectively. The
wrapped phase images are obtained (for each pair), by computing the product
of one image by the complex conjugate of the other, and finally taking the ar-
gument. The noise standard deviation of 41.2◦ is high enough to induce a large
number of phase jumps (residues), making the unwrapping an even harder task.
Figures 4(c) and 4(d) show the corresponding unwrapped surfaces by PUMF (V
as in Fig. 2, with p = 0.2), taking 8 and 9 iterations respectively and around
4 seconds in a 2GHz PC. We can see that, even with low-correlation induced
discontinuities, PUMF successfully accomplishes a meaningful unwrapping. Fig-
ures 4(e) and 4(f) show the energy evolution with the algorithm iterations. It is
noticeable a great energy decreasing in the first few iterations.

Figure 5(a) shows a phase image analogous to Fig. 4(a) but now the origi-
nal phase corresponds to a (simulated) InSAR acquisition for a real steep-relief
mountainous area8 inducing, therefore, many discontinuities and posing a very
tough PU problem. Figure 5(d) shows a quality map computed from the InSAR
coherence estimate (see [5, Chap.3] for further details). However, to illustrate the
discontinuity preserving ability of the PUMF method with nonconvex potentials,
we have reduced the number of supplied discontinuities in the algorithm to a min-
imum set9. This map is shown in Fig. 5(c). The resulting phase unwrapped (it
was used V as in Fig. 2, with p = 0.2) is “3-D” rendered in Fig. 5(b), correspond-
ing to an error norm (variance) of 1.9 square radians. Figure 5(e) illustrates the
energy evolution with the algorithm iterations.

Figure 6(a) shows another phase image to be unwrapped, which was syn-
thesized from an original surface consisting of two “intertwined” spirals built
on two sheared planes. It should be noticed that the original phase surface has
many discontinuities, which make this an extremely difficult unwrapping prob-
lem if no information is supplied about discontinuities locations. PUMF is able
to blindly unwrap (perfectly) this image as is shown in Fig. 6(b) (V as in Fig. 2,
with p = 0.01). Figure 6(c) shows a “3-D” rendering of the unwrapped surface

8 Long’s Peak, Colorado,USA. Data distributed with book [5].
9 Experimentally evidence shows that below that minimum results are catastrophic.



280 J.M. Bioucas-Dias and G. Valadão

50 100 150 200 250 300 350 400 450

20

40

60

80

100

120

140

(a) (b)

50 100 150 200 250 300 350 400 450

20

40

60

80

100

120

140

50 100 150 200 250 300 350 400 450

20

40

60

80

100

120

140

(c) (d)

5 10 15 20 25 30 351
7.5

8

8.5

9

9.5

10

10.5

11
x 10

4

Iterations

E
ne

rg
y

(e)

Fig. 5. (a) Wrapped phase image obtained from a simulated InSAR acquisition from
Long’s Peak, Colorado, USA (Data distributed with [5]). (b) Image in (a) unwrapped
by PUMF (32 iterations). (c) Discontinuity information given as input to the unwrap-
ping process. White pixels signal discontinuity locations. (d) The total discontinuity
information at disposal. White pixels signal discontinuity zones. (e) Energy decreasing
for the unwrapping of image in (a).

and Fig. 6(d) shows the decreasing of the energy, along 39 iterations, in the
unwrapping process.

Next, in table 1, we summarize the performance of PUMF and some reference
and state-of-the-art PU algorithms, applied to the above illustrated problems,
with the exception of last one; in fact all the algorithms, but PUMF, have a
very poor performance in unwrapping the spiral. The performance is measured
by the variance of the absolute error between original and unwrapped phase
images. The comparing algorithms are:

– Path following type: Goldstein’s branch cut (GBC) [7]; quality guided
(QG) [40]; and mask cut (MC) [41].

– Minimum norm type: Flynn’s minimum discontinuity (FMD) [11];
weighted least-squares (WLS) [19]; and L0 norm (L0N) (see [5, ch. 5.5]).
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Fig. 6. (a) Wrapped phase image corresponding to an original phase surface of two
intertwined spirals in two sheared planes (Data distributed with [5]). (b) Image in (a)
blindly unwrapped by PUMF (39 iterations). (c) A “3-D” rendering of the unwrapped
image. (d) Energy decreasing for the unwrapping of image in (a). Notice that no dis-
continuities are supplied to the algorithm.

Table 1. Comparative performance of PUMF and reference PU algorithms

Error (squared radians)
Algorithm Gauss. Gauss. Peaks

(corr=1) (corr=0.95)
PUMF 0 0.8 1.9
WLS 35.9 17.3 1270.7
L0N 29.7 3.5 1275.5
MC 4.7 17.7 851.8
FMD 1.5 4.7 991.1
QG 0.1 8.5 85.3
GBC 1.2 3.6 73.9

5 Concluding Remarks

We developed a new graph cuts based phase unwrapping algorithm, in the vein
of the minimum Lp norm class of PU algorithms. An iterative binary optimiza-
tion scheme was adopted from ZπM algorithm [14], and the results on energy
minimization from [24] were applied to perform the optimization, casting it on a
series of graph max-flow/min-cut computations. In particular, we solved exactly



282 J.M. Bioucas-Dias and G. Valadão

the PU Lp minimum norm problem for p ≥ 1. Instead of the strict Lp norm,
PUMF concepts and algorithm are valid for a general real valued potential V ;
PUMF is an exact minimizer if V is convex and an approximate one otherwise.
More particularly, we considered a family of non-convex discontinuity preserv-
ing potentials, for which, in a set of experiments, the proposed PUMF algorithm
outperforms the state-of-the-art methods.
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Abstract. We consider the use of medial surfaces to represent symmetries of
3-D objects. This allows for a qualitative abstraction based on a directed acyclic
graph of components and also a degree of invariance to a variety of transforma-
tions including the articulation and deformation of parts. We demonstrate the use
of this representation for both indexing and matching 3-D object models. Our for-
mulation uses the geometric information associated with each node along with an
eigenvalue labeling of the adjacency matrix of the subgraph rooted at that node.
We present comparative results against the techniques of shape distributions [17]
and harmonic spheres [12] on a database of 320 models representing 13 object
classes. The results demonstrate that medial surface based graph matching sig-
nificantly outperforms these techniques for objects with articulating parts.

Keywords: 3-D model matching, indexing, medial surfaces, graph spectra.

1 Introduction

With an explosive growth in the number of 3-D object models stored in web reposito-
ries and other databases, the graphics community has begun to address the important
and challenging problem of 3-D object retrieval and matching, a problem which tra-
ditionally falls in the domain of computer vision research. Recent advances include
query-based search engines which employ promising measures including spherical har-
monic descriptors [12] and shape distributions [17]. Such systems can yield impressive
results on databases including hundreds of 3-D models, in a matter of a few seconds.

Thus far the emphasis in the computer graphics community has broadly been on the
use of qualitative measures of shape that are typically global. Such measures are robust
in the sense that they can deal with noisy and imperfect models, and at the same time are
simple enough so that efficient algorithmic implementations can be sought. However,
an inevitable cost is that such measures are inherently coarse, and are sensitive to de-
formations of objects or their parts. As a motivating example, consider the 3-D models
in Fig. 1. These four exemplars of an object class were created by articulations of parts
and changes of pose. For such examples, the very notion of a center of mass or a rigid
reference point[1], which is crucial for the computation of descriptions such as shape
histograms (sectors or shells) [3] or spherical extent functions [30], can be nonintuitive
and arbitrary. In fact, the centroid of such models may actually lie in the background.

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 285–300, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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Fig. 1. Exemplars of the object class “human” created by changes in pose and articulations of
parts (top row). The medial surface (or 3-D skeleton) of each is computed using the algorithm of
[27] (bottom row). The medial surface is automatically partitioned into distinct parts, each shown
in a different color.

To complicate matters, it is unclear how to obtain a global alignment of such models.
As well, measures based on reflective symmetries [11], and signatures based on 3-D
moments [7] or chord histograms [17] are not invariant under such transformations.

The computer vision community has grappled with the problem of generic level
object recognition by suggesting representations based on volumetric parts, including
generalized cylinders, superquadrics and geons [5, 16, 19, 4]. Such approaches build a
degree of robustness to deformations and movement of parts, but their representational
power is limited by the vocabulary of geometric primitives that are selected. Motivated
in part by such considerations there have been attempts to encode 3D shape informa-
tion using probabilistic descriptors. These allow intrinsic geometric information to be
captured by low dimensional signatures. An elegant example of this is the geodesic
shape distribution of [9] where information theoretic measures are used to compare
probability distributions representing 3D object surfaces. In the domain of graph the-
ory there have also been attempts to address the problem of 3D shape matching using
representations based on Reeb graphs [24, 10]. These allow for topological properties
to be captured, at least in a coarse sense.

An alternative approach is to use 3-D medial loci (3-D skeletons), obtained by con-
sidering the locus of centers of maximal inscribed spheres along with their radii [6]. As
pointed out by Blum, this offers the advantage that a graph of parts can be inferred from
the underlying local mirror symmetries of the object. To motivate this idea, consider
once again the human forms of Fig. 1. A medial surface-based representation (bottom
row) provides a natural decomposition, which is largely invariant to the articulation and
bending of parts.

In this article, we build on a recent technique to compute medial surfaces [27] by
proposing an interpretation of its output as a directed acyclic graph (DAG) of parts.
We then use refinements of algorithms based on graph spectra [26] to tackle the prob-
lems of indexing and matching 3-D object models. These and related algorithms have
already shown promise in the computer vision community for generic level view-based
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object indexing and matching using 2-D skeletal graphs [28, 25, 18, 22]. They have also
been demonstrated in the context of matching 3-D object models with tubular parts,
using a centerline approximation of the 3-D skeleton [29]. We demonstrate their signif-
icant potential for medial surface-based 3-D object retrieval with experimental results
on a database of 320 models representing 13 object classes, including exemplars of
both rigid objects and ones with significant articulation of parts. Comparative results
using the information retrieval notion of precision versus recall demonstrate that this
method significantly outperforms the popular techniques of shape distributions [17] and
harmonic spheres [12] for objects with articulating parts. To our knowledge these are
the first comprehensive empirical results on the use of medial surfaces and their graph
spectra in the context of 3-D object model retrieval and indexing.

2 Medial Surfaces and DAGs

Recent approaches for computing 3-D skeletons include the power crust algorithm [2],
the shock scaffold [13] and average outward flux-based skeletons [27]. The first two
methods have the advantage that they can be employed on input data in the form of
points sampled from an object’s surface, and theoretical guarantees on the quality of the
results can be provided. Unfortunately, automatic segmentation of the resulting skele-
tons remains a challenge. The last method assumes that objects have first been vox-
elized, and this adds a computational burden. However, once this is done the limiting
behavior of the average outward flux of the Euclidean distance function gradient vector
field can be used to characterize 3-D skeletal points. We choose to employ this latter
method since it has the advantage that the digital classification of [15] allows for the
taxonomy of generic 3-D skeletal points [8] to be interpreted on a rectangular lattice,
leading to a graph of parts.

Under the assumption that the initial model is given in triangulated form, we begin
by scaling all the vertices so that they fall within a rectangular lattice of fixed dimension
and resolution. We then sub-divide each triangle to generate a dense intersection with
this lattice, resulting in a binary (voxelized) 3-D model. The average outward flux of
the Euclidean distance function’s gradient vector field is computed through unit spheres
centered at each rectangular lattice point, using Algorithm 1. This quantity has the prop-
erty that it approaches a negative number at skeletal points and goes to zero elsewhere
[27], and thus can be used to drive a digital thinning process, for which an efficient
implementation is described in Algorithm 2. This thinning process has to be imple-
mented with some care, so that the topology of the object is not changed. This is done
by identifying each simple or removable point x, for which a characterization based on
the 26-neighborhood of each lattice point x is provided in [15]. With O being the set of
points in the interior of the voxelized object and N∗

26 being the 26-neighborhood of x,
not including x itself, this characterization is based on two numbers:

1. C∗: the number of 26-connected components 26-adjacent to x in O∩N∗
26, and

2. C̄: the number of 6-connected components 6-adjacent to x in Ō∩N18.

It can be shown that a digital point x is simple if C∗(x) = 1 and C̄(x) = 1.
The taxonomy of generic 3-D skeletal points in the continuum, i.e., those which are

stable under small perturbations of the object, is provided in [8]. Using the notation
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Algorithm 1: Average Outward Flux

Data : Voxelized 3-D Object Model.
Result : Average Outward Flux Map.
Compute the Euclidean distance transform D of the model ;
Compute the gradient vector field ∇D;
Compute the average outward flux of ∇D:

For (each point x) AOF(x) =
1

26

26

∑
i=1

< N̂i,∇D(xi) >;

(where xi is a 26-neighbor of x in 3-D and N̂i is the outward normal at xi of the unit
sphere centered at x)

Algorithm 2: Topology Preserving Thinning

Data : 3-D Object Model, Average Outward Flux Map.
Result : 3-D Skeleton (Medial Surface).
for (each point x on the boundary of the object) do

if (x is simple) then
insert(x, maxHeap) with AOF(x) as the sorting key for insertion;

while (maxHeap.size > 0) do
x = HeapExtractMax(maxHeap);
if (x is simple) then

if (x is an end point) and (AOF(x) < Thresh) then
mark x as a medial surface (end) point;

else
Remove x;
for (all neighbors y of x) do

if (y is simple) then
insert(y, maxHeap) with AOF(y) as the sorting key for insertion;

Ak
n, where n denotes the number of points of contact of the maximal inscribed sphere

with the surface and k the order of these contacts, the taxonomy includes: 1) A2
1 points

which form a smooth medial manifold, 2) A3 points which correspond to the rim of a
medial manifold, 3) A3

1 points which represent the intersection curve of three medial
manifolds, 4) an A4

1 point at the intersection of four A3
1 curves, and 5) an A1A3 point at

the intersection between an A3 curve and an A3
1 curve.

It is clear from this classification that 3-D skeletons are essentially comprised of
medial manifolds, their rims and intersection curves, and this is why we refer to this as a
medial surface representation. As shown in [15], the numbers C∗ and C̄ can also be used
to classify surface points, rim points, junction points and curve points on a rectangular
lattice. These results are summarized in Table 1. This suggests the following 3-step
approach for segmenting the (voxelized) medial surface into a set of connected parts:
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Table 1. The topological classification of [15]

C̄ C∗ TYPE

0 any interior point
any 0 isolated point
1 1 border (simple) point
1 2 curve point
1 > 2 curves junction
2 1 surface point
2 > 2 surface-curve(s) junction

> 2 1 surfaces junction
> 2 ≥ 2 surfaces-curves junction

Fig. 2. A voxelized human form and chair (left) and their segmented medial surfaces (middle).
A hierarchical interpretation of the medial surface, using a notion of part saliency, leads to a
directed acyclic graph DAG (right). The nodes in the DAGs have labels corresponding to those
on the medial surface, and the saliency of each node is also shown.

1. Identify all manifolds comprised of 26-connected surface points and border points.
2. Use junction points to separate these manifolds, but allow junction points to belong

to all manifolds that they connect.
3. Form connected components with the remaining curve points, and consider these

as parts as well.

This process of automatic skeletonization and segmentation is illustrated for two object
classes, a chair and a human form, in Fig. 2.

We now propose an interpretation of the segmented medial surface as a directed
acyclic graph (DAG), where we shall treat each component as a node. This will in turn
allow the subsequent matcher and indexer to cope with both changes in part structure, as
reflected by connectivity in the graph, as well as changes in part shape, as reflected by
the geometric information associated with each node. We begin by introducing a notion
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of saliency which captures the relative importance of each component. Consider that the
envelope of maximal inscribed spheres of appropriate radii placed at all skeletal points
reconstructs the original object’s volume [6]. The contribution of each component to
the overall volume can thus be used as a measure of its significance. Since the spheres
associated with adjacent components can overlap, an objective measure of component
j’s saliency is given by:

Saliency j =
Voxels j

∑N
i=1 Voxelsi

,

where N is the number of components and Voxelsi is the number of voxels uniquely re-
constructed by component i. We propose the following construction of a DAG, using each
component’s saliency. Consider the most salient component as the root node (level 0),
and place components to which it is connected as nodes at level 1. Components to which
these nodes are connected are placed at level 2, and this process is repeated in a recursive
fashion until all nodes are accounted for. The graph is completed by drawing edges be-
tween all pairs of connected nodes, in the direction of increasing levels, hence avoiding
the occurrence of any cycles. However, to allow for 3-D models comprised of discon-
nected parts we introduce a single dummy node as the parent of all DAGs for a 3-Dmodel.

This process is illustrated in Fig. 2 (right column) for the human and chair models,
with the saliency values shown within the nodes. Note how this representation captures
the intuitive sense that the human is a torso with attached limbs and a head, a chair is a
seat with attached legs and a back, etc. Our DAG representation of the medial surface is
quite different than the graph structure that follows from a direct use of the taxonomy
of 3-D skeletal points in the continuum [8]. Our motivation is to be able to exploit the
hierarchical structure indexing and matching algorithms reported in [28, 26].

3 Indexing

A linear search of the 3-D model database, i.e., comparing the query 3-D object model
to each 3-D model and selecting the closest one, is inefficient for large databases. An
indexing mechanism is therefore essential to select a small set of candidate models to
which the matching procedure is applied. When working with hierarchical structures,
in the form of DAGs, indexing is a challenging task, and can be formulated as the fast
selection of a small set of candidate model graphs that share a subgraph with the query.
But how do we test a given candidate without resorting to subgraph isomorphism and its
intractability? The problem is further compounded by the fact that due to perturbation
and noise, no significant isomorphisms may exist between the query and the (correct)
model. Yet, at some level of abstraction, the two structures (or two of their substruc-
tures) may be quite similar. Thus, our indexing problem can be reformulated as finding
model (sub)graphs whose structure is similar to the query (sub)graph.

Choosing the appropriate level of abstraction with which to characterize a DAG is
a challenging problem. We seek a description that, on the one hand, provides the low
dimensionality essential for efficient indexing, while on the other hand, is rich enough
to prune the database down to a tractable number of candidates. In recent work [26], we
draw on the eigen-space of a graph to characterize the topology of a DAG with a low-
dimensional vector that will facilitate an efficient nearest-neighbor search in a database.
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Fig. 3. Indexing Mechanism. Each non-trivial node (whose TSV encodes a topological abstraction
of the subgraph rooted at the node) votes for models sharing a structurally similar subgraph.
Models receiving strong support are candidates for a more comprehensive matching process.

The eigenvalues of a graph’s adjacency matrix encode important structural properties of
the graph, characterizing the degree distribution of its nodes. Moreover, we have shown
that the magnitudes of the eigenvalues are stable with respect to minor perturbations
of graph structure due to, for example, noise, segmentation error, or minor within-class
structural variation. For every rooted directed acyclic subgraph (i.e., part) of the orig-
inal DAG, we compute a function of the eigenvalues of the subgraph’s antisymmetric
{0,1,−1} node-adjacency matrix which yields a low-dimensional topological signa-
ture vector (TSV) encoding of the “shape” of the subgraph. Details of the TSV, along
with an analysis of its stability, can be found in [26].

Indexing now amounts to a nearest-neighbor search in a model database, as shown in
Fig. 3. The TSV of each non-leaf node (the root of a graph “part”) in each model DAG
defines a vector location in a low-dimensional Euclidean space (the model database)
at which a pointer to the model containing the subgraph rooted at the node is stored.
At indexing time, a TSV is computed for each non-leaf node, and a nearest-neighbor
search is performed using each “query” TSV. Each TSV “votes” for nearby “model”
TSVs, thereby accumulating evidence for models that share the substructure defined
by the query TSV. Indexing could, in fact, be accomplished by indexing solely with
the root of the entire query graph. However, in an effort to accommodate large-scale
perturbation (which corrupts all ancestor TSVs of a perturbed subgraph), indexing is
performed locally (using all non-trivial subgraphs, or “parts”) and evidence combined.
The result is a small set of ranked model candidates which are verified more extensively
using the matching procedure described next.

4 Matching

Each of the top-ranking candidates emerging from the indexing process must be veri-
fied to determine which is most similar to the query. If there were no noise our problem
could be formulated as a graph isomorphism problem for vertex-labeled graphs. With
limited noise, we would search for the largest isomorphic subgraph between query and
model. Unfortunately, with the presence of significant noise, in the form of the addition
and/or deletion of graph structure, large isomorphic subgraphs may simply not exist.
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This problem can be overcome by using the same eigen characterization of graph struc-
ture we use as the basis of our indexing mechanism [28].

As we know, each node in a graph (query or model) is assigned a TSV, which
reflects the underlying structure in the subgraph rooted at that node. If we simply dis-
carded all the edges in our two graphs, we would be faced with the problem of finding
the best correspondence between the nodes in the query and the nodes in the model; two
nodes could be said to be in close correspondence if the distance between their TSVs
(and the distance between their domain-dependent node labels) was small. In fact, such
a formulation amounts to finding the maximum cardinality, minimum weight match-
ing in a bipartite graph spanning the two sets of nodes. In a modification of Reyner’s
algorithm [20], we combine the above bipartite matching formulation with a greedy,
best-first search in a recursive procedure to compute the corresponding nodes in two
rooted DAGs which, in turn, yields an overall similarity measure that can be used to
rank the candidate. Details of the algorithm can be found in [28, 14].

4.1 Node Similarity

The above matching algorithm requires a node similarity function that compares the
shapes of the 3-D parts associated with two nodes. A variety of the measures used in the
literature as signatures for indexing entire 3-D models could be used to compute sim-
ilarities between two parts (nodes) [17, 3, 30, 7, 11]. Some care would of course have
to be taken in the implementation of methods which require a form of global align-
ment. We have opted for a much simpler measure, which is based on the use of a mean
curvature histogram.

First, consider the volumetric part that a node i represents, along with its Euclidean
distance function D. At any point within this volume, the mean curvature of the iso-
distance level set is given by div( ∇D

||∇D|| ). On a voxel grid with unit spacing the observ-

able mean curvatures are in the range [−1,1]. We compute a histogram of the mean
curvature over all voxels in the volumetric part, over this range, using a fixed number
of bins N. A mean curvature histogram vector M̂i is then constructed with entries rep-
resenting the fraction of total voxels in each bin. The similarity between two nodes i
and j is then given by the following measure, which uses the sum of squared distances
between the corresponding entries k of each node’s mean curvature histogram vector:

Similarity(i, j) = [1 −

√
N

∑
k=1

[M̂i(k)− M̂j(k)]2]︸ ︷︷ ︸
Distance(i, j)

.

By construction, this similarity function is in the interval [0,1]. This measure could be
further modified to take into account overall part sizes. In our experiments we choose
not to do this since our object models have undergone a global size normalization.

5 Experimental Results

In order to test the power of our indexing and matching algorithms using medial surface-
based DAGs, we have considered using the Princeton Shape Benchmark [23]. This
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significant articulation moderate or no articulation

Fig. 4. Database Exemplars. 20 members are shown from each of the object classes (with the
exception of the class dolphins which has fewer exemplars). Exemplars from classes on the left
have significant part articulation of a complexity not seen in the Princeton Shape Benchmark.
Note that we treat the dinosaurs and the four-legged animals as members of a single object class
“four-limbs”.
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standardized database, which contains 1,814 3-D object models organized by class,
is an effective one for comparing the performance of a variety of methods including
those in [11, 17, 3, 30, 7]. A majority of the models in the database correspond to rigid,
man-made objects for which a notion of a centroid applies. The natural objects include
a variety of animals (including humans), trees, plants and body parts. However, only
a limited number of these have articulated or deformed parts. When such models are
present, the precise nature of part articulation typically defines a unique base level cat-
egory. For example, animal-biped-human contains human models which are upright,
animal-biped-human-arms-out contains similar models with outstretched hands and
animal-biped-human-walking contains those in a walking pose. Results reported in [23]
indicate that a number of global shape descriptors perform suitably at such base levels
of classification, but degrade rapidly at coarser levels, e.g., the classification human.
In the context of generic 3-D model retrieval, such coarser levels in fact correspond to
the notion of a basic level or entry level categorization [21, 4], whose exemplars might
reflect a variety of complex poses and articulations, such as those seen in Fig. 1. Our
matching and indexing algorithms have the potential to work at this more challenging
level, because they use intuitive part-based representations.

To demonstrate this, we have constructed our own database adopting some of the
models in the Princeton repository, but adding several of our own. Our database includes
a total of 320 exemplars taken from several basic level object classes (hands, humans,
teddy bears, glasses, pliers, tables, chairs, cups, airplanes, birds, dolphins, dinosaurs,
four-legged animals, fish). A large number of these models are shown in Fig. 4. We
divide these classes into two categories, those with significant part articulation, and
those with moderate or no part articulation. In our experiments we merge the categories
“four-legged” and “dinosaurs”, treating them as a single category “four-limbs”

Fig. 5. Indexing Results: Percentage Recall. For several rank thresholds, N = 10,20, ..., we plot
the percentage of models in the database in the same category as the query (not including the
query itself) with indexing rank ≤ N. The results averaged across all classes are shown along
with error bars depicting +/- 1 standard deviation.
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Indexing Results: In order to test our indexing algorithm, which utilizes only the topo-
logical structure of medial surface-based DAGs, we carried out two types of experi-
ments. In the first we evaluated percentage recall. For a number of rank thresholds the
percentage of models in the database in the same category as a query (not including the

Fig. 6. Indexing Results: Average Ranks. For all queries in a class the rank of all other objects
in that class are computed. The ranks averaged across that class are shown, along with error bars
depicting +/- 1 standard deviation.
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Fig. 7. Precision (y axis) versus Recall (x axis): Objects with articulating parts. The results using
medial surfaces (MS) are shown in red, those using harmonic spheres (HS) are shown in blue
and those using shape distribution (SD) are shown in green. The results obtained using MS are
superior for all categories with the exception of the category “teddy” for which both HS and MS
give excellent results.
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query itself) with higher indexing rank, are shown in Fig. 5. The results indicate that on
average 70% of the desired models are in the top 80 (25% of 320) ranks. In the second
experiment we examine the average ranks according to object classes. For all queries in
a class the rank of all other objects in that class is computed. The ranks averaged across
that class are shown in Fig. 6. The results indicate that for 9 of the 13 object classes the
average rank is in the top 80 (25% of 320). The higher average ranks for the remain-
ing classes are due to the fact that certain categories have similar part decompositions.
In such cases topological structure on its own is not discriminating enough, and part
shapes also have to be taken into account.

It should be emphasized that the indexer is a fast screener which can quickly prune
the database down to a much smaller set of candidates to which the matcher can be
applied. Furthermore, the eigen characterization used to compute the index is also used
at matching time, so the same eigen structure calculation is exploited for both steps.
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Fig. 8. Precision (y axis) versus Recall (x axis): Objects with moderate or no articulation. The
results using medial surfaces (MS) are shown in red, those using harmonic spheres (HS) are
shown in blue and those using shape distribution (SD) are shown in green. For categories in the
top row MS gives superior results. For categories in the middle row HS gives slightly better results
than MS, but both are superior to SD. For categories in the third row the results are comparable
for birds, but for four-limbs and fishes, both HS and SD out perform MS.
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The systems against which we evaluate the matcher in the following section run a linear
search on the entire database for each query. This approach does not scale well, since
the indexing problem is essentially ignored.

Matching Results: On a large database we envision running the indexing strategy first
to obtain a smaller subset of candidate 3-D models and to match the query only against
these. However, given the moderate size of our database we were able to generate the
320×320 = 102,400 pairs of matches in a matter of 15-20 minutes on a 3.0 GHz desk-
top PC. We compare the results using medial surfaces (MS) with those obtained using
harmonic spheres (HS) [12] and shape distributions (SD) [17]. The pair-wise distances
between models using harmonic spheres were obtained using Michael Kazhdan’s exe-
cutable code (http://www.cs.jhu.edu/˜ misha) and those using shape distributions were
based on our own implementation of the algorithm described in [17]. For both HS and
SD we used as input a mesh representation of the bounding voxels of the voxelized
model used for MS. The comparisons are performed using the standard information re-

Table 2. Average Matching Results Using MS. Each object in the database is matched against all
the other objects in the database. Each cell shows the average similarity between objects selected
from two fixed object classes. In each row red and blue boxes are drawn, respectively, around
the two highest average similarity scores. In all cases the highest score coincides with the correct
object class. In most cases there is also a very significant difference between the top two average
similarity scores.

Instance

.61 .37 .00 .45 .23 .20 .02 .02 .10 .00 .09 .16 .26

.37 .38 .00 .21 .25 .18 .12 .10 .18 .02 .18 .23 .25

.00 .00 .51 .29 .17 .15 .07 .03 .00 .15 .02 .00 .07

.45 .21 .29 .64 .34 .23 .04 .04 .00 .01 .05 .04 .28

.23 .25 .17 .34 .43 .24 .16 .15 .12 .04 .22 .06 .19

.20 .18 .15 .23 .24 .28 .20 .22 .14 .07 .26 .05 .14

.02 .12 .07 .04 .16 .20 .51 .46 .37 .08 .45 .00 .09

.02 .10 .03 .04 .15 .22 .46 .53 .29 .03 .47 .02 .06

.10 .18 .00 .00 .12 .14 .37 .29 .58 .04 .31 .02 .23

.00 .02 .15 .01 .04 .07 .08 .03 .04 .48 .08 .15 .07

.09 .18 .02 .05 .22 .26 .45 .47 .31 .08 .56 .02 .12

.16 .23 .00 .04 .06 .05 .00 .02 .02 .15 .02 .71 .21

.26 .25 .07 .28 .19 .14 .09 .06 .23 .07 .12 .21 .40
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trieval notion of recall versus precision, where curves shifted upwards and to the right
indicate superior performance.

The results for objects with articulating parts are presented in Fig. 7. For the cat-
egory “teddy” both MS and HS give excellent results and for all other categories MS
outperforms the other two techniques. Fig. 8 shows the results for objects with mod-
erate or no part articulation. For categories in the top row MS gives superior results.
For categories in the middle row HS gives slightly better results than MS, but both are
significantly superior to SD. For categories in the third row the results are comparable
for birds, but for four-limbs and fishes, both HS and SD out perform MS. In Table 2 we
show the average similarity scores using MS, organized by object class. Red and blue
boxes are drawn, respectively, around the two highest similarity scores. In all cases the
highest score coincides with the correct object class. Overall these results demonstrate
the significant potential of medial surface based representations and their graph spectra
for generic level 3-D model retrieval, despite substantial articulation of parts.

6 Conclusion

We advance the state-of-the-art in 3-D object model retrieval by: 1) introducing a mod-
ification of a Euclidean distance function-based method for computing and segmenting
medial surfaces, 2) proposing a DAG representation of the medial surface which cap-
tures a notion of part saliency, 3) building on algorithms in the computer vision literature
to address the problem of 3-D model indexing and matching in a uniform framework
and 4) presenting indexing and matching results on a database of object models orga-
nized according to an entry level of categorization, with categories having significant
part articulation. Whereas all the pieces of this system have been developed in past work,
putting them together and demonstrating them in the context of 3-D model retrieval with
comparative results against competing methods has been the focus of this article.

The major current limitations of our work include: 1) the assumption that the origi-
nal object models can be voxelized, 2) the coarse nature of the part similarity measure
based on mean curvature histograms, and 3) the assumption that objects with complex
part topologies can yield stable graph structures using medial surface decompositions
on a digital lattice. First, it is feasible to “patch” models with a few missing triangles, so
that voxelization becomes possible. It might also be fruitful to explore Voronoi methods
for computing medial surface-based DAGs that could in principle be applied directly to
point clouds, provided that the sampling density is high enough [2] or to use the shock
scaffold technique [13]. However, for models with incomplete surfaces and large holes,
and hence no well defined notion of an interior and an exterior, medial surface-based
DAGs would not be appropriate. With regard to the second limitation, indeed we expect
that the performance of graph theoretic algorithms for comparing medial surface based
representations will improve with more discriminating part similarity measures, and any
one of a number suggested in the literature can be investigated. Finally, the third con-
cern (as exemplified by the poorer results on the four-limbed animals) points to some
limitations of the current representation. It is well known that certain regions of the me-
dial locus are less stable than others, such as Blum’s ligatures [6]. Thus, there is more
work to be done both in the direction of developing robust techniques for segmenting
3D skeletons as well as in selecting its stable manifolds for building representations.
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Abstract. Pairwise data clustering techniques are gaining increasing
popularity over traditional, feature-based central grouping techniques.
These approaches have proven very powerful when applied to image-
segmentation problems. However, they are computationally too demand-
ing to be applied to video-segmentaton problems due to their scaling be-
havior with the quantity of data. On a dataset containing N examples,
the number of potential comparisons scales with O(N2), thereby render-
ing the approaches unfeasible for problems involving very large data sets.
It is therefore of primary importance to develop strategies to reduce the
number of comparisons required by subsampling the data and extend-
ing the grouping to out-of-sample points after the clustering process has
taken place. In this paper we present an approach to out-of-sample clus-
tering based on the dominant set framework [10] and apply it to video
segmentation. The method is compared against two recent pairwise clus-
tering algorithms which provide out-of-sample extensions: the Nyström
method [3], and the minimal-shift embedding approach [14]. Our results
show that our approach performs comparably against the competition in
terms of quality of the segmentation, being, however, much faster.

1 Introduction

Proximity-based, or pairwise, data clustering techniques are gaining increas-
ing popularity over traditional central grouping techniques, which are centered
around the notion of “feature” (see, e.g., [5, 15, 16, 14]). In many application
domains, in fact, the objects to be clustered are not naturally representable in
terms of a vector of features. On the other hand, quite often it is possible to
obtain a measure of the similarity/dissimilarity between objects. Although such
a representation lacks geometric notions such as scatter and centroid, it is at-
tractive as no feature selection is required and it keeps the algorithm generic and
independent from the actual data representation and metric involved. Further, it
allows one to use non-metric similarities and it is applicable to problems that do
not have a natural embedding to a uniform feature space, such as the grouping
of structural or graph-based representations.

These appraoches have proven very powerful when applied to image segmen-
tation problems [16, 7, 5, 2]. However the application of these method to video
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segmentation is, in general, unfeasible, due to the scaling behavior with the num-
ber of data items. On a dataset containing N examples, the number of potential
comparisons scales with O(N2), thereby rendering the approach too demanding,
both in terms of computation time and of space, to be used to segment video
feeds. A way of overcoming this drawback is to drastically reduce the number of
objects to be clustered and then extend the partition to the full data-set. Un-
fortunately, there is no straightforward way of extending the clustering results
to new data within the pairwise grouping paradigm short of recomputing the
complete cluster structure.

In an attempt to address this shortcoming of the pairwise approach, Fowlkes
et al. [3] have recently proposed to use the Nyström approximation to extend
normalized cut to out-of-sample data, while Bengio et al. [1] use the Nyström
extension to extend other spectral clustering appraoches. Roth et al. [14] propose
to perform pairwise clustering by embedding the distance data in an Euclidean
space, and show how this embedding can be extended to new points.

Recently, a new framework for pairwise data clustering based on the graph-
theoretic concept of a dominant set has emerged [10]. An intriguing connection
between dominant sets and the solutions of a (continuous) quadratic optimiza-
tion problem makes them related in a non-trivial way to spectral-based cluster
notions, and allows one to use straightforward dynamics from evolutionary game
theory to determine them [17]. A nice feature of this framework is that it natu-
rally provides a principled measure of a cluster’s cohesiveness as well as a measure
of a vertex participation to its assigned group. The approach has proven to be
a powerful one when applied to problems such as intensity, color, and texture
segmentation, and is competitive with spectral approaches such as normalized
cut [10, 11].

Motivated by the previous arguments, in this paper we address the prob-
lem of applying the dominant set approach to spatio-temporal segmentation of
video sequences. In order to do this we propose an efficient approach to assign-
ing out-of-sample data to one of a set of previously determined dominant sets.
This allows us to substantially reduce the computational burden associated to
the processing of the huge amount of data involved in video segmentation. We
compare the segmentation obtained with our results to those obtained using the
Nyström extension [3] and the minimal-shift embedding method [14], both on
video sequences and synthetic data.

2 The Dominant Set Framework

In the pairwise clustering framework the data to be clustered are represented
(possibly implicitly) as an undirected edge-weighted graph with no self-loops
G = (V, E, w), where V = {1, . . . , n} is the vertex set, E ⊆ V × V is the edge
set, and w : E → IR∗

+ is the (positive) weight function. Vertices in G correspond
to data points, edges represent neighborhood relationships, and edge-weights
reflect similarity/dissimilarity between pairs of linked vertices. As customary,
we represent the graph G with the corresponding weighted adjacency (or simi-
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larity/dissimilarity) matrix, which is the n × n nonnegative, symmetric matrix
A = (aij) defined as:

aij =
{

w(i, j) , if (i, j) ∈ E
0 , otherwise .

The dominant set framework has been presented in [10]. Let S ⊆ V be a non-
empty subset of vertices and i ∈ V . The (average) weighted degree of i w.r.t. S
is defined as:

awdegS (i) =
1

|S|
∑
j∈S

aij (1)

where |S| denotes the cardinality of S. Moreover, if j /∈ S we define φS (i, j) =
aij −awdegS (i) which is a measure of the similarity between nodes j and i, with
respect to the average similarity between node i and its neighbors in S.

Let S ⊆ V be a non-empty subset of vertices and i ∈ S. The weight of i
w.r.t. S is

wS (i) =

⎧⎪⎨
⎪⎩

1, if |S| = 1
∑

j∈S\{i}
φS\{i} (j, i)wS\{i} (j) , otherwise (2)

while the total weight of S is defined as:

W(S) =
∑
i∈S

wS(i) . (3)

Intuitively, wS (i) gives us a measure of the overall similarity between vertex
i and the vertices of S \ {i} with respect to the overall similarity among the
vertices in S \ {i}, with positive values indicating high internal coherency.

A non-empty subset of vertices S ⊆ V such that W (T ) > 0 for any non-empty
T ⊆ S, is said to be dominant if:

1. wS (i) > 0, for all i ∈ S
2. wS∪{i} (i) < 0, for all i /∈ S.

The two previous conditions correspond to the two main properties of a cluster:
the first regards internal homogeneity, whereas the second regards external in-
homogeneity. The above definition represents our formalization of the concept
of a cluster in an edge-weighted graph.

Now, consider the following quadratic program, which is a generalization of
the so-called Motzkin-Straus program [8]:

maximize f(x) = x′Ax
subject to x ∈ ∆n

(4)

where
∆n = {x ∈ IRn : xi ≥ 0 for all i ∈ V and 1′x = 1}
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is the standard simplex of IRn, and 1 is a vector of appropriate length consisting
of unit entries. The support of a vector x ∈ ∆n is defined as the set of indices
corresponding to its positive components, that is σ (x) = {i ∈ V : xi > 0}.
In [10], an intriguing connection between dominant sets and local solutions of
program (4) is established. Specifically, it is proven that if S is a dominant subset
of vertices, then its (weighted) characteristic vector xS , which is the vector of
∆n defined as

xS
i =

{
wS(i)
W(S) , if i ∈ S

0, otherwise
(5)

is a strict local solution of program (4). Conversely, if x is a strict local solution
of program (4) then its support S = σ(x) is a dominant set, provided that
wS∪{i} (i) �= 0 for all i /∈ S.

By virtue of this result, a dominant set can be found by localizing a local
solution of program (4) with an appropriate continuous optimization technique,
such as replicator dynamics from evolutionary game theory [17], and then picking
up its support. In order to get a partition of the input data into coherent groups,
a simple approach is to iteratively find a dominant set and then remove it from
the graph, until all vertices have been grouped.

Note that the components of the weighted characteristic vectors give us a
natural measure of the participation or “centrality” of the corresponding ver-
tices in the cluster, whereas the value of the objective function measures the
homogeneity or cohesiveness of the class.

3 Out-of-Sample Extension of a Dominant Set
Classification

Suppose we are given a set V of n unlabeled items and let G = (V, E, w) de-
note the corresponding similarity graph. After determining the dominant sets
(i.e., the clusters) for these original data, we are next supplied with a set of m
new data items and are asked to assign each of them to one of the previously
extracted clusters. A recent approach to the out-of-sample extension of the dom-
inant set framework was presented in [12]. The approach tested each new point
against each set to see whether it increased its “cohesiveness”. In particular, if
wS∪{i}(i) > 0, then the new item i was assigned to cluster S. There are, however,
a number of problems with this approach. First, it does not provide a partition
of the data, since each point can be assigned to more than one cluster or to
none at all. More importantly, the approach needs the distances between all the
samples and the new item to be avaiable to perform the extension, and has,
hence, O(nm) time-complexity, where n is the number of samples and m is the
number of out-of-sample items. A similar approach can be found in [4]

In a central-clustering framework a straightforward way to do it is to assign
each new vector x to the cluster with the closest centroid, i.e.,

C(x) = argmin
ν

(‖yν − x‖) ,
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where yν is the centroid of cluster ν. In a pairwise clustering framework, however,
the cluster-centroid is not explicit. However, with sufficient samples, we can
assume that at least one element of the cluster is “close” to the centroid. Previous
experience show that the weight xS

i of the characteristic vector is a measure of
the centrality of item i with respect to the dominat set S. Hence, we take the
sample with maximum weight to be the prototype P (S) of S, that is:

P (S) = argmax
i

(xS
i ) .

A similar definition of prototype was recently proposed in [4]. There, however,
the prototype was not used for clustering purposes and had no implicit relation
to the centroid.

With the prototype at hand, we perform the cluster extension by assigning
each new item j to the cluster Sν with the closest prototype, i.e.,

C(j) = argmax
ν

(Sim
(
P (Sν), j)

)
,

where Sim(i, j) is the similarity between items i and j.
The proposed extension is very efficient, since, for each new point to be

clustered, it only requires the computation of one distance per cluster. Hence,
having a O(km) time complexity, where k is the number of clusters and m the
number of out-of-sample items. Furthermore, the extension can be done on-line
since each new point is assigned to a cluster in isolation, without any information
about the similarity structure of the other out-of-sample points.

4 Experimental Results

To assess the ability of the proposed approach to perform meaningful segmenta-
tion on large data-sets, we apply the algorithm to spatio-temporal segmetnation
of video sequences. We compare the performance, both in terms of quality and
computation time, to two recent out-of-sample pairwise clustering approaches
described in [3] and [14].

4.1 The Nyström Method

In a recent paper, Fowlkes et al. propose to use the Nyström Method to extend
the Normalized Cut framework to out-of-sample data [3]. The Nyström method
is a technique for finding numerical approximations to eigenfunctions problems
of the form ∫ b

a

W (x, y)φ(y) dy = λφ̂(x) .

It is based on the idea that this equation can be approximated using a simple
quadrature rule on a set of sample points ζ1, . . . , ζn in the interval [a, b]:

b − a

n

n∑
j=1

W (x, ζj)φ̂(ζj) = λφ̂(x) , (6)
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where φ̂(x) is the approximation of φ(x). Let Ai,j = W (ζi, ζj) be the matrix
obtained by sampling the weight function W at points ζ1, . . . , ζn, the set Φ =
{φ1, . . . , φn} of the eigenvector of A are solutions of the system:

b − a

n

n∑
j=1

W (ζi, ζj)φ̂(ζj) = λφ̂(ζi) ∀i ∈ {1, . . . , n} .

Substituting back into (6) yields the Nyström extension

φ̂i(x) =
1

nλi

n∑
j=1

W (x, ζj)φi(ζj) .

Let the complete weight matrix W be

W =
[

A B
B′ C

]
,

where matrix A holds the similarities between the samples points, B the sim-
ilarities between sample and out-of-sample points, and C the similarities be-
tween out-of-sample points. The Nystöm approach implicitly approximates C
with B′A−1B, leading to the extended weight matrix

Ŵ =
[

A B
B′ B′A−1B

]
.

To apply the Nyström approximation to Normalized Cut, it is necessary to com-
pute the row sums d̂of the extended weight matrix Ŵ

d̂ = Ŵ1n+m =
[

A1n + B1m

B′1n + B′A−1B1m

]
,

where n is the number of samples, m is the number of out-of-sample points.
This requires the (implicit) computation of B1m. Hence the approach cannot
easily be expressed as an on-line extension and, at least in the implementation
provided in [3] and used in our experiments, requires the full matrix B to be in
memory. This severely limits the dimension of the video sequences that can be
segmented with this approach.

4.2 Minimal-Shift Embedding

In a recent paper, Roth et al. present an embedding of possibly non-Euclidean
distance data that preserve the clustering properties of the k-means functional
[14]. The approach derives from the observation that the k-means functional

Hkm =
k∑

ν=1

∑
i = 1nMiν‖xi − yν‖2 , (7)
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Original sequence

Dominant set

Nyström extension

Minimal-shift embedding

Fig. 1. The hula sequence. Top to Bottom: dominant set, Nyström extension, and
minimal-shift embedding.
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where yν is the centroid of cluster ν and Miν = 1 if item i is assigned to cluster
ν, Miν = 0 otherwise, can be expressed in terms of pairwise distances between
the points to be clustered as: In fact, by setting the prototype vectors we can
write (7) as

Hkm =
1
2

k∑
ν=1

∑n
i=1

∑n
j=1 MiνMjν‖xi − xj‖2∑n

l=1 Mlν
. (8)

Furthermore, the authors show that this functional is invariant under a constant
shift of the distance matrix D, i.e., Hkm(D) = Hkm(D + d0(11′ − I)) where d0
is an arbitrary constant, 1 is the vector of all ones and I is the identity matrix.
Let us define the matrix

Sc
ij =

1
2

⎡
⎣Dij − 1

n

n∑
k=1

Dik − 1
n

n∑
k=1

Dkj +
1
n2

n∑
k,l=1

Dkl

⎤
⎦ .

Clearly, Dij = Sc
ii + Sc

jj − 2Sc
ij . It is a well known result that D derives from a

Euclidean distance, or, equivalently, can be embedded in an Euclidean space, if
and only if Sc is positive semidefinite. However, the shifted matrix S̃ = S −λnT ,
where λn is the least eigenvector of S, is clearly positive semidefinite, and the
distance matrix D̃ij = S̃ii + S̃jj − 2S̃ij can be obtained from D with a constant
shift D̃ = D − 2λn(11′ − I). Hence, D̃ is embeddable in an Euclidean space
and has the same k-means functional as the original matrix D. To perform the
clustering, Roth et al. propose to compute the shifted matrix D̃, embed it into
an Euclidean space and run the k-means clustering algorithm on the embedding
space. To reduce the noise dimensional reduction approaches such as principal
component analysis can be applied to the embedding space. This is equivalent
to performing multi-dimensional scaling on D̃.

One interesting property of this approach, mentioned in [14], is that it is
possible to extend the embedding to new data. First, note that we can write the
embedding in the form Xp = S̃VpΛ

−1/2
p v, where Vp is the matrix containing the

first p eigenvector of S̃ and Λp the corresponding eigenvalues matrix. Given the
matrix Dn of distances between the new and the old data, we define

Sn
ij =

1
2

⎡
⎣Dn

ij − 1
n

n∑
k=1

Dn
ik − 1

n

n∑
k=1

D̃kj +
1
n2

n∑
k,l=1

D̃kl

⎤
⎦

and project the new points as Xn
p = SnVpΛp. The new point is then assigned to

the cluster with the closest centroid. While this approach allows each new point
to be clustered on-line, that is without any information about the other out-of-
sample points, it requires the computation of the full set of distances between the
new point and the original samples to perform the embedding, and hence, the
extension is computationally more demanding than using our approach, being
of order O(nm), where n is the number of samples and m the number of out-of-
sample items.
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Original sequence

Dominant set

Fig. 2. The flight sequence. Original sequence and the segmentation obtained with the
dominant set framework.

4.3 Similarity Measures

To measure the similarity/distance between two points in a video sequence we
make use of both color and texture information. To measure the difference in
texture we convolve each frame with a bank of linear spatial filters. The filters
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Nyström extension∗

Minimal-shift embedding

∗ Nyström extension could not handle more than 3 frames.

Fig. 3. The flight sequence. Segmentaion obtained with the Nyström extension, and
the minimal-shift embedding.

consist of pairs odd- and even-symmetric oriented filters in various scales and
orientations, plus a set of center-symmetric filters. The odd-symmetric filters
are re-orientation and re-scaling of the base fo(x, y) = coG

′
σ1(y)Gσ2(x), where

Gσ(x) represents a Gaussian with standard deviation σ and co is a constant that
forces fo to unitary L1 norm. The even-symmetric filters are re-orientation and
re-scaling of the base fe(x, y) = ceG

′
σ1(y)Gσ2(x), while the center symmetric

filters have basis fc(x, y) = cc(Gσ1(y)Gσ1(x) − Gσ2(y)Gσ2(x)). Here the con-
stants ce and cc guarantee that all the basis have unitary L1 norm. Similarly to
what was presented in [7], in our experiments we have 6 different orientations
uniformly separated by 30o, and 4 different scales, for a total of 40 filters, hence
the filter-responses are vectors in a 40-dimensional space. The difference in tex-
ture is measured as the Euclidean distance between the filter-responses, while
the difference between two colors is defined as the Euclidean distance of the
RGB representations of the two colors. For each two points p and q in the video
sequence, we extract their 5x5 spatial neighborhoods and, for each point of in-
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Original sequence

Dominant set

Fig. 4. The flower garden sequence. Original sequence and the segmentation obtained
with the dominant set framework.

dex (i, j) in the neighborhoods, we compute the color vectors cp
ij and cq

ij around
points p and q respectively. Similarly, we compute the filter-response vectors fp

ij

and f q
ij . We define the color-distance function dc and the filter-distance function

df as the weighted combination of distances

dc(p, q) =
5∑

i,j=1

wij‖cp
ij − cq

ij‖ df (p, q)
5∑

i,j=1

wij‖fp
ij − f q

ij‖ ,

where, in our experiments, the weight wi is a Gaussian centered at the center of
the neighborhood and with unitary standard deviation.
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Nyström extension∗

Minimal-shift embedding

∗ Nyström extension could not handle more than 3 frames.

Fig. 5. The flower garden sequence. Segmentaion obtained with the Nyström extension,
and the minimal-shift embedding.

To obtain a similarity measure to be used with the dominant set approach
and the Nyström extension, we combine the two distances with the formula

s(p, q) = e
− 1

2

(
dc(p,q)

k1
+

df (p,q)
k2

)

where k1 and k2 are scaling constants determined experimentally. On the other
hand, the distance used for the minimal shift embedding algorithm is a simple
convex combination of the two distances:

d(p, q) = αdc(p, q) + (1 − α)df (p, q) .

4.4 Video Segmentation

In order to test the performance of the segmentation algorithms, we applied the
methods to three video sequences. All the experiments where run on a Pentium 4
PC with with a 1.2GHz CPU and 512Mb of RAM. To ensure a fair comparison,
the clustering and extension algorithms where all coded in Matlab, while the
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Table 1. Computation time required to cluster the video sequences

Hula Flight Flower garden
(sec.) (sec.) (sec.)

Dominant set 73 277 279
Nyström extension 871 618∗ 572∗

Minimal-shift embedding 546 1236 1218
∗ Nyström extension could not handle more than 3 frames.
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Fig. 6. Sensitivity of the clustering algorithms to the number of samples

feature extraction and distance/similarity calculation where performed using
non-optimized C++ code. The parameters defining the similarities/distances
were experimentally selected to provide the best results, and the number of
cluster to be extracted was set to be the same for all three algorithms.

Figures 1–5 show the segmentations obtained from the three sequences, while
Table 1 displays the time required to segment the videos.

In Figure 1 we can see the results on the “Hula” sequence. This sequence
consists of 8 frames of 160x128 pixels each and 100 samples were used to extract
the clusters. Lines 2 to 4 of Figure 1 show the segmentation obtained using the
dominant set approach, the Nyström extension and the minimal-shift embedding
approach respectively. In the segmentation images every grey-level represent a
different cluster. In the video there is a clear separation between figure and
ground and all three algorithms provide similar segmentations. Note however,
that there is a dramatic difference in computation time, with the dominant set
approach clearly outperforming the other two. Figures 2 and 3 display the seg-
mentation obtained from the “flight” sequence. This sequence consists of 12
frames of 160x128 pixels each and 300 samples were used to extract the clusters.
It is important to note that, already with this small example, the size of matrix
B of the similarities between out-of-sample points and sample points was too
big to fit in memory, rendering the Nyström method infeasible. In fact The ap-
proach could not be applied to more than 3 frames. The other two approaches,
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on the other hand, did not suffer from this limitation due to their ability to
perform the extension on-line. The sequence was much harder to segment, and
all three approaches provide rather poor, yet comparable, segmentations. How-
ever, in this case as well the dominant set approach clearly outperforms both
methods in terms of execution time. Finally, Figures 4 and 5 present the seg-
mentation obtained from the “flower garden” sequence. This sequence consists
of 12 frames of 176x120 pixels each. 300 samples were used to extract the clus-
ters, and in this case as well the Nyström method could not go beyond the first
3 frames. In this case the dominant set, not only proved much faster than the
other approaches, but also provided a better segmentation than those obtained
with the other algorithms. In fact it was the only method that proved to be
able to separate the tree in the foreground from the roofs of the houses in the
background.

4.5 Sensitivity Analysis

To complement these real world experiments we have performed some sensitiv-
ity analysis aimed at assessing the performance of the clustering algorithms as
the number of samples is reduced. To this end we have applied the segmenta-
tion approaches to an artificial image with 5 patches of different texture. The
segmentation were repeated using 10, 20, 40, 80, 160, 320, and 640 color and
texture samples. Figure 6 displays the image to be segmented and the rate of
misclassified points as the number of samples increases. Note that the Nyström
approach did not scale beyond 160 samples. The results show that both the
dominant set approach and the minimal-shift embedding method are insensitive
to the number of samples, with the dominant set approach having the edge in
terms of average misclassification rate. The Nyström method, however, shows a
clear dependency on the number of samples.

5 Conclusions

In this paper we have addressed the problem of applying the dominant set ap-
proach to spatio-temporal segmentation of video feeds. In order to do this we
proposed an efficient approach to assigning out-of-sample data to one of a set
of previously determined clusters. This allowed us to substantially reduce the
computational burden associated to the processing of the huge amount of data
involved in video segmentation. We compared the performance of the approach
to two state-of-the-art out-of-sample cluster-extension algorithms: the Nyström
extension applied to normalized cut and the minimal-shift embedding method.
The experiments show that, in terms of quality, the algorithm performs com-
parably to the minimal shift embedding and the Nyström extension. In terms
of computation time, the dominant set approach proved to be consistently the
fastest of the three algorithms.
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Abstract. A common approach to the image matching problem is representing
images as sets of features in some feature space followed by establishing corre-
spondences among the features. Previous work by Huttenlocher and Ullman [1]
shows how a similarity transformation - rotation, translation, and scaling - be-
tween two images may be determined assuming that three corresponding image
points are known. While robust, such methods suffer from computational ineffi-
ciencies for general feature sets. We describe a method whereby the feature sets
may be summarized using the stable bounded canonical set (SBCS), thus allow-
ing the efficient computation of point correspondences between large feature sets.
We use a notion of stability to influence the set summarization such that stable
image features are preferred.

1 Introduction

Image matching remains an important open problem in computer vision with numerous
applications. One common approach to the problem is to represent images as features in
some feature space. Given two images, the matching problem is then to establish a cor-
respondence between the features. Increasing the difficulty is that two images may not
be exact copies as one may have undergone some transformation. The transformations
between the images must be determined solely from the features representing the image.
Previous work by Huttenlocher and Ullman on point matching [1] shows how a similar-
ity transformation - rotation, translation, and scaling - between two images in 2D may
be determined assuming that three corresponding points are known. Of course one can-
not assume that such a correspondence is known, and therefore a transformation must be
found for each set of possible features correspondences. The combinatorial number of
possible transformations is unrealistic to compute as the number of features increases.

In this paper we present a technique to reduce the number of candidate features
for Huttenlocher and Ullman’s algorithm using a smaller canonical set. The canonical
set consists of maximally stable features that are representations for a single image.
The notion of stability in the feature space is a measure of the invariance of the features
under changes in lighting conditions, as well as invariance under image transformations.
The definition of stability is purposely left loosely defined here, as our approach is
general in that it may be applied to any feature extraction method which augments
points with a notion of stability. The features used in this paper are the centers of scale-
space blobs and ridges [2, 3], where the stability of a feature is a function of the multi-
scale detector used to detect either the blob or ridge. Figure 2 shows an image marked

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 316–331, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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with blobs and ridges detected in scale-space. In order to simplify the presentation of the
features in this paper, while visualizing as many as possible, we show only the centers
of the blobs and ridges.

Figure 1 shows an overview of the technique. Two images, one a transformed copy of
the other, are represented as a large number of features. Using our algorithm we extract
stable canonical elements from each set of features (Figure 3), and compute a transfor-
mation between each possible feature correspondence in the canonical sets. The transfor-
mation which results in the minimum distance between the features in the feature space
is selected as the best. In the case shown in Figure 1 the transformation aligns the images
with negligible error. Notice that because of the high number of features we detect in
our experiments (approximately two hundred) a number of features are detected in the
black area surrounding the images. Although the features are detected by the scale-space
filter, the low feature detector responses in this area result in low feature stability.

In order to determine the maximally stable defining subset of the points in feature
space we propose the notion of stable bounded canonical set (SBCS) and show a tech-

Fig. 1. A) Blob and ridge feature extraction with centroids of blobs and ridges denoted, B) Stable
Bounded Canonical Set (SBCS) construction, C) Determine transformation, D) Outline shows
transformation determined from SBCS

Fig. 2. Blobs and ridges detected in scale-space
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Fig. 3. Corresponding SBCS Features

nique for finding approximate solutions using semidefinite programming [4]. The sta-
ble bounded canonical set problem extends our previous work [5, 6] where we studied
the usefulness of canonical sets in representing defining views of an object rotated in
three-dimensions. In this paper we formulate the stable bounded canonical set problem
first as an integer programming problem, then show a reformulation as a quadratic pro-
gramming problem which may be relaxed and solved approximately using semidefinite
programming. Experimental evidence is presented that shows the usefulness of SBCS
in determining the transformation between two images in feature space.

2 Related Work

Most related to our work is unsupervised feature selection via quantization, rate dis-
tortion theory [7], and the information bottleneck method [8]. Work has been done on
image segmentation viewed as a clustering problem that may be solved by applying
the method of information bottleneck [9, 10, 11]. Our approach differs in that we try to
pick representative features from the given data set instead of arbitrary elements that
are centroids of some cluster in feature space.

The notion of SBCS stems from our previous work in finding canonical views of
a three-dimensional object [5, 6]. In developing an approximation framework for com-
puting canonical sets, we take the novel view expressed by Cyr and Kimia [12] that “the
shape similarity metric between object outlines endows the viewing sphere with a met-
ric which can be used to cluster views into aspects, and to represent each aspect with a
prototypical view.” In this paper we reduce the SBCS problem to a graph optimization
problem and approximate it using semidefinite programming. The work of Goemans
and Williamson [13] on the MAX-CUT problem in graphs, showed SDP relaxations
to be useful in obtaining improved approximation algorithms for several optimization
problems. See Goemans [14] and Mahajan and Ramesh [15] for a survey of recent re-
sults and applications of SDP.

A method of solving similarity transformations using aligning correspondence
points was originally discovered by Huttenlocher and Ullman [16, 17]. By assuming
that three corresponding points are known between a model and a target, they present a
number of formulas to solve for the translation, scaling, and rotation. The algorithm has
since been applied to a number of applications including randomized point matching
[18], object recognition [19], and shape tracking [20].
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Early methods of image matching using local features stemmed from Harris’s corner
and edge detector [21]. The corners and edges detected using Harris’s method depended
on the current scale of the image. Matching techniques using the features were unable
to differentiate two images of the same object residing at different scales. Further work
has been done on representing images in scale-space, where images are represented
by a set of features residing at a number of different scales. Lindeberg has worked on
the problem of extracting features in scale-space with automatic scale selection [2].
More recently, Lowe has introduced a method named scale invariant feature transform
(SIFT), which extracts local scale-space features which include a number of scale-space
characteristics [22]. Vectors containing the feature’s location in scale-space as well as
scale-space characteristics are used for image matching.

The problem of feature or attribute selection has also been studied in the context
of the dimensionality curse and dimensionality reduction [23, 24, 25]. This is mainly
motivated by that fact that in large semi-structured databases there are many attributes
which are correlated with the others, and the need for feature reduction and attribute
selection is motivated by the fact that many datasets can largely be well-approximated
in fewer dimensions.

The notion of SBCS is not meant to create a feature based matching technique
superior to current existing work, but rather to enhance the computational efficiency at
the expense of a slight reduction in the robustness in the matching procedure.

3 SBCS Construction

In this section, we describe our method for constructing stable bounded canonical sets
in polynomial time. Starting with a set of features P = {p1, ..., pn} of an object, a
similarity function S : P × P → R

≥0 , and a set of stabilities associated with each fea-
ture {t1, ..., tn}, we construct an edge weighted graph G = G(P), where the features
{p1, ..., pn} are represented by vertices with weights given by their stability values, and
the edges between the vertices have weights corresponding to the measure of similar-
ity between the vertices. We use V ∗ to denote the vertices in V , the vertex set of G,
corresponding to the SBCS.

The problem of maximizing the weight of cut-edges in a graph is known to be NP
hard [26]. Goemans and Williamson [13] explored the problem MAX-CUT in graphs,
and used semidefinite programming (SDP) relaxations to provide good approximate
solutions. Inspired by their results, we formulate SBCS as an integer programming
problem, and then use SDP to produce an approximate solution.

The formulation of the SBCS problem requires a number of definitions. First let t
be a vector [t1, ..., tn]T that contains the stabilities of each feature in P = {p1, ..., pn}.
For each feature pi, 1 ≤ i ≤ n, we also introduce an indicator variable yi. The variable
yi has a binary range {−1, +1}, indicating whether the corresponding feature belongs
to V ∗ or V/V ∗, respectively. Let y ∈ {−1, +1}n be the column vector [y1, ..., yn]T

and let W ∈ R
n×n denote the edge weight matrix of graph G where

Wi,j =
{

S(pi, pj) if (pi, pj) ∈ E,
0 otherwise.
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Fig. 4. SBCS Edges

It is important to note that the weight between two vertices is the similarity between
the two features, which is the inverse of the distance between them in feature space.
Figure 4 shows the edges of the SBCS construction. We refer to an edge (u, v) as a cut-
edge if one vertex is a member of the canonical set and the other is not, that is u ∈ V ∗

and v /∈ V ∗ or u /∈ V ∗ and v ∈ V ∗. We refer to an edge (u, v) as an intra-edge if both
elements are members of the canonical set that is, u ∈ V ∗ and v ∈ V ∗. In order to
enforce the desired structure of the canonical sets, we introduce three objective func-
tions. First we seek to minimize the similarity between the intra-edges, which forces
the elements in the canonical set to be as dissimilar as possible. Secondly we maxi-
mize the similarity of the cut-edges, which enforces the local structure of the vertices
adjacent to a canonical element. Lastly we maximize the stability of the elements in
the canonical set.

3.1 Integer Programming Formulation

In this section we formalize the SBCS problem as an integer optimization. Specifically,
we wish to formalize the maximization of the weights (similarities) of the cut-edges,
minimization of the weights (similarities) of the intra-edges, and maximization of the
stability of the elements in the canonical set. The problem of maximizing the sum of
the weights of the cut-edges can be formulated as

Maximize
1
2

∑
i,j

Wij(1 − yiyj),

or equivalently

Minimize
1
2

∑
i,j

Wij(1 + yiyj). (1)

Similarly, minimizing the sum of the weights of the intra-edges becomes

Minimize
1
4

∑
i,j

Wij(1 + yi)(1 + yj). (2)

The problem of maximizing the stability of the elements in the canonical set may be
formulated as

Maximize
1
2

n∑
i=1

(1 + yi)ti,
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or equivalently

Minimize
1
2

n∑
i=1

(1 − yi)ti. (3)

Our constraints for the problem are

1
2

n∑
i=1

(1 + yi) − kmin ≥ 0, (4)

which ensures that the cardinality of the SBCS is at least kmin,

kmax − 1
2

n∑
i=1

(1 + yi) ≥ 0, (5)

which ensures that the cardinality of the SBCS is at most kmax, and yi ∈ {−1, +1} for
all i ∈ {1, ..., n}, which ensures that every vertex is either in the SBCS or it is not. Our
final integer programming formulation is

(IP): Minimize
1
2

∑
i,j

Wij(1 + yiyj)

Minimize
1
4

∑
i,j

Wij(1 + yi)(1 + yj)

Minimize
1
2

n∑
i=1

(1 − yi)ti

Subject to
1
2

n∑
i=1

(1 + yi) − kmin ≥ 0,

kmax − 1
2

n∑
i=1

(1 + yi) ≥ 0,

yi ∈ {−1, +1} ∀ 1 ≤ i ≤ n.

3.2 Quadratic Programming Formulation

The integer programming formulation described by (1) is unfortunately known to be
NP-hard [27]. In order to develop an approximate solution, our approach is to give
a reformulation as a quadratic integer programming problem, and then to use vector
labeling and a semidefinite programming (SDP) relaxation to obtain an approximate
solution in polynomial time. Since (1) is quadratic we reformulate (2) and (3) so that our
problem is homogeneous. First we introduce a set indicator variable yn+1 ∈ {−1, +1},
that is, pi ∈ V ∗, 1 ≤ i ≤ n, if and only if yi = yn+1. Observe that yiyn+1 = 1 if yi is
in the SBCS and yiyn+1 = −1 otherwise. This gives us

pi ∈ V ∗ ⇔ 1 + yiyn+1

2
= 1, pi /∈ V ∗ ⇔ 1 − yiyn+1

2
= 1.
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We can reformulate the objective of minimizing the sum of the weights of the intra-
edges (2) as

Minimize
1
4

∑
i,j

Wij(1 + yiyn+1)(1 + yjyn+1). (6)

We can then combine equation (1) and (6) along with the fact that y2
i = 1 for all

i ∈ {1, ..., n + 1} to produce

Minimize
3
4

∑
i,j

Wijyiyj +
1
2

n∑
i=1

yn+1yi

n∑
j=1

Wij − 1
4

∑
ij

Wij . (7)

Additionally formulate the stability objective (3) as

Minimize
1
2

n∑
i=1

(1 − yiyn+1)ti.

We can also rewrite our constraints on the size of the SBCS (4,5) as

1
2

n∑
i=1

(1 + yn+1yi) − kmin ≥ 0

and

kmax − 1
2

n∑
i=1

(1 + yn+1yi) ≥ 0.

We then arrive at our quadratic formulation for the SBCS problem

(QIP): Minimize
3
4

∑
i,j

Wijyiyj +
1
2

n∑
i=1

yn+1yi

n∑
j=1

Wij − 1
4

∑
ij

Wij

Minimize
1
2

n∑
i=1

(1 − yiyn+1)ti

Subject to
1
2

n∑
i=1

(1 + yn+1yi) − kmin ≥ 0,

kmax − 1
2

n∑
i=1

(1 + yn+1yi) ≥ 0,

yi ∈ {−1, +1} ∀ 1 ≤ i ≤ n + 1.

3.3 Semidefinite Programming Formulation

Since (QIP) is still intractable, we use vector labeling to reformulate the problem as a
semidefinite program. As is conventional in SDP relaxations of quadratic integer pro-
gramming problems, we introduce a vector for each indicator variable. We replace each
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yi with a vector xi ∈ Sn+1, where 1 ≤ i ≤ n + 1 and Sn+1 is the unit sphere in R
n+1.

We can reformulate the combined objective (7) as

Minimize
3
4

∑
i,j

Wijx
T
i xj +

1
2

n∑
i=1

xT
n+1xi

n∑
j=1

Wij − 1
4

∑
ij

Wij . (8)

The stability of the canonical set (7) may be reformulated using vectors as

Minimize
1
2

n∑
i=1

(1 − xT
i xn+1)ti. (9)

In order to formulate the problem as a semidefinite program, equations (8) and (9) must
be expressed in terms of matrices. First let the matrix V be defined as

V =

⎡
⎣xi . . . xn xn+1 0̃ 0̃

0̃T 0 1 0
0̃T 0 0 1

⎤
⎦ .

Where 0̃ is an all-zeros vector in R
n. Define X = VT V . Clearly, X is a semidefinite

matrix, since
xT Xx = xT VT Vx = ||Vx||22, ∀x ∈ R

n+1.

Next let wΣ =
∑n

ij Wij , and tΣ =
∑n

i=1 ti. We can then express (8) as

Minimize C • X ,

where A • B denotes the Frobenius inner product of matrices A and B, i.e. A • B =
Trace(AT B), and C encodes the combined objective function and is defined as

C =

⎡
⎢⎢⎣

3
4W d 0̃ 0̃
dT − 1

4wΣ 0 0
0̃T 0 1 0
0̃T 0 0 1

⎤
⎥⎥⎦ ,

where the vector d is a vector in R
n whose ith entry has value di = 1

2

∑n
j=1 Wi,j .

Observe that
n∑

i=1

xT
i xn+1 =

1
2
E • X ,

where

E =

⎡
⎢⎢⎣

0̂ e 0̃ 0̃
eT 0 0 0
0̃T 0 0 0
0̃T 0 0 0

⎤
⎥⎥⎦ ,

and 0̂ is a (n × n) matrix of all zeroes and e is a column vector of n ones. In order to
encode the stability objective (equation 9), define the matrix T as

T =

⎡
⎢⎢⎣

0̂ − 1
4t 0̃ 0̃

− 1
4t

T 1
2 tΣ 0 0

0̃T 0 0 0
0̃T 0 0 0

⎤
⎥⎥⎦ .
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We require that both objectives in our SDP formulation to be convex functions for
reasons that will be evident in the following section. Recall that the objective functions
are convex if the Jacobians of both C • X and T • X are non-negative semidefinite. In
order to make this true we reformulate the objective matrix C as

C̃ =

⎡
⎢⎢⎣

3
4W d 0̃ 0̃
dT 1 0 0
0̃T 0 1 0
0̃T 0 0 1

⎤
⎥⎥⎦ .

This is possible as the term 1
4wΣ in (8) is constant. In order to redefine the matrix T we

require additional notation. Let t̃T be a column vector where t̃i = 1
1+ti

. We may now

redefine T as T̃ , where the Jacobian of T̃ • X is non-negative semidefinite, as

T̃ =

⎡
⎢⎢⎣

0̂ 1
2 t̃ 0̃ 0̃

1
2 t̃

T 1
2 tΣ 0 0

0̃T 0 0 0
0̃T 0 0 0

⎤
⎥⎥⎦ .

The canonical set stability objective can then be rewritten as

Minimize T̃ • X ,

and the SDP formulation of SBCS can be stated as follows

(SDP): Minimize C̃ • X
Minimize T̃ • X

Subject to Di • X ≥ 0, ∀ i = 1 . . . , m,

xii = 1 ∀ 1 ≤ i ≤ n + 1,

X � 0,

where m = n + 3 and denotes the number of constraint matrices. A • B denotes the
Frobenius inner product of matrices A and B as before, and X � 0 means that X
is positive semidefinite. Our first n + 1 constraint matrices,matrices D1 to Dn+1 are
all zeros with a single “one” that moves along the main diagonal. This enforces the
xii = 1 constraints. The constraint matrix corresponding to the lower bound in (4) has
the following matrix form

Dn+2 =

⎡
⎢⎢⎣

0̂ e 0̃ 0̃
eT 0 0 0
0̃T 0 2n − 4kmin 0
0̃T 0 0 0

⎤
⎥⎥⎦ ,

where as before 0̂ is an n×n matrix of zeroes, e is an all-ones vector in R
n, and 0̃ is an

all-zeros vector in R
n. Also, the upper bound constraint in (5) has the following matrix
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form

Dn+3 =

⎡
⎢⎢⎣

0̂ −e 0̃ 0̃
−eT 0 0 0
0̃T 0 0 0
0̃T 0 0 4kmax − 2n

⎤
⎥⎥⎦ .

Through this construction the approximately optimal stable bounded canonical set may
be found in polynomial time.

3.4 Combining Optimization Functions

In order to solve the semidefinite program expressed in Section 3.3 we must combine
the two objective functions. Optimization problems that involve multiple objectives can
be formulated as follows [28, 29]

Minimize F(X ) = {f1(X ), f2(X ), . . . , fm(X ))}
Subject to X ∈ Γ ,

where F(X ) = {f1(X ), . . . , fm(X )} is the set of objective functions and Γ is the
feasible set.

Observe that the objective functions for the SBCS are somewhat competitive. A
solution that minimizes the canonical set objective may not minimize the stability ob-
jective and vice versa. A trade-off optimality condition known as Pareto optimality is
used [28]. Specifically, a solution X ∗ is called Pareto optimal if there is no X ∈ Γ such
that F(X ) ≤ F(X ∗); that is, X ∗ is lexicographically optimal compared to any sub-
optimal solution X . Observe that such a solution is not necessarily unique. The set of
all Pareto optimal solutions X ∗ ∈ Γ is denoted by ΓPar, the Pareto set. The Pareto set
can be thought of as the boundary of the image of the feasible set, and a Pareto optimal
solution is a point on the boundary.

If the objective functions in a multi-objective optimization problem fi(X ), 1 ≤
i ≤ m are all convex functions, then the optimal solution X ∗ of the following single-
objective problem belongs to the Pareto set of problem F(X ) [29]

Minimize
m∑

i=1

αifi(X )

Subject to X ∈ Γ,

where
m∑

i=1

αi = 1, and αi ≥ 0 ∀ 1 ≤ i ≤ m,

Our approach for combining the cardinality and similarity objectives of the SBCS for-
mulation is based on using a convex combination of the two objective functions. Specif-
ically, we let C1 = αC̃ and C2 = (1 − α)T̃ for a convexity parameter α ∈ [0, 1]. The
combined objective function then satisfies

C1 • X + C2 • X = Trace(CT
1 X ) + Trace(CT

2 X ) = Trace((C1 + C2)T X ).
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Letting C(α) = C1 + C2, our combined multi-objective SDP formulation is

(CoSDP): Minimize C • X
Subject to Di • X ≥ 0, ∀ i = 1, . . . , m

xii = 1 ∀ 1 ≤ i ≤ n + 1,
X � 0.

Finally, for every α ∈ [0, 1] the optimal solution X ∗ = X ∗(α) can be computed in
polynomial time using the algorithm [30] (for details on a SDP solver the reader is
referred to [31]).

3.5 Rounding

Once the solution to the semi-definite program described in section 3.4 is computed, a
rounding step must be performed to obtain an integer solution. This step identifies the
set of values for indicator variables y1, ..., yn and the set indicator variable yn+1. In our
experiments, we have used a rounding scheme based on Cholesky decomposition and a
multivariate normal hyperplane method that can be effectively derandomized. (See [15]
for details.)

Let X ∗ = X ∗(α) denote the optimal solution of the (CoSDP) for a given α ∈ [0, 1].
Since X ∗ is a symmetric positive semidefinite matrix, using Cholesky decomposition
it can be represented as X ∗ = VtV [32]. This provides us with n + 1 vectors for the
relaxed SBCS problem. Specifically, column xi, 1 ≤ i ≤ n, of V forms the vector
associated with vertex vi ∈ G in the optimal SDP relaxation of the SBCS set problem,
and column xn+1 corresponds to the set indicator variable. Finally, we pick a random
vector ρ ∈ R

n+1 with multivariate normal distribution, with 0 mean, and with covari-
ance X ∗, to generate the indicator variables yi, i ≤ 1 ≤ n + 1 and the canonical set V ∗

as yi = sign (ρtxi) and V ∗ = {vi | yi = yn+1, 1 ≤ i ≤ n} . We perform this round-
ing step multiple times, each time checking that the constraints are not violated, and
keeping track of the solution with the best objective value.

4 Experiments

In order to verify the effectiveness of recovering transformations from elements in the
canonical set we performed three experiments. In the first experiment we randomly
chose three objects from the COIL-20 [33] database, and applied a random transfor-
mation which included rotation in the image plane, scaling, and translation. We then
confirmed that we could recover the known transformation using the SBCS computed
between the images. In the second experiment we took the same four objects from
the COIL-20 database, and the same four objects rotated in depth five, ten, and fifteen
degrees. Again we computed the canonical sets of both images and showed their invari-
ance under small rotations in depth. The out-of-plane rotation experiments show that
the method does not rely on seeing exactly the same view as the model view and can
establish correspondence among stable features obtained by SBCS. In the last exper-
iment we tested the effectiveness of our method under the presence of occlusion. We
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created an image containing each of the four objects with occlusion, and then found the
best transformation between each object and the composite image.

For each one of the images used in the experiments we extracted approximately two-
hundred blobs and ridges in scale-space using previously existing techniques [2, 3]. The
features used for matching were the centers of the respective blobs and ridges. Blobs and
ridges are found at local maxima in scale-space. The response of the multi-scale detector
at a feature is used as the stability of that feature. From these features we computed a
SBCS with a minimum cardinality of twelve and a maximum cardinality of sixteen. In
order to determine the transformation between two images we found a transformation
for each possible feature correspondence set amongst the elements in the canonical
sets. After determining the transformation for a given feature set correspondence, we
use a many-to-many matching algorithm [34] based on the earth mover’s distance to
compute the distance between the transformed image and the target image. The distance
computed using the many-to-many matching algorithm allows the transformations to
be ranked. After a transformation is found for each feature set correspondence, the one
which returns the minimum distance is returned as optimal.

Figure 5 shows the results of the first experiment. Column one of the figure shows
three images from the COIL-20 database and the canonical sets computed using our
semidefinite programming formulation. The second column shows the same image ro-
tated in the image plane and scaled, and the respective canonical set. In order to apply
Ullman and Huttenlocher’s algorithm, three feature correspondences are needed, how-
ever it may be visually confirmed that the intersection of the canonical sets of the two
images contain many more correspondences. The third column of the figure shows the

Fig. 5. Left: reference images with SBCS features, Middle: images rotated and scaled with SBCS
features, Right: outline of reference images transformed onto rotated images
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Fig. 6. Left: reference images with SBCS features, Middle: images rotated in depth with SBCS
features, Right: outline of reference images transformed onto rotated images

outline of the first image transformed by the transformation found using Ullman and
Huttenlocher’s algorithm. In each of the three test cases the transformation computed is
highly similar to the actual transformation.

Figure 6 shows the results from the second experiment for the fifteen degree rotations
in depth (the other results were similar). Column one of the figure is repeated from
experiment one. Column two shows the canonical features found in the same four objects
rotated in depth fifteen degrees. Again the intersection of these canonical sets can be
visually be confirmed to be greater than three features, the number required to compute
the transformation. Column three shows the outline of the original image transformed
by the transformation which results in the minimum distance between the original image
and its copy rotated in depth. In each test case the transformation is not perfectly correct,
as our technique computes a two-dimensional rotation matrix from the points in the
feature space, while the target image has been rotated in depth by a three-dimensional
rotation. Still, the computed transformation serves as a good approximation.

We have also conducted limited preliminary experiments to study the matching in
the presence of occlusion. Clearly, a systematic study of occlusion and cluttered scenes
is in order. As a proof of concept we have included one of our occlusion experiments.
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Fig. 7. Left: reference image with scale-space features Middle: image with SBCS features Right:
outline of query images on reference image

The composite image is a synthetic scene consisting of four objects from the COIL-
20 database with varying amounts of occlusion. Using this as a reference image we
selected each of the four objects from the COIL-20 database and found the best trans-
formation between the object and the composite image. Figure 7 shows the results of
this experiment. Column one shows the composite image with several hundred scale-
space features. Column two shows the fifty-five points of the SBCS computed from the
features. Using the SBCS of the individual objects, shown in the previous experiments,
we identified the transformation which minimizes the distance between the query and
the reference image. Column three shows the outlines of the best transformations found
for the four objects.

5 Summary and Future Work

Our work was motivated by the desire to reduce the complexity of applying Hutten-
locher and Ullman’s algorithm. If n is the number of features in the first image and m
is the number of features in the second, then their algorithm requires O(

(
n
3

)(
m
3

)
) cor-

respondence evaluations. We have shown through a limited series of experiments that
the Stable Bounded Canonical Set of image features can be used to provide acceptable
results with a substantial savings in computation time.

This paper serves as evidence of the application of SBCS to image matching. We
plan a more extensive set of experiments to further confirm our preliminary findings.
We also plan to test the ability of our approach to match images under varying lighting
conditions and degrees of occlusion. In addition we would like to test the approach
with feature graphs that are more highly attributed, in an effort to incorporate deeper
structure.
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Abstract. In this paper we consider the problem of distinguishing
graphs that are cospectral with respect to the standard adjacency and
Laplacian matrix representations. Borrowing ideas from the field of quan-
tum computing, we define a new matrix based on paths of the coined
quantum walk. Quantum walks exhibit interference effects and their be-
haviour is markedly different to that of classical random walks. We show
that the spectrum of this new matrix is able to distinguish many gra-
phs which cannot be distinguished by standard spectral methods. We
pay particular attention to strongly regular graphs; if a pair of strongly
regular graphs share the same parameter set then there is no efficient
algorithm that is proven to be able distinguish them. We have tested the
method on large families of co-parametric strongly regular graphs and
found it to be successful in every case. We have also tested the spectra’s
performance when used to give a distance measure for inexact graph
matching tasks.

1 Introduction

Quantum algorithms have recently attracted considerable attention in the the-
oretical computer science community. This is primarily because they offer con-
siderable speed-up over classical algorithms. For instance, Grover’s [12] search
method is polynomially faster than its classical counterpart, and Shor’s factori-
sation method is exponentially faster than classical methods. However, quantum
algorithms also have a richer structure than their classical counterparts since
they use qubits rather than bits as the basic representational unit [19]. For
instance, this structure is exploited in Shor’s algorithm where the Fourier trans-
form is use to locate prime factors. The interference and entanglement of qubits
may also be exploited to develop interesting protocols, and one fascinating ex-
ample is Braunstein’s quantum teleportation idea [6].

It is this issue of richer representations that is the subject of this paper.
We are interested in the problem of random walks on graphs and how they
can be used to distinguish graphs which cannot be distinguished efficiently by
other methods. Random walks are useful tools in the analysis of the structure
of graphs. The steady state random walk on a graph is given by the leading
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eigenvector of the transition probability matrix, and this in turn is related to
the eigenstructure of the graph Laplacian. Hence, the study of random walks
has been the focus of sustained research activity in spectral graph theory. For
instance, Lovász has written a useful review of the subject [16], and spectral
bounds have been placed on the properties of random walks including the mixing
times and hitting times [25].

From a practical perspective, there have been a number of useful applications
of random walks. One of the most important of these is the analysis of routing
problems in network and circuit theory. Of more recent interest is the use of ideas
from random walks to define the page-rank index for internet search engines
such as Googlebot [7]. In the pattern recognition community there have been
several attempts to use random walks for graph matching. These include the work
of Robles-Kelly and Hancock [21, 20] which has used both a standard spectral
method [21] and a more sophisticated one based on ideas from graph seriation [20]
to convert graphs to strings, so that string matching methods may be used. Gori,
Maggini and Sarti [11] on the other hand, have used ideas borrowed from page-
rank to associate a spectral index with graph nodes and have then used standard
subgraph isomorphism methods for matching the resulting attributed graphs.

One of the problems that limits the use of random walks, and indeed any
spectral method, is that of cospectrality. This is the situation in which struc-
turally distinct graphs present the same pattern of eigenvalues. Classic examples
are strongly regular graphs [8] and certain trees [22, 17]. In these cases standard
methods will fail to distinguish between such non-isomorphic graphs, however,
we provide a method that has been able to distinguish all such graphs that
we have tested. We also extend the method to the problem of inexact graph
matching by using this method to define a distance measure for pairs of graphs.

Recently, quantum walks have been introduced as quantum counterparts of
random walks [13, 3]. Their behaviour is governed by unitary rather than stochas-
tic matrices. Quantum walks posses a number of interesting properties not ex-
hibited by classical random walks. For instance, because the evolution of the
quantum walk is unitary and therefore reversible, the walks are non-ergodic and
what is more they do not have a limiting distribution. The present applications
of quantum walks are fast quantum algorithms for database searching [24], graph
traversal [9, 14], and the problem of element distinctness [4].

Although the analysis of quantum walks may seem detached from the practi-
cal problems listed above, they may offer a way of lifting the problems of cospec-
trality. In this paper, we borrow ideas from quantum walks and combine the state
space of the walk with a ‘coin space’ which dictates the quantum amplitudes of
the various paths. The unitary matrix governing this walk is used to construct
a new representation for graphs. Our main conclusion is that by making use of
this representation of the adjacency structure, problems of cospectrality can be
lifted and random walks can be used to distinguish otherwise indistinguishable
graph structures.

The remainder of the paper is organised as follows: Section 2 gives a brief
introduction to some basics of quantum computing. Section 3 describes the clas-
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sical and quantum random walks and as an example describes the quantum walk
on the line. Section 4 describes representations of graphs based on the coined
quantum walk. Section 5 examines these representations for the case of strongly
regular graphs. Section 6 details the experiments. Finally Section 7 presents our
conclusions.

2 Quantum Computing

Quantum computing is interested in taking advantage of the vastly different
behaviour of quantum systems to carry out computations in a fundamentally
different way. Whereas a classical computer manipulates classical states to carry
out computation, a quantum computer would manipulate quantum states such
as the polarisation of photons [15] or the excitation states of trapped ions [10].

The state space of a quantum computer that manipulates a quantum system
with n simultaneously distinguishable modes is represented by a vector in a
Hilbert space Hn ∼= Cn. Let {|i〉 : 1 ≤ i ≤ n} be the standard basis of Hn. A
general state is a complex linear combination of the n basis states; let |Ψ1〉 and
|Ψ2〉 be two such states:

|Ψ1〉 =
n∑

a=1

αa|a〉, |Ψ2〉 =
n∑

a=1.

βa|a〉.

We write as 〈Ψ1| the linear functional that maps every vector |Ψ2〉 ∈ Hn to the
inner product

〈Ψ1|Ψ2〉 = (|Ψ1〉, |Ψ2〉) =
n∑

a=1

αaβa,

where α is the complex conjugate of α. It is the inner product that is used to
determine the probabilities of various observations when a measurement is made
as explained later. The time evolution is linear and norm preserving, hence the
state at time t, |ψt〉, is related to the initial state, |ψ0〉, by

|ψt〉 = Ut|ψ0〉,

where Ut is unitary.
The power quantum computation comes from quantum parallelism. Consider

a qubit, which is the quantum analogue of a bit. A state of a qubit can be
represented by a vector, |ψ〉 ∈ C2, whereas that for a bit would be x ∈ Z2 =
{0, 1}. However, due to the laws of quantum mechanics, the state space of a
system of n qubits is the tensor product C⊗2n whereas the state space for n bits
is the Cartesian product Z

⊕n
2 . Thus a system with n bits has 2n possible states

whereas a system of n qubits is a complex vector space of dimension 2n. Crucially
this means that a linear combination of basis states, known as a ‘superposition’
of states can be manipulated simultaneously. However, not all the information
contained in a quantum state is accessible. For the state |Ψ1〉, if a projective
measurement is made (in the standard basis) then only one of the basis states is
observed. A particular state, |a〉, is observed with probability P (|a〉) = |〈a|Ψ〉|2.
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3 Classical and Quantum Random Walks

Random walks are a model of diffusion important in statistical physics, applied
probability, randomized algorithms, etc. (see, e.g., [2, 16, 25]).

Let G = (V, E) be a graph on n vertices, we write i ∼ j if {i, j} ∈ E. Let
P : V ×V → [0, 1] be the function determining the transition probabilities, then

– P (i, j) > 0 if {i, j} ∈ E,
– P (i, j) = 0 if {i, j} /∈ E
– and for every i ∈ V ,

∑
i P (i, j) = 1.

The function P induces a stochastic matrix, M , called the transition matrix,
such that Mij := P (i, j).

A (probability) distribution for the walk at time, t, is encoded by a vector
x(t) ∈ Rn, where

∑n
i=1 x

(t)
i = 1. A random walk on G induced by M is a discrete

Markov chain {Xt}∞t=0 with state-set V , which starts at X0 = i and moves with
transition probabilities Pr[Xt+1 = i|Xt = j] = P (i, j), for every i, j ∈ V . The
state after t steps is given by

x(t) = M tx(0)

and the random variables {Xt}∞t=0 are such that

Pr[Xt = j|X0] = M tx(0) · Fj ,

where Fj is the projector onto the one dimensional subspace spanned by j.
A random walk is said to be simple when the ij-th entry of the transition

matrix is 1
d(j) if (i, j) ∈ E, where d(j) is the degree of the vertex i. A ran-

dom walks is ergodic if there is a unique limiting distribution π which satisfies
limt→∞ M tx(0) = π, independent of x(0); this is equivalent to saying that M is
irreducible and aperiodic. Moreover, if M is symmetric, the rate of convergence
of x(t) to π, depends on the real number 1 − |λ2|, where λ2 is the second largest
eigenvalue of M . The greater this quantity the faster the rate of convergence.

3.1 The Coined Quantum Walk on the Line

By way of introduction to the coined quantum walk on general graphs, we first
describe the coined quantum walk on the line [18]. A state of the walk is the
product of a ‘position space’ describing the position of the walk and a ‘coin
space’ describing along which edge the walk arrived at/will leave that position.
A step of the walk involves applying a ‘coin operator’ to the ‘coin space’ which
assigns quantum amplitudes to the various edges leaving a given position state
and a transition operator acting on the whole state space.

We define an orthonormal basis {|i〉⊗ |e〉 : i ∈ Z, e = l, r} for the state space
of the walk where i represents the position, l and r represent the edge to its left
and right respectively and ⊗ is the symbol for the Kronecker tensor product.
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Fig. 1. The probability distribution after 200 steps for the quantum walk on the line
using the Hadamard coin and a symmetric starting state. Only even positions are
plotted since odd positions have probability zero.

To best compare the quantum walk with its classical counterpart we use the
symmetric starting state |ψ0〉 = 1√

2
|0〉 ⊗ (|l〉 + |r〉) and the Hadamard coin,

H =
1√
2

[
1 1
1 −1

]
.

If the walk is allowed to evolve without measurement then, after 200 steps, we
have the probability distribution in Fig. 1. The distribution is in stark contrast
to that observed for the classical walk, which tends towards a Gaussian distri-
bution with µ = 0 and σ2 = n, where n is the number of steps. The probability
distribution for the quantum walk has µ = 0 and σ2 ∼ n2. It is almost uniform
in the interval [− n√

2
, n√

2
] and heavily peaked, with the modal positions at the

limits of the distribution.
An observation that can be made of the walk on the line is that the quantum

walk spreads quadratically faster than the classical walk and it turns out that
this is generally the case for walks on graphs [1]. However, there are cases where
there is an exponential speed-up in the hitting time of a certain node in some
graphs. This was observed on the hypercube by Kempe [14] and for graphs
constructed by joining two n-level binary trees at their leaves by Childs, Farhi
and Gutmann [9].

The quantum walk on the hypercube was the basis of a quantum search
algorithm for a marked item in an unordered database by Shenvi, Kempe and
Whaley [24], giving a different formulation of Grover’s algorithm for the same
problem [12].
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3.2 Coined Quantum Walks on Graphs

Quantum walks are quantum counterparts of random walks, and were recently
introduced with the aim of applying them to the design of new quantum al-
gorithms [1, 5, 13, 3]. The constraints imposed by unitarity do not allow one to
define a unitary transition matrix for all digraphs [23]. In order to carry out a
discrete quantum walk on a general graph it is necessary for the state of the
walk to encode both the current state of the walk and the previous state by
which it got there. This was done by the the authors of [1, 5] by defining the
notion of coined quantum walks as follows. Let G be a graph on n vertices and
E[i] = {e ∈ E : i ∈ e} be the set of edges incident upon the vertex i, we define
an orthonormal basis for the state space of the walk to be {|i〉⊗|e〉 : i ∈ V, e ∈ E
with e ∈ E[i]}. Equivalently, one can view the state space of the walk as the
set of ordered pairs of vertices, (i, j), i, j ∈ V such that {i, j} ∈ E, we will use
this notation later for labelling the entries of the transition matrix. A step of a
coined quantum walk on G consists of the following:

1. A unitary matrix Ci is applied to |i〉 ⊗ |e〉, for every i ∈ V (G). The matrix
Ci produces the vector |i〉 ⊗

∑
e∈E[i] αe|e〉 such that

∑
e∈E[i] |αe|2 = 1. The

matrix Ci is called the coin and determines the quantum amplitudes for the
various transitions.

2. A permutation matrix S is applied so that, if e = {i, j} then S|i〉 ⊗ |e〉 =
|j〉 ⊗ |e〉 and S|j〉 ⊗ |e〉 = |i〉 ⊗ |e〉. That is, it brings about the transitions
along the edges of the graph determined by the coin state. The matrix S is
called the shift.

Note that for a coined quantum walk the set of coins can be chosen freely,
however, the choice is not arbitrary. It is natural to chose a set that are invariant
under permutations of the node and edge labels. The Grover matrices, G(n) =
In − 2

nJn (where Jn is the n × n all-ones matrix) are such a set. In addition,
Grover matrices are the real-orthogonal matrices that maximize the distance
from the identity in terms of the matrix norm, and hence should produce the
smallest mixing parameters.

If the graph is regular then the same coin can be used for each vertex and a
single step of the walk can be written as |ψt〉 = S(I ⊗C)|ψt−1〉 = U |ψt−1〉. If the
graph is not regular then the transition matrix for the walk cannot be separated
in this way. However, for all graphs we the transition operator is given by:

Uij,kl =
{ 2

dj
− δil if j = k

0 if j 	= k

where we have labelled a state |i〉⊗ |e〉, such that e = {i, j}, by the ordered pair
(i, j). The coins used here are the Grover matrices; since these matrices have
real entries, note that this matrix is real-orthogonal.

Let |ψt〉 = U t|ψ0〉 be the state induced by the coined quantum walk after
t steps. A coined quantum walk on G is a sequence {Xt}∞t=0 of random vari-
ables starting at X0 = {j, f} (j ∈ V and f ∈ E[j]) and Pr[Xt = i, e, |X0] =



338 D. Emms et al.

∑
e∈E[i]〈ψt|P (i,e)|ψt〉, where P (i,e) is the projector onto the one dimensional

subspace spanned by |i〉 ⊗ |e〉.
Observe that non-trivial quantum walks are non-ergodic, since unitary oper-

ators are norm-preserving and linear. They do not approach a limiting distribu-
tion, however for other notions of convergence(e.g., the Cesaro mean), the same
quantum walk induces a variety of limiting distributions that are dependent on
the initial state.

The Hamiltonian for the Coined Quantum Walk. The classical random
walk can be viewed as an energy minimization problem. Consider a walk on some
graph G, and let L be its Laplacian matrix. Then the classical random walk is
the walk that minimizes the energy function

εc =
∑

xy

Axy(vx − vy)2, such that v ⊥ 1,

where 1 is the all-one’s vector. This function is minimized by the Fiedler vec-
tor, that is the eigenvector of the Laplacian with the second smallest eigen-
value. The coined quantum walk can be viewed in the same way, although
the energy function cannot be written down as easily. Let U be the matrix
for the coined quantum walk, then the Hamiltonian for the walk, H , is such that
U = e−iH . The matrix U has a spectral decomposition, U = WΛW−1, with
W = [w(1)|w(2)| . . . |w(n)] and Λ = diag(λ(1), λ(2), . . . , λ(n)) where the λ(k) are
the eigenvalues of U with corresponding eigenvectors w(k). The entries of H can
therefore be expressed as:

Hxy = i
∑

k

ln(λ(k))Wxk(W−1)ky

and the walk is such that it minimizes the energy function

εq =
∑

xy

Hxy(vx − vy)2, such that v ⊥ 1.

4 Matrix Representations Based on U

We wish to concentrate on the how the idea of quantum walks can be used
classically. The spectrum of the unitary matrix governing the evolution of a
quantum walk turns out to be related to the spectrum of the transition matrix
for the classical random walk. The unitary matrix can be written as

Uij,kl = AikAjlδjk

(
2
dk

− δil

)
.

Let e be an eigenvector of T with eigenvalue µ, then U has eigenvalues λ =
µ ±

√
1 − µ2 with corresponding eigenvectors

vij =
Aij

dj
− λ

Aijei

di
.
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The remaining eigenvalues are ±1 each with multiplicity |E| − |V | each. So the
spectrum of U is completely determined by the spectrum of the transition matrix
T . However, the random walk induced by U still has advantages over its classical
analogue. In the next section we consider how we can make use of the differences
between the walks.

4.1 Interference on the Coined Quantum Walk and the Positive
Support of Ut

The quantum walk traverses all possible paths simultaneously with amplitudes
corresponding to the probability of each path. These walks are not independent
but are able to constructively or destructively interfere, giving rise to probability
distributions dependent upon this effect. This appears to allow the walk to probe
and distinguish graphs more effectively than happens classically. The state of
the walk after t steps is given by U t, the (i, j) entry giving the amplitude in the
state |i〉 at time t for a walk starting in the state |j〉. Define the positive support,
S+(V ) of the unitary matrix V to be the matrix with entries

S+(V ) =
{

1 if Vij > 0;
0 otherwise.

The matrix can be viewed as an adjacency matrix of a digraph with vertex
set {(i, j), (j, i) : {i, j} ∈ E(G)}. The matrix for the positive support of the
real-orthogonal U t has a non-zero (x, y) entry if and only if there is a positive
quantum amplitude for the walk starting in the state y being observed in the
state x after t steps, where each state corresponds to an ordered pair of vertices.
For small values of t this pattern of non-zero entries is more complex than is
the case for the classical walk. We make use of the matrices S+(U t) in order to
distinguish strongly regular graphs, as described below.

5 Strongly Regular Graphs

A strongly regular graph (SRG) with parameters (n, k, λ, µ) is a k-regular graph
on n vertices such that every pair of adjacent vertices share λ common neigh-
bours and every pair of non-adjacent vertices share µ common neighbours [8].
The spectra of the generalised adjacency and Laplacian matrices of a SRG are
completely determined by its parameters, however, large sets of coparametric
non-isomorphic SRG exist. Such graphs cannot be distinguished using standard
spectral methods and are in fact very hard to distinguish; the best known algo-
rithm for distinguishing SRG runs in time nO(n1/3). Thus, SRG provide a hard
case for distinguishing non-isomorphic graphs. Below we consider the spectra of
S+(U t

G) for small values of t.

5.1 Spectra of S+(U t) for SRG

Let G be a SRG with parameters (n, r, s, t), adjacency matrix A and transition
matrix for the discrete quantum walk U . Let γ be an eigenvalue of A with
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corresponding eigenvector v. Then S+(UG) has eigenvalues

δ =
γ

2
± i

√
r − 1 − γ2/4,

the remaining n(r − 2) eigenvalues of S+(U) are ±1. Furthermore, S+(U2) has
eigenvalues

δ =
γ2

2
+ 2 − r ± iγ

√
r − 1 − γ2/4

the remaining n(r − 2) eigenvalues of S+(U2) take the value 2. However, the
spectrum of S+(U3) is not determined by the parameters of the SRG G. As an
example, consider the pair of SRG with parameters (16, 6, 2, 2) shown in Figure
3. We have:

sp(AG) = sp(AH) = {[−2]9, [2]6, [6]}.

and
sp(LG) = sp(LH) = {[0]1, [4]6, [8]9}.

However,

sp(S+(U3
G)) = {[−7 − 2i]15, [−7 + 2i]15, [−5]9, [−1]18, [1]27, [3]5, [5]6, [45]1}

and

sp(S+(U3
H))) = {[−7 − 2i]15, [−7 + 2i]15, [−5]6, [−1]24, [1]21, [3]2, [5]9, [45]1}.

That is, we are able to distinguish the pair of SRG using the spectra of
the matrices S+(U3). Consequently, we propose the use of the spectrum of the
matrix representation S+(U3) for a graph G for distinguishing it from other
graphs that are cospectral with respect to standard matrix representations.

5.2 Constructing S+(U3)

For a SRG G with parameters (n, r, s, t) and adjacency matrix A, the matrix
representation can be constructed directly. S+(U3

G)(i,j),(k,l) = 1 if and only if
one of the following conditions holds:

1. i = m, j 	= l and

t + (s − t)Aj,l − r +
r2

4
> 0

(which always holds if i = m, j 	= l and r > 4);
2. i = l, m 	= j and Aj,m < 2s

r ;
3. i = l and m = j;
4. i 	= l, m = j and Ai,l < 2s

r ;
5. i 	= l, i 	= m, j 	= l, j 	= m and

2
r
[t + (s − t)Aj,l] > Ai,l + Aj,m.

Thus the matrix S +(U3
G) for a SRG G can be constructed directly, without the

need to first construct U and carry out matrix multiplication. The spectrum of
S + (U3

G) can then be used to represent the graph G, this can be calculated in
time O(n3r3).
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6 Experiments

In this section we experiment with the method outlined earlier in the paper. We
commence by considering the case of strongly regular graphs, and then illustrate
the utility of the method on graphs extracted from image data.

6.1 Strongly Regular Graphs

As noted earlier, traditional spectral methods for various graph matching tasks
rely on the use of the spectrum of either the adjacency or Laplacian matrices.
However, these methods fail when confronted with of non-isomorphic graphs
which share the same adjacency and Laplacian spectra. Strongly regular graphs
furnish examples of such graphs. We have tested the effectiveness of the spectrum
of S+(U3) for distinguishing co-parametric non-isomorphic SRG and have found
that it works for all graphs tested so far. A summary of the graphs studied can be
found in Table 1. In addition, this method was also able to distinguish between
pairs of co-immanantal trees as constructed in [17].

To characterise the results we computed a vector, −→e , of the ordered eigenval-
ues of S+(U3

G), for every graph G in a number of the co-parametric families. The
matrix with entries DGH = |−→e G − −→e H |, for all G and H in the family was then
constructed. We found that DGH = 0 only when G = H , thus distinguishing all
non-isomorphic graphs. As an example, the matrix for the SRG with parameters
(26, 10, 3, 4) is

D =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 4.13 42.88 26.64 22.90 26.21 45.13 26.11 23.54 23.36
4.13 0 45.49 25.43 22.30 24.60 51.95 29.34 24.85 23.79
42.88 45.49 0 53.42 55.58 58.84 15.50 96.27 53.68 57.49
26.64 25.43 53.42 0 3.08 3.86 53.24 75.14 3.63 3.06
22.90 22.30 55.58 3.08 0 2.46 53.46 68.05 2.49 1.17
26.21 24.60 58.84 3.860 2.46 0 57.21 71.88 3.38 2.53
45.13 51.95 15.50 53.24 53.46 57.21 0 94.33 51.90 55.51
26.11 29.34 96.27 75.14 68.05 71.88 94.33 0 71.37 68.36
23.54 24.85 53.68 3.63 2.49 3.38 51.90 71.37 0 1.89
23.36 23.79 57.49 3.06 1.17 2.53 55.51 68.36 1.89 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

We visualise the results of performing spectral decomposition by applying mul-
tidimensional scaling to the distance matrix. This allows us to embed the graphs
on a plane using the leading two eigenvectors of the distance matrix. Cospectral
pairs of graphs will appear as co-incident points under the embedding, and sets
of graphs which are not cospectral will be distributed across the plane. Fig. 2
shows two embeddings of the four sets of co-parametric SRG; the first using dis-
tances calculated from the spectrum of their adjacency matrix and the second
using distances from the spectra of S+(U3). Although the embedding using the
spectrum of the adjacency matrix separates the individual sets, all graphs with
the same set of parameters are mapped to the same point. The embedding using
the spectra of S + (U3), on the other hand, also distinguishes all the graphs
within each set.
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Table 1. The SRG used to test the algorithm. These SRG were obtained from [26].

(n, k, λ, µ) Number of co-parametric SRG
(16, 6, 2, 2) 2
(16, 9, 4, 6) 2
(25, 12, 5, 6) 15
(26, 10, 3, 4) 10
(28, 12, 6, 4) 4
(29, 14, 6, 7) 41
(35, 18, 9, 9) 227
(36, 14, 4, 6) 180
(36, 15, 6, 6) 32, 548
(40, 12, 2, 4) 28
(45, 12, 3, 3) 78
(64, 18, 2, 6) 167
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Fig. 2. MDS embeddings of SRG with distances calculated using the spectra of A on
the left and the spectra of S+(U3) on the right. The sets are those with parameters
(25, 12, 5, 6), red ∗; (26, 10, 3, 4), blue ◦; (29, 14, 6, 7), black +; and (40, 12, 2, 4), green �.

Fig. 3. Two non-isomorphic SGR (G left, H right) with the parameter set (16, 6, 2, 2)
(The graphs were drawn using Bill Kocay’s “Graphs and Groups” program available
at http://bkocay.cs.umanitoba.ca/G&G/G&G.html)
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6.2 Inexact Graph Matching

We have seen that the spectra of S+(U3) are able to distinguish graphs that are
cospectral with respect to standard matrix representations. In this subsection
we present the results of tests performed using the spectra of S+(U3) for inexact
graph matching tasks. The tests were carried out on Delaunay graphs derived
from images in the COIL database. Some sample images from the database are
shown in Fig. 4. The embeddings obtained by applying MDS to the distance-
matrices of the spectra are shown in Fig. 5. The results are are similar to those
obtained using the spectrum of the Laplacian matrix. However, carrying out
embeddings using the spectra of S+(U3) has the advantage that the method is
robust when used with graphs that were previously cospectral.

Fig. 4. The objects from the COIL database (http://www1.cs.columbia.edu/CAVE/
research/softlib/coil-100.html) embedded using PCA on the spectrum of S+(U3) of the
Delauny graphs
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Fig. 5. The objects from the COIL database embedded using PCA on the spectrum
of S+(U3) of the Delauny graphs on the left and using PCA on the spectrum of the
Laplacian on the right. White cup +, Earthenware cup ◦, cat toy ∗, wooden shape �
and car �.
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7 Conclusions

In this paper we have shown how a matrix representation based on the idea of
a coined quantum walk can be used to lift the cospectrality of strongly regular
graphs. We have reviewed how unitary matrices inducing coined quantum walks
are constructed and have shown how their spectra are related to the spectra of the
transition matrix of the classical random walk. We have looked at the positive
support of powers of such unitary matrices and shown that the spectrum of
S+(U3

G) for a SRG, G, is not determined by the parameters of G. Consequently
we proposed the use of the spectra of S+(U3

G) to distinguish otherwise cospectral
graphs. We have tested this method extensively on SRG and found it to be
successful in every case.

In addition, we have examined the efficacy of using its spectra for inexact
graph matching tasks. Having found it to perform well, we propose its use in
order to make standard spectral methods robust when dealing with graphs that
were previously cospectral.
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Abstract. In this paper, we first detail the geodesic matching of images which
consists in minimizing an energy resulting from a Riemannian metric on a man-
ifold of images, which itself comes from the projection of a Riemannian metric
on a deformation group onto the image manifold. We will then present an en-
ergy minimization technique based on a wavelet analysis of the deformation and
finally some applications with face images and 3D medical data.

1 Introduction

This paper develops a new multiscale image matching technique, to implement image
metamorphoses [15]. The method demonstrates significant improvements over previ-
ously designed algorithms, offering more numerical stability, and the ability of estimat-
ing very large deformations in a completely unsupervised framework.

Metamorphoses provide a generic approach to design a metric distance on Rieman-
nian manifolds which are acted upon by a Lie group. The interested reader may refer to
[15] for a theoretical presentation, and we here restrict to the particular context of 2D
or 3D images and the action of diffeomorphisms. The point of view is to define image
evolutions which combine diffeomorphic deformations and gray level variation, and
minimize a time integrated cost function to obtain an optimal evolution, which, in the
case of images, provides outputs similar to image morphings made popular in computer
graphics. However, unlike standard image morphing methods, this approach works free
of any user interaction (like the definition of landmarks or curve correspondences).

The graphical aspect is, however, not our primal interest. The advantage of meta-
morphic image matching is that it allows to estimate optimal point to point correspon-
dences from grey-level information, and provides a quantitative measure of deformation
which is a metric distance between the compared shapes. Moreover, because it estimates
geodesics, it provides, as decribed below, a template-based coordinate system which is
a one-to-one signature of the deformed image relative to the template.

We introduce some notation: d-dimensional images are defined on an open set Ω ⊂
R

d, and we denote I the set of square integrable images on Ω. A diffeomorphism of
Ω is a continuously differentiable one-to-one correspondence g from Ω onto Ω, which
also has a C1 inverse. The set of all diffeomorphisms of Ω forms a group which is
denoted Diff(Ω).

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 349–364, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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An interesting class of diffeomorphisms are those which can be expressed as flows
of ordinary differential equations (ODEs), as follows. Let (t, x) �→vt(x) be a time-
dependent vector field on Ω: it is defined for t in [0, 1] and x ∈ Ω and takes values
in R

d. The associated ODE is ẏ = vt(y) where the dot refers to time derivative, and
the flow associated to this equation is gt : x �→yt where yt is the value at time t of
the solution of the ODE with initial condition y0 = x. Existence and uniqueness of the
flow for any initial condition in Ω and over all times come from regularity assumptions
of the velocity field vt, namely that vt is Lipschitz in its x variable, uniformly with
respect to the t variable. Also, gt is at all times a diffeomorphim of Ω, under adequate
boundary conditions on vt (e.g. that it vanishes, or remains tangent, on ∂Ω).

The diffeomorphisms that we consider belong to this class, under the additional
restriction that vt belongs, at all times, to a specified Hilbert space, denoted G, with
supt ‖vt‖G < ∞. If G is assumed to be continuously embedded in the space of C1-
functions on Ω (with its ususal norm), the resulting set of diffeomorphisms forms a
subgroup G of Diff(Ω), which is entirely specified by the Hilbert space G. This is the
“large deformation” setting used in [4, 11, 10, 12, 15], for example.

If I0 is an image on Ω, its deformation under the action of a diffeomorphism g is
g.I0 = I0 ◦g−1. If gt is the flow associated to ẏ = vt(y), and It = gt.I0, the following
advection equation holds

dIt

dt
+ ∇It.vt = 0.

The theory of metamorphoses in this context introduces a right-hand term to the con-
servation equation, and considers the evolution

dIt

dt
+ ∇It.vt = σ2Zt.

where Zt is the residual image variation and σ2 an error parameter. This is an evolution
equation for the image, which is controlled by the velocity fields vt and scalar fields Zt.
Our goal is to adjust these controls in order to evolve an image I0 = Itemp (template)
into I1 = Itarg (target) with a minimal cost. In this paper, the cost is defined by

U =
∫ 1

0
‖vt‖2

Gdt + σ2
∫ 1

0
‖Zt‖2

L2dt

=
∫ 1

0
‖vt‖2

Gdt +
1
σ2

∫ 1

0
‖dIt

dt
+ ∇It.vt‖2

L2dt (1)

This corresponds to the computation of a geodesic for some Riemannian metric in the
image space (specifically, the metric is ‖j‖2

I = inf
{
|v|2G + σ2|Z|2 : Z = j + ∇I.v

}
).

Because of this, the Euler-Lagrange equations for the optimal (v,Z) also are evolution
equations which can be solved from the knowledge of initial conditions Itemp and Z0.
Assuming that the template is fixed, the initial Z0 characterizes the target Itarg (it char-
acterizes in fact the optimal evolution from Itemp to Itarg). As a consequence, this is a
template-centered signature of the target.

Our main contributions to this setting are: (i) the design of a suitable Hilbert space
G based on a wavelet representation of the vector fields; (ii) the description of a stable
and efficient numerical procedure to minimize U and compute the initial signature Z0.
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Wavelet methods have already been applied for the estimation of optical flows or
deformations, for example in [2, 1], but is never has been combined with the present
approach based on the estimation of a velocity path. Doing so, as will be shown in
section 4, provides strong improvements to both methods when used separately.

The paper is organized as follows: first we introduce the wavelet model of the de-
formation path v and relations between the regularization norm |.|G and the Lipschitz
regularity of v with respect the space variable. Then we will detail our energy mini-
mization algorithm which takes advantage of the multiresolution decomposition of the
velocity field v. Eventually, we will show some results on both 2D (face images) and
3D (medical images) data.

2 Wavelet Based Deformation

The Hilbert space G and the associated norm must be selected to ensure enough smooth-
ness for the velocity field vt with respect to the space variable. In this paper, we use a
norm based on wavelet decomposition of each component of the velocity field.

The first motivation is the fact that this will allow us to easily implement a multi-
scale minimization procedure. Such an approach has often been shown to improve the
efficiency of the method, as well as its accuracy (in avoiding local minima).

Let us review the notation related to the wavelet decomposition in d dimensions. Let
ψ and φ are respectively the mother wavelet function and the mother scaling function in
a 1D wavelet analysis (we refer to [6, 7, 3] for a general description of wavelet theory).
The associated d dimensional wavelet basis is

ψn
sk(x) = 2ds

d∏
i=1

(niψ(2sxi − ki) + (1 − ni)φ(2sxi − ki)) .

Here, s ∈ Z is the resolution, and k = (k1, . . . , kd) ∈ Z
d is the position in space..

Finally, n ∈ {0, 1}d−{0d} is the wavelet type (there are 2d −1 types in d dimensions).
The family (ψn

sk) form an orthonormal basis of L2(Rd). If one needs an initial
coarse resolution, this family can be truncated to s ≥ s0 ∈ Z and combined with the
family φs0k, k ∈ Z

d, with

φsk(x) = 2ds
d∏

i=1

φ(2sxi − ki).

We will use this last basis, with the convention s0 = 0 to simplify notation. The
wavelet analysis of the velocity field vt is:

vt =
∑

k

vs0k(t)φs0k +
∑
s,k,n

vn
sk(t)ψn

sk

where vn
sk(t) ∈ R

d, defined by vn
sk(t) = (〈v1(t), ψn

sk〉, . . . , 〈vd(t), ψn
sk〉).

We define a (uniform in scale) operator R on L2 by

Rv = κs0

∑
k

vs0k(t)φs0k +
∑
s,k,n

κn
s vn

skψn
sk.
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This defines in turn our Hilbert space by G = {v ∈ L2(Ω)|Rv ∈ L2(Ω)}, and ‖v‖G =
‖Rv‖L2 . Therefore, v ∈ G if and only if

∑
s,k,n

κn
s

2|vn
sk|2 < ∞.

(since, for v ∈ L2,
∑

k |vs0k(t)|2 < ‖v‖2
L2 , the first part of the decomposition is not

needed here). We need enough smoothness for the elements of G, which are ensured by
suitably selecting the eigenvalues of R (i.e. the κn

s ’s). The guidelines are provided in
the next section.

2.1 Link Between Smoothness and Eigenvalues

Since we use a wavelet decomposition of the velocity field v, it seems natural to relate
the smoothness of the field v to its Lipschitz regularity with respect to the space vari-
able: indeed, there exists a relationship between the Lipschitz regularity of a mapping
and the decay of its wavelet coefficients (cf. Thm. 1). We will enforce the decay of the
wavelet coefficients of v by choosing appropriate eigenvalues for the operator R (cf.
Prop. 1,2).

Definition 1. A mapping is α-Lipschitz with α = n + r (n ∈ N, 0 ≤ r < 1) iff there
exists a constant C and a polynomial P of degree n such that

∀x, y, |f(x) − P (y)| < C|x − y|α

Then we can give the following theorem [5, 9, 8].

Theorem 1. Let ψn
sk a d-dimensional wavelet basis with N vanishing moments. A map-

ping f =
∑

fn
skψn

sk, where fn
sk = 〈f, ψn

sk〉, is α-Lipschitz with α ≤ N iff there exists a
constant C such that:

|fn
sk| < C2−ds(α+ 1

2 ) (2)

The two following propositions give a connection between the eigenvalues of the
operator R and the smoothness of the elements of G.

Proposition 1. If the eigenvalues κs of the operator R are O(2dsβ), then every com-
pactly supported and α-Lipschitz mapping v for α > β, belongs to the Hilbert space G
defined by the norm ‖R.‖L2 .

Proposition 2. If the eigenvalues κs of the operator R are O(2dsβ), then each element
v of G is α-Lipschitz for α < β − 1

2 .

These propositions are proved in appendix.
From now on, we assume that the wavelet basis has a sufficient number of van-

ishing moments and that the mother wavelet is compactly supported (for instance,
Daubechies’s wavelets fulfil these conditions [3]) so that we are able to control the
smoothness of the deformation through the operator R’s eigenvalues.
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3 Energy Minimization

3.1 Algorithm

The wavelet based energy allows us to compute the optimal deformation at different
scales. Indeed, it suffices to project the velocity field onto a part of the wavelet basis:
we only take into account the coefficients vn

sk for s ≤ S where S stands for the desired
scale. The energy minimization scheme is a coarse to fine strategy which consists in
minimizing the energy at a given scale and then using the minimization result as the
starting point of the energy minimization at a finer scale (cf. Alg. 1). At the difference
of most multigrid methods, this has the advantage of always minimizing the same func-
tion, but simply adding more degrees of freedom at each stage. This avoids intricate
subdiscretization issues which occur when changing scales in multigrid methods.

Algorithm 1. Multi resolution matching of two images I0 and I1

Initialize velocity path: ∀t,v(t) = 0
Initialize image path: I(t) = (1 − t)I0 + tI1

Initialize resolution: S = 0
repeat

repeat
Gradient descent w.r.t. deformation ⇒ computing vn

sk for s ≤ S
Gradient descent w.r.t. image

until ∆U < ε
S ← S + 1

until S > Smax

3.2 Discretization

We first describe both the time and space discretization schemes for (1). The gradient
descent will then be based on the true gradient of the energy, so that the discretization
step is essential for the accuracy of the method.

We start with time discretization, over T time steps. We therefore introduce a se-
quence v0, . . . ,vT−1 of vector fields on Ω, and I0, . . . , IT of images, with I0 = Itemp

and IT = Itarg . The difficulty comes from the discretization of the advection term
dI/dt + ∇It.vt. A simple discretization with finite differences leads to numerical un-
stabilities. A common way of addressing this problem is to let the partial derivatives of
I (in space) depend on the sign of v (“upwind” scheme described in [13, 14]), which
would be appropriate if we were to solve the initial value problem associated to this
equation. Besides the fact that this creates a very complicated nonlinear term in the en-
ergy, this does not completely remove unstabilities. Our choice here is to use an implicit
form of this total derivative, and approximate it by I(t + 1, x + v(t, x)) − I(t, x). This
choice is legitimate since we have:

lim
ε→0

I(t + ε, x + εv(t, x)) − J(t, x)
ε

=
∂I
∂t

(t, x) +
∂I
∂x

(t, x).v(t, x)
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This term is unfortunately nonlinear in v, which will complicate the implementation,
but this guarantees stable numerical results.

Given this, the time-discretized energy is

U(I,v) =
T−1∑
t=0

‖vt‖2
G + λ

T−1∑
t=0

∫
Ω

|It+1(x + vt(x)) − It(x)|2 dx

Now consider the space discretization, for which we consider a rectangular grid, and
take Ω = R

d to simplify (we will see later how to formally extend the images to this
infinite domain). The discretized I and v are assumed to be defined on Z

d, taking values
respectively in R and R

d. Since x + vt(x) does not take integer values, we introduce
a linear interpolation operator I. Also, ‖vt‖2

G is defined using the same formula as
before, using the discrete wavelet transform (DWT) of vt.

U(I,w) =
T−1∑
t=0

[
‖vt‖2

G + λ|I(It+1)(x + vt(x)) − It(x)|2
]

(3)

Denoting ‖z‖2
2 =

∑
x z(x)2 for a discrete function z, this is also

U(I,w) =
T−1∑
t=0

‖vt‖2
G + λ‖I(It+1)(. + vt(.)) − It‖2

2 (4)

In practice, we use a bilinear interpolation for I:

I(I)(x) =
∑

ε∈{0,1}d

cε(x)I(�x1� + ε1, . . . , �xd� + εd)

�z� being the integer part of the real z and {z} = z − �z� its fractional part. The
coefficient cε(x) is defined as:

cε(x) =
d∏

i=1

(εi + (1 − 2εi){xi}).

Computing the Image Gradient. Since (3) is now completely specified in the discrete
variables, we are in position to compute its exact gradient.

For a mapping v : Z
d → R

d, we note ℵv the linear operator which associates to a
discrete image I : Z

d → R its interpolation on the grid Gv = {x + v(x)|x ∈ Z
d} that

is to say:
(ℵvI)(x) = (II)(x + v(x)).

With this notation, the discretized energy is:

U(I,v) =
T−1∑
t=0

[
‖v(t)‖2

G + λ‖ℵv(t)I(t + 1) − I(t)‖2]
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and the energy gradient w.r.t. I(t) is:

1
2λ

∇I(t)U = I(t) − ℵv(t)I(t + 1) + ℵT
v(t−1)(ℵv(t−1)I(t) − I(t − 1)) (5)

We now derive an explicit expression for the operator ℵT
v in the case of bilinear

interpolation. Let x0 ∈ Z
d and I0 be an image such that for all x ∈ Z

d, I(x) = δ(x, x0)
where δ is the Kronecker symbol. For k ∈ Z

d, denote Pk = {x ∈ R
d|∀ 1 ≤ i ≤ d, ki ≤

xi < ki + 1}. For all discrete image I:

(ℵvI0, I) =
∑

ε∈{0,1}d

∑
x∈Zd|x′∈Pxε

0

d∏
i=1

(εi + (1 − 2εi)r(x′
i))I(x, y)

with x′ = x + v(x) and xε
0 = x0 + ε − 1d.

By definition of the transposition, we have (ℵvI, J) = (I, ℵT
v J) for all I, J so, in

the case I = I0:
(ℵvI0, I) = (I0, ℵT

v I) = (ℵT
v I)(x0, y0).

which completely specifies the gradient with respect to the image part.

Computing the Deformation Gradient. Denote by ψn
sk the discrete wavelet filters

and vn
sk(t) the coefficients of the discrete wavelet transform of v(t). We can express

the energy (3) according to these coefficients:

U(I,v) =
T−1∑
t=0

∑
s,k,n

κ2
sv

n
sk(t)2 +

T−1∑
t=0

∫
Ω

|It+1(x +
∑

i

vn
sk(t)ψn

sk(x)) − It(x)|2dx

and if we let f be the trajectory on Z
d defined by

ft(x) = (It+1(x + vt(x)) − It(x))∇It+1(x + vt(x))

the gradient of the energy w.r.t. the coefficients vn
sk(t) is

1
2
∇vn

sk(t)U = κ2
sv

n
sk(t) + λ〈ft, ψn

sk〉 (6)

The important fact is that 〈f(t), ψn
sk〉 is a wavelet coefficient of ft, and therefore can

be directly computed via a discrete wavelet transform. Note that, in order to compute
ft, the expansion of vt on the grid must be known, which requires running an inverse
wavelet transform on the vn

sk. Also, the gradient ∇It+1 is computed using the space
derivatives of the interpolation scheme I.

Remark. In practice, images are not defined on all Z
d but on subsets of the form∏d

i=1{0, . . . , Ni − 1}. We extend this image I into an image Ĩ in the following way:

Ĩ(x) = I(min(max(x1, 0), N0 − 1), . . . , min(max(xd, 0), Nd − 1)

for all x ∈ Z
d. In practice, it is sufficient to extend the image only on a subset of Z

d

where the deformation is non zero. If W is the size of the discrete mother wavelet, we
only need to extend I on

∏d
i=1{−W, . . . , Ni − 1 + W}.
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4 Results

4.1 An Example of Geodesic Image Matching

First, we give an example of a minimizing path between two images in Fig. 1, where
we can see both the image path J and the associated diffeomorphism path g (the dis-
crete diffeomorphism path g is computed from the velocity path v and the relationship
gt+1 = (Id+vt)◦gt which is the time discretized analog of the ODE dg/dt = vt◦gt).
We can see the bright patch on the shoulder expand in both the image and the deforma-
tion paths.

Fig. 1. Example of a geodesic path between the first image and the last image. The intermediate
images were computed by the energy minimzation algorithm. The grids below the images depict
the corresponding diffeomorphism at that time.

4.2 Comparison to Other Algorithms

Then we compare our algorithm Alg. 1 (we will refer to it as case LDWAVEMR in our
experiments) to several other algorithms:

– large deformation without mutiresolution (case LDWAVENOMR), that is to say
that the minimization is computed immediately over all deformation scales as op-
posed to the coarse to fine scheme of Alg. 1,
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– small deformation with multiresolution (case SDWAVEMR), which consists in
modeling the deformation as a displacement field as opposed to a diffeomorphism
(in practice, it suffices to take only one time step in the minimization algorithm
Alg. 1),

– Gaussian smoothing (case LDGAUSS), which corresponds to the case when G is a
reproducible kernel Hilbert space with a Gaussian kernel

We present some results for both synthetic and real data. In both cases the image
used were of size 128 × 128. In the cases with wavelet-based smoothing (LDWAVEN-
OMR, LDWAVEMR, SDWAVEMR), all scales available for the input images were used
(that is s scales for images of size 2s ×2s). The wavelet was a Daubechies wavelet with
10 coefficients for the synthetic data and 20 coefficients for the real data. The eigenval-
ues κs of the operator R (see section 2) decreased as κs = κs02(s0−s) for the synthetic
data and κs = κs04(s0−s) for the real data. In the large deformation cases (LDWAVEN-
OMR, LDWAVEMR,LDGAUSS), we chose a discretization of 10 time steps. Finally,
the Gaussian kernel used for Gaussian smoothing had a standard deviation of 5 pixels.

The synthetic input data were the two portions of annulus appearing at the beginning
and the end of the sequences of Fig. 2, 3 and 4. We do not present the results for
case SDWAVEMR, because the algorithm did not succeed into reaching a “reasonable”
solution (the deformation was highly irregular due to the lack of the diffeomorphism
constraint present in the other cases). We can see that in case LDWAVEMR, the initial

Fig. 2. Synthetic data: case LDWAVEMR

Fig. 3. Synthetic data: case LDWAVENOMR
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Fig. 4. Synthetic data: case LDGAUSS

(a) Initial and final image

(b) Case LDGAUSS (c) Case LDWAVENOMR

(d) Case SDWAVE (e) Case LDWAVEMR

Fig. 5. In each pair: final image warped by the inverse deformation (to be compared with the
initial image) and initial image warped by the direct deformation (to be compared with the final
image)

shape evolves smoothly towards the final shape, whereas in the two other cases, we
notice that two white patches appear outside of initial shape and then inflate and connect
to the initial shape to form the final shape.
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1.2×107
1.4×107
1.6×107
1.8×107

2×107
2.2×107

Iterations

Fig. 6. Evolution of the energy for case LDWAVENOMR (dashed) and case LDWAVEMR (plain)
with the input images of Fig. 5(a)

Then we tested our algorithm on face images (see Fig. 5). The deformation between
the initial and final image was smaller than with the synthetic data so we managed to get
results for the small deformation case SDWAVEMR. However, we can see that the de-
formation provided by our multiresolution algorithm is “visually” more satisfying than
with the other algorithms. The registrations of the initial image onto the final image and
of the final image onto the initial image are really improved by the large deformation
and the multiresolution schemes.

The superiority of the multiresolution scheme depicted in Alg. 1 as compared to the
straightforward energy minimization over all scales can also be seen in Fig. 6, which
shows the energy evolutions in both cases for the input images of Fig. 5(a). Indeed, we
notice that the final energy for the multiresolution algorithm is less than the final energy
of the straightforward algorithm, which probably got stuck in a local minimum of the
energy.

Fig. 7. Minimizing image path for vector data
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4.3 Application to Vector Data

We also point the fact that our algorithm is also able to process vector data such as color
images with only slight modifications. Namely, it suffices:

– to replace the single image gradient (5) by the gradients of each image channel and
to perform a gradient descent on each channel,

– to replace ft in (6) by the sum of the ft’s corresponding to each image channel.

(a) (b) (c)

(d) (e)

Fig. 8. Registration of the target and the template for the input images of Fig. 7.
(a) Jacobian of the estimated deformation (black: low values, white: high values). (b) Template.
(c) Target. (d) Template registrated onto the target. (e) Target registrated onto the template.

Fig. 9. Minimizing image path for vector data (bis)
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We show an example of this kind of matching in Fig. 7 and 8. Thanks to Fig. 8(a), we
can check that the main deformations occur on the outline of the face which is thinned
during the process. We can also notice that our algorithm, though based on photometric
information, responded well to the difference of eye color since it did not generate
any unnecessary deformations in this region. Eventually, we present another result of
minimizing path for more complex images in Fig. 9.

4.4 Application to Image Averaging

We present another application of our algorithm to image averaging. Indeed, the energy
U defined in (1) defines a geodesic distance on the image manifold:

d(I0, I1) = min{
√

U(I, v) : I(0) = I0, I(1) = I1}

so that it is possible to define an explicit average Ī of several images I1, . . . , IN :

Ī = argmin
∑

n

U(I, In).

We can still use a slightly modified version of our algorithm to solve the minimization
of the sum of the energies if we notice that the common extremity I of the N image
paths I → In is free as opposed to the classical matching algorithm where the two

(a) Input images

(b) Mean image for the Eu-
clidean metric

(c) Mean image for the
Riemannian metric

Fig. 10. Computing the mean image
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extremities are fixed. In Fig. 10, we show the result of the averaging of 4 face images.
The mean image for the Riemannian metric corresponds to the result of our algorithm
whereas the mean image for the Euclidean metric corresponds to the image Ī such that
Ī(x) = 1

N

∑N
n=1 In(x).

4.5 Application to 3D Medical Images

Finally, we present a 3D application of our algorithm. We compare two binary images
representing hippocampi (brain structures); these images are provided by the Center for
Imaging Science (Johns Hopkins University) as a part of the BIRN project. The non
zero value represents the inside of the shape. We apply our matching algorithm to these
two 3D images. In Fig. 11, we can see both the template and the target shapes defined
as the boundaries of the respective sets of points with non zero values. We can also see
in blue the deformed template set superimposed onto the target in red. The last image

(a) Template shape (b) Target shape

(c) Registration of the template (blue)
onto the target (red)

(d) Deformation magnitude over a planar
section with superimposed template shape
(blue: weak, red:strong)

Fig. 11. Registration and computing of the deformation between two 3D binary images represent-
ing hippocampi
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shows the intensity of the deformation over a planar section of the 3D template image.
We can verify that the template hippocampus is heavily deformed in its concave part
which no longer exists in the target hippocampus.

A Proof of Proposition 1

Notation 2 For points a, b ∈ R
d, we denote by [a, b] the d-dimensional interval∏d

n=1[an, bn].

Proof. Let v be a compactly supported and α-Lipschitz mapping v with α > β. Then,
according to Thm. 1, there exists a constant C such that

|vn
sk| < C2−ds(α+ 1

2 )

Besides, v being compactly supported, one can assume that there exist p0, p1 ∈ R
d

such that:
Supp(v) ⊂ [p0; p1]

If we also assume that
Supp(ψ) ⊂ [q0; q1]

then
Supp(ψn

sk) ⊂ [2−s(k + q0); 2−s(k + q1)]

So the multi-indices k ∈ Z
d such that vn

sk is non zero belong to the d-dimensional
interval [2sp0 + q0, 2sp1 + q1].

Hence, the number Ns of such indices k at resolution s is less than
∏d

n=1(2
s(pn

1 −
pn
0 ) + (qn

1 − qn
0 ) + 1)). So if we take A =

∏d
n=1((p

n
1 − pn

0 ) + (qn
1 − qn

0 ) + 1)), we
have s ≥ 0, Ns ≤ A2ds. Besides there exists a constant B such that κs ≤ B2dsβ . So at
a given resolution s:

as = κ2
s

∑
k

|vn
sk|2 ≤ AB2C2ds22dsβ2−2ds(α+ 1

2 )

= O(22ds(β−α))

The series
∑

s≥0 as converges and consequently, v belongs to G.

B Proof of Proposition 2

Proof. There exists a constant B such that κs ≤ B2dsβ . Let bs =
∑

k |vn
sk|2 for a given

resolution s. The fact that v belongs to G is equivalent to:
∑
s,k,n

κ2
s|vn

sk|2 ≤ B2
∑

s

bs22dsβ < ∞

This means that the convergence radius of the power series
∑

bsz
s is at least 22dβ .

Hence, we can write:
lim sup(bs)

1
s ≤ 2−2dβ
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Consequently, for all α < β − 1
2 , there exists a constant C such that:

∀s, bs ≤ C2−2ds(α+ 1
2 )

Since |vn
sk| ≤ bs for all k, we get the relation (2) which ensures that v is α-Lipschitz.
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Abstract. We propose a new approach in the context of diffeomorphic
image matching with free boundaries. A region of interest is triangu-
lated over a template, which is considered as a grey level textured mesh.
A diffeomorphic transformation is then approximated by the piecewise
affine deformation driven by the displacements of the vertices of the trian-
gles. This provides a finite dimensional, landmark-type, reduction for this
dense image comparison problem. Based on an optimal control model, we
analyze and compare two optimization methods formulated in terms of
the initial momentum: direct optimization by gradient descent, or root-
finding for the transversality equation, enhanced by a preconditioning
of the Jacobian. We finally provide a series of numerical experiments on
digit and face matching.

1 Introduction

The theory of deformable templates [10, 4, 3] provides a large range of appli-
cations to pattern and shape analysis and matching, with specific important
achievements in object recognition and medical imaging. The large deformation
diffeomorphic approach, initiated in [18, 6], has proved particularly accurate and
robust in this framework. Several algorithms have been developped, ranging
from landmark matching [13, 5, 1, 9, 7, 14] to images [16, 2], shape matching via
measures [8] or currents [20]. These algorithms come with a strong theoretical
support, regarding their well-posedness [6, 18, 19], and their properties, in terms
of metric distances [23, 16], and in relation to infinite dimensional mechanics,
yielding the notion of conservation of momentum and its normality [15, 21, 11].
As noticed in [21], this can also be embedded in a Hamiltonian, or optimal
control, framework. We shall adopt this last point of view in the present paper.

Assume that a template and a target images are given. Assume also that
a region of interest is extracted from the template, on which a triangulation
is overlayed, resulting in a textured mesh. We shall develop a dense matching
algorithm which computes a piecewise affine deformation between the images.
This deformation is controlled by a dynamical evolution of the vertices of the

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 365–381, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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triangulation (through an ordinary differential equation), which will end-up in a
formulation closely related to diffeomorphic landmark matching [13, 5, 21]. Be-
cause of this, we will henceforth refer to the vertices of the triangulation as
landmarks, although they do not need to correspond to any point of interest
within the images.

From the evolution of the landmark, we will deduce an evolution of the
triangulation, and build from it a piecewise affine deformation. The quality of the
matching is measured by a data term based on the mean squared error between
the deformed template and the target within the region of interest covered by
the triangulation. The whole procedure is therefore governed by the ordinary
differential equation (ODE) satisfied by the landmarks, which will be specified
in term of a non-autonomous (time-dependent) vector field on the image plane.
This vector field can be seen as a control for the final matching, and its cost will
be defined as an integrated measure of smoothness of the vector field along time.

The problem can be handled by an optimal control (or Hamiltonian) ap-
proach, which, thanks to the maximum principle, can be parametrized by what is
called the initial momentum, which evolves through a conservation equation and
allows to recover the ODE and the deformation. In our context, this point of view
has been introduced in [15] and used in [21] for landmark matching, using gra-
dient descent algorithms. We will here adapt the gradient descent algorithms to
our image matching framework, and analyze an alternative optimization method,
also applicable to standard landmark matching, called shooting in the optimal
control literature. This is a root-finding method (using Newton’s algorithm),
designed to solve the transversality equation associated to the problem.

The paper is organized as follows. We start with describing a generic land-
mark based matching problem in terms of optimal control, first as an infinite
dimensional problem, and then reduce it to finite dimensions, using usual argu-
ments of the theory of smoothing splines. We then describe our approaches for
solving this problem: direct minimization by gradient descent and root-finding
by Newton’s method. This last method will be briefly illustrated by landmark
matching examples. We will then focus on our image matching problem, intro-
ducing notation and computing the elements needed for the two algorithms. The
paper will end with a presentation of some experiments with 2D images.

We first fix notation. Images are assumed to be defined on Ω, an open
bounded set of R

n with regular boundary (piecewise C1). We assume that a
template image (denoted I0) has been selected, and that a triangulation has
been overlayed on the template, and denote (x1, ..., xN ) the vertices of the trian-
gulation. Typically, (x1, ..., xN ) are chosen first, as landmarks, and the triangu-
lation is deduced, using in our case Delaunay’s triangulation. We denote by xd

i

the dth coordinate of the vector xi. The landmarks will serve as control points
to estimate a diffeomorphism φ which will provide a dense matching between I0
and a target image I1.

For vectors x, y, the notation 〈x, y〉 will be used for the standard dot product
xT y. For dot products on a Hilbert space V , the notation 〈x, y〉V will be used.
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2 Optimal Control Problem

2.1 Context

We provide a Hamiltonian formulation of the landmark matching large deforma-
tion setting, originally introduced in [13]. The interpretation already appeared
in [15], [21], and can be summarized as follows. The evolution of the landmarks
is driven by a single non-autonomous ODE dy/dt = vt(y). This defines N land-
mark trajectories, denoted t �→ qi(t), i = 1, . . . , N , each satisfying the system

⎧
⎪⎨

⎪⎩

dqi(t)
dt

= vt(qi(t))

qi(0) = xi .

(1)

Here, (t, y) �→ vt(y) is a time dependent velocity vector field, which serves as a
control variable for our system of N landmarks.

As done in the optimal control theory for image matching, developped among
others by Dupuis et al. ([6]), we introduce an energy which has to be minimized
under constraints. This energy stems from a tradeoff between a deformation con-
straint and a data attachment term. The deformation term is equal to the inte-
gration over time (between 0 and 1) of the kinetic energy of the transformation.

The instantaneous kinetic energy is defined as the norm ‖vt‖2
V /2 of the ve-

locity field introduced in (1). The total energy is Ek(v) = 1
2

∫ 1
0 ||vt||2V dt. This

norm is a Hilbert norm (defined on a Hilbert space V ); it is designed to ensure
that vt is sufficiently smooth. For this purpose, V is assumed to be continuously
embedded in C1

0 (Ω), the set of continuously differentiable functions which vanish
on the boundary of Ω. Because of this, V is a so-called self-reproducing kernel
Hilbert space, which implies that there exists a kernel kV , defined on Ω × Ω,
taking values in the set of symmetric (n, n) matrices, such that: (i) for all x ∈ Ω,
and for all α ∈ R

n, the vector field kV (x)α : y �→ kV (x, y)α belongs to V and
(ii) 〈kV (x)α, w〉V = 〈w(x), α〉Rn , for all w ∈ V .

If a set of landmarks: q = (q1, . . . , qN ) is given, we denote by K(q) the nN ×
nN matrix consisting on the n×n blocks kV (qi, qj): K(q) = (kV (qi, qj)1≤i,j≤N ).

We assume that the data attachment term only depends on the final configu-
ration of the landmarks: q(1), and of other constants of the problem (in our case:
the template and target images I0 and I1). We will denote it by gI0,I1(q(1)), or
simply g(q(1)) if there is no ambiguity on the compared images. This will be
detailed in section 3 for our image comparison algorithm. However, since most
of the developments can be done by only assuming that q �→ g(q) is twice differ-
entiable, we carry on this discussion assuming a generic data attachment term
satisfying this property.

With this notation, introducing a positive weigth λ, the complete energy is

E(v, q(1)) =
1
2

∫ 1

0
||vt||2V dt + λg(q(1)) . (2)
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Remark 1. The dynamical aspect of the formulation can be compared to linear
smoothing spline approaches, which will essentially remove the time variable,
using a single v ∈ V , and replace (1) by qi(1) = qi(0)+v(qi(0)), with the integral
in the energy term replaced by ‖v‖2

V . As already demonstrated in [13, 5], our
formulation ensures non-ambiguous and smoother deformation when interpolated
to Ω, and is consistent with the constraint of building diffeomorphisms, which is
not the case with linear splines.

The smoothness assumptions on (vt, t ∈ [0, 1]) ensures existence and uniqueness
of the solutions of the ODE, so that the landmarks q(.) are defined at all times.

2.2 Reduction of Dimension

Standard arguments, similar to those used in the theory of smoothing splines,
and relying on the kernel kV of the Hilbert space V , allow to characterize the
velocity field vt by a finite dimensional time dependent system [22], [13]. In our
case, this has an interesting Hamiltonian interpretation [21], which can also be
derived from Pontryagin’s maximum principle in optimal control [12]. The result
is the existence at all times t of N vectors pi(t) ∈ R

n, such that:

vt =
N∑

i=1

kV (qi(t))pi(t) . (Interpolation Formula) (3)

The vector pi(t) is called the momentum of the ith landmark at time t. The joint
evolution of the landmarks and the momentum can be written in a standard
Hamiltonian form for H(q, p) = 1

2 〈p, K(q)p〉 (see Appendix)
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

dq

dt
=

∂H

∂p
(q, p) = K(q(t))p(t)

dp

dt
= −∂H

∂q
(q, p) = −1

2
∇q(t)K(p(t), p(t))

(4)

where ∇qK(p, p) is defined as follows. Let dqK be the differential of q �→ K(q):
since K is a matrix, the linear map h �→ dqK.h is matrix valued. We define
∇qK(p, p) to be the vector w such that, for all h ∈ R

n, 〈(dqK.h)p, p〉 = 〈w, h〉.
From the definition of K, we have H(q(t), p(t)) = ||vt||2V /2 and the Hamiltonian
remains constant along the trajectories of (4), yielding

Ek(v) =
1
2

∫ 1

0
||vt||2V dt =

1
2
〈K(q(0))p(0), p(0)〉 . (5)

Using system (4), the time evolution of the momentum and landmarks can be
computed from the initial momentum and landmarks. In particular, since the
initial position of the landmarks is fixed, their final position, q(1), can be seen
as a function of the initial momentum, p(0), alone. According to this, our en-
ergy function can be seen as only depending on this initial momentum, a finite
dimensional variable.
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E(p(0)) =
1
2
〈K(q(0))p(0), p(0)〉 + λg(q(1)) . (6)

Remark 2. Because of the formula (3) we can reconstruct a global deformation
by integrating the equation dy/dt = vt(y) with various initial conditions: this is
the flow associated to the ODE, and provides a diffeomorphism on Ω which only
depends on the initial momentum and initial landmarks, since this was the case
for vt. We will refer to it as the reconstructed diffeomorphism.

Returning to our optimal control problem, the optimal trajectory must satisfy
an additional transversality condition (see Appendix for a brief derivation
and [8] for a more general case). This is given by

p(1) + λ∇q(1)g = 0 . (7)

Since p(1) and q(1) can be considered as functions of p(0), this is a non-linear
equation in the initial momentum.

We now analyze and describe two methods for the solution of our variational
problem. The first one is to directly minimize the energy by gradient descent,
with respect to the initial momentum p(0). The second is to solve (7), again with
respect to p(0).

2.3 Algorithms

Gradient Descent. Several gradient descent algorithms which minimize the
landmark-based energies with respect to the landmark trajectories have been
developed in [13, 1, 5]. An algorithm working with the initial momentum has
been proposed in [21], yielding the following gradient descent algorithm:

Algorithm 1. Gradient Descent on p(0)
Choose an initial p(0), and δ ∈ R

∗
+, then iterate until convergence:

p(0)new = p(0)old − δ∇p(0)oldE

where ∇p(0)E = K(q(0))p(0) + λ
(

∂q(1)
∂p(0)

)T

∇q(1)g .

Solving the transversality Equation. To solve (7), we use a variant of New-
ton’s algorithm. The advantage of this algorithm is its convergence speed. Choos-
ing an initial point in a neighborhood of the solution provides a quadratic con-
vergence rate. This yields the following iterations : let G(p(0)) = p(1)+λ∇q(1)g.

Here we have, denoting d2
qg the Hessian matrix (second derivative) of g,

dp(0)G =
∂p(1)
∂p(0)

+ λd2
q(1)g

∂p(1)
∂p(0)

. (8)
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Algorithm 2. Newton’s Algorithm on transversality Condition
Choose an initial p(0), then iterate until convergence :

p(0)new = p(0)old − (dp(0)oldG)−1G(p(0)old)

However, Newton’s method must be used with care, since its convergence
is not guaranteed. It is sometimes a good idea to combine gradient descent
and Newton’s algorithm: use gradient descent as long as it is efficient (large
variations of the energy), and switch to the second algorithm when it slows down
(hopefully in a close neighborhood of a local minimum). Note however that such
an approach was unnecessary in our handwritten digit and face experiments for
which we could start directly with the root-finding algorithm and always achieve
convergence.

There is an other issue in Newton’s algorithm : to compute each iteration, we
have to invert a matrix. Depending on its conditioning, the inversion could make
the algorithm diverge. To avoid this issue, before the inversion, we pre-condition
the matrix. The choice we made is to project the matrix on its main singular
directions.The resulting vector pr is an approximation of the real solution of (7)
which converge when r increases. So that the resulting algorithm is :

Algorithm 3. Newton’s Algorithm on Transversality Condition, Pre-
conditioning
Choose an initial value of p(0), then iterate until convergence

pk+1
0 = pk

0 − V T DrU
T G(pk

0) where [U S V ] = svd

(
∂p(1)
∂p(0)

+ d2
q(1)g

∂q(1)
∂p(0)

)

and Dr = diag(1/λ1, · · · , 1/λr, 0, · · · , 0) where the λi’s are the singular values of S
sorted in decreasing order.

Variation of the Hamiltonian System. Both algorithms require the com-
putation of the differential of the end-points of system (4) with respect to the
initial momentum p(0). This is obtained by differentiating the system, yielding
a new evolution providing the required differentials.
⎧
⎪⎪⎨

⎪⎪⎩

d
dt

(
∂q(t)
∂p(0)

)
= ∂K(q(t))

∂q(t)
∂q(t)
∂p(0) + K(q(t)) ∂p(t)

∂p(0)

d
dt

(
∂p(t)
∂p(0)

)
= −∂p(t)

∂p(0)
∂K(q(t))

∂q(t) p(t)−p(t) ∂
∂p(0)

(
∂K(q(t))

∂q(t)

)
p(t)−p(t)∂K(q(t))

∂q(t)
∂p(t)
∂p(0) .

(9)

Remark 3. This additionnal transversality equation enables the use of New-
ton’s algorithm which wouldn’t have been so easy working only on the energy:
running this algorithm to solve ∇p(0)E = 0 requires to compute d2q(1)

dp(0)2 and so to
differentiate twice then solve the Hamiltonian system (4).
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2.4 A First Application : Landmark Matching

As a first application of this framework, we discuss landmark matching: in this
special case, the data attachment term is equal to the sum of squared distances
between the final landmarks and the target landmarks y = (yi)1≤i≤N : g(q(1)) =
N∑

i=1
||qi(1) − yi||2Rn . In this case, the first and second derivatives of the data

attachment term are easy to compute : ∇q(1)g = 2
N∑

i=1
qi(1)−yi and d2

q(1),q(1)g =

2IdnN , IdnN being the identity matrix in MnN (R). This yields the two following
algorithms :

Gradient descent: Choose an initial p(0), and a constant δ, then iterate

until convergence: p(0)new = p(0)old − δ(K(q(0))p(0) + 2λ
(

∂q(1)
∂p(0)

)T

(q(1) − y))
Newton’s method: Choose an initial value of p(0), then iterate until

convergence : p(0)new = p(0)old − (dp(1)
dp(0) + 2λIdnN )−1(p(1) + λ(q(1) − y))

Figure 1 shows the results of Newton’s Method for 2 sets of landmarks.
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Fig. 1. Landmark matching : left : template (+), targets (◦), final landmarks (�) and
deformation of the inherent space ; right : landmarks trajectories

3 Image Matching on Piecewise Affine Triangulations

We now focus on our primary application: image matching, which goes as fol-
lows. We start with a template image which has previously been annotated with
landmarks. This will define a region of interest in the template which will then be
warped to the target image so that it delimitates a region with similar content.

The region of interest is provided by a triangulation associated to the land-
marks, for example, Delaunay’s triangulation whose advantage is among others
that no triangle is included in an other. For this particular case, this yields a con-
vex region which is partitioned into triangles (or simplices in higher dimension),
as illustrated in figures 2. We now define the data attachment term gI0,I1(q(1)).
Denote by T1, . . . , Tr the family of triangles forming the partition of the region
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Fig. 2. Triangulation (2D), tessellation (3D), and examples of template triangulations

of interest in the template. Each triangle Tk have vertices from the initial land-
marks, say Tk = (xik1 , xik2 , xik3). The landmark evolution (4) displaces Tk into
the triangle T ′

k = (qik1(1), qik2(1), qik3(1)) in the target. There exists a unique
affine transformation φk which transforms Tk onto T ′

k, and, assuming that the
orientation of T ′

k is consistent with the one of Tk, we define the piecewise affine
homeomorphism

φ : R :=
r⋃

k=1

Tk �→ R′ :=
r⋃

k=1

T ′
k (10)

by φ|Tk
= φk. (Although this does not appear in the notation, φ depends on the

landmark trajectories.) To keep the consistency of the triangle orientations, a
sufficient condition is to choose the kernel variance according to the constant λ.
(cf : Annexes) The data attachment term g is then defined by

g(q(1)) =
∫

R′
(I0 ◦ φ−1 − I1)2dy . (11)

3.1 Reformulation of the Data Attachment Term

We now express g into a form which will simplify the computation of its deriva-
tives (recall that we need the first derivative for gradient descent, and the second
for Newton’s method). First, introducing the triangulation, we have, with the
notation above,

g(q(1)) =
r∑

k=1

∫

T ′
k

|I1(y) − I0 ◦ φ−1
k (y)|2dy . (12)

In order to lighten the notation, we only focus, from now, on the 2D case. Higher
dimension is adressed with an identical argument (simply replacing triangles by
simplices).

We can remove the dependence of the integration domain on φ by a change
of variables yielding

g(q(1)) =
r∑

k=1

∫

Tk

|I1(φk(x)) − I0(x)|2|dxφk|dx . (13)

Note that, because φk is affine, the jacobian is equal to the ratio between the
surfaces of the target and template triangles, and will be easily handled in the
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computation of derivatives. We now make the computation explicit by introduc-
ing a local parametrization of the interior of each triangle.

Using our notation, each point in the interior of Tk is uniquely described by
2 coordinates (α, β), with 0 ≤ α ≤ 1, 0 ≤ β ≤ 1 − α, by x = ψ0k(α, β) with
ψ0k(α, β) = α(xik2 − xik1) + β(xik3 − xik1) + xik1 .

Since the deformation is affine on the triangle, we have φk(x) = ψ1k(α, β)
with ψ1k(α, β) = α(qik2 (1) − qik1(1)) + β(qik3(1) − qik1(1)) + qik1(1).

�
�
�
��

xik1�
�� xik2

�
�

�
xik3

�
�
�

φk(xik1) φk(xik2)�
�

�

φk(xik3)×ψ0k(α, β) = x

× φk(x) = ψ1k(α, β)

φk

Fig. 3. Image of a point x in the template triangle Tk through the affine function φk

Using the coordinates (α, β) is in fact equivalent to making a new change of
variable from the triangle Tk to the standard simplex T0 = {α+β < 1, α, β > 0}
so that, denoting A(T ) for the area of a triangle T , and s = (α, β):
∫

Tk

|I1(φk(x))− I0(x)|2|dxφk|dx =
∫

T0

|I1(ψ1k(s))− I0(ψ0k(s))|2A(T ′
k)ds . (14)

This yields the final expression of the energy : E(p(0)) =

1
2
〈K(q(0))p(0), p(0)〉 + λ

r∑

k=1

∫

T0

|I1(ψ1,k(s)) − I0(ψ0,k(s))|2A(T ′
k)ds . (15)

4 Computation of the Derivatives

4.1 Gradient

We compute the first derivative of g, which is needed for the gradient descent
algorithm and the computation of the transversality equation. To compute this
gradient we use formula (15) which can be differentiated without requiring
Green’s formula which would involve an integration over the edges of the tri-
angles. We expect in particular more numerical accuracy from surface intergrals
than from interpolated line integrals.

Proposition 1. Denote zk = (q1
k1(1), q1

k2(1), q1
k3(1), q2

k1(1), q2
k2(1), q2

k3(1)) ∈ R
6,

considered as a column vector and with a slight abuse of notation, denote A(zk) =
A(T ′

k). Let z = (z1, ..., zN)T be the vector containing all the vertices of the tri-
angles. We can notice that in z, some of the landmarks are repeated, but this
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does not affect the computation, since we treat each triangle separately. Let
Ĩi,k = Ii ◦ψi,k for i = 0, 1. The gradient of the data attachment term is equal to:

∇g(z) =
r∑

k=1

∫

T0

(
2(Ĩ1,k(s) − Ĩ0,k(s))A(zk) (∂zk

ψ1,k(s))T ∇I1(ψ1,k(s))

+ |Ĩ1,k(s) − Ĩ0,k(s)|2 ∇A(zk))ds
)

(16)

where : ∇A(zk) =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 0 −1 1
0 0 0 1 0 −1
0 0 0 −1 1 0
0 1 −1 0 0 0
−1 0 1 0 0 0
1 −1 0 0 0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎠

zk and ∂zk
ψ1,k =

(
1 − α − β α β 0 0 0

0 0 0 1 − α − β α β

)

.

4.2 Second Differential of g

We now compute the Hessian matrix of g which is needed for the implementation
of Newtons’s method.

Proposition 2. Using the same notation as before, the second derivative of the
data attachment term with respect to the final landmarks equals :

d2
zg(δz, δz) =

r∑

k=1

∫

T0

(δzk)T
(
2A(zk) (∂zk

ψ1,k)T ∇I1(ψ1,k)∇I1(ψ1,k)T ∂zk
ψ1,k

+ A(zk)(Ĩ1,k − Ĩ0,k) (∂zk
ψk)T HessI1(ψ1,k) ∂zk

ψ1,k

+ 2(Ĩ1,k − Ĩ0,k)(∂zk
ψ1,k)T ∇I1(ψ1,k)(∇A(zk))T

+ (Ĩ1,k − Ĩ0,k)2HessA(zk) ds
)

δzk (17)

where HessA(zk) ≡

⎛

⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 0 −1 1
0 0 0 1 0 −1
0 0 0 −1 1 0
0 1 −1 0 0 0
−1 0 1 0 0 0
1 −1 0 0 0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎠

and Hessf denotes for the hessian matrix of f .

Proof: We use the same notation as in the computation of the first derivative.
We can notice that ∂zk

ψ1,k is independent of zk and ∇A(zk) is linear on zk, so
that the second derivative of ψ1,k with respect to zk is null and we easily get the
expression of HessA(zk) as the matrix involved in its gradient. This yields :

d2
zg(δz, δz) =

r∑

k=1

∫

T0

(
2〈∇I1(ψ1,k), ∂zk

ψ1,k(δzk)〉〈∇I1(ψ1,k), ∂zk
ψ1,k(δzk)〉A(zk)

+ 2d2
ψ1,k

I1(∂zk
ψ1,k(δzk), ∂zk

ψ1,k(δzk))(I1(ψ1,k) − I0(ψ0,k))A(zk)

+ 2(I1(ψ1,k) − I0(ψ0,k))〈∇I1(ψ1,k), ∂zk
ψ1,k(δzk)〉〈∇A(zk), δzk〉

+ 2(I1(ψ1,k) − I0(ψ0,k))2 d2
zk

A(δzk, δzk)
)
ds . (18)

Equation (17) is the matrix form of (18).
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5 Experiments and Discussion

In the experiments showed in figure 4, the first line corresponds to the final
results of the gradient descent in the initial momentum space. The second line
corresponds to the results of Newton’s method. The deformation φ (fourth col-
umn) and the transformation of the template (third column) are computed using
the interpolation formula ; it is the reconstructed diffeomorphism and no more
its approximation by a piecewise affine function.

The mesh can be either adaptated to the template or be shared by every
images. The choice depends on the goal we pursue. Using a common mesh enables
a comparison of the resulting energies on the same area of the images (see table
1 and 2). In case of image detection or classification, we try to explain an image
made of two different parts: a specific zone where the information is located and
the background. If we want to give a probalistic model to each part, localizing
the information, that is to say using an adaptative mesh, will probably enable
to reach better results. The risk with object adapted triangulation is the data
attachment term can be small when the deformed template is included in the
target, but not perfectly aligned to it. This can happen in particular when the
grey-level information is weak within the shape, espescially with binary images.

In each case, more iterations are needed by the gradient descent, often with
less accurate results than with Newton’s method.

Template Target phi(I0) phi

Template Target phi(I0) phi

Fig. 4. Comparison between gradient descent (line 1 and 3) and root-finding (line 2
and 4) methods on an adaptative mesh for 2 different digits
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Template Target I0 o phi−1
phi

Fig. 5. Combination of gradient descent and root-finding methods for 2 regular mesh
(15 and 24 landmarks)

Template Target I0 o phi−1

Fig. 6. Newton’s method results on 2 synthetic face matchings (line 1 and 2), using 2
different meshes (line 2 and 3)
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The number of singular directions used for Newton’s method is computed
automatically: we start with 10% of singular directions and keep adding new
ones unless the norm of G(p0) = p1(p0) + λ∇g increases. The resulting energy
is smaller using Newton’s method as well as the averaged numerical value of
|G(p0)|. Typical initial values are larger than 300 for the energy and than 4 for
the average of |G(p0)|. Note that this value is not always 0 at the end of the
iteration, essentially due to interpolation errors.

In figure 5, we can see the final results of the combination of both gradient
and Newton’s methods for a common regular mesh with 15 or 24 landmarks. If
we increase the number of points, a good initialization of Newton’s method is
required. One solution is to combine the two methods as previously described.
Handwritten digit images are almost binary, small images; this creates a risk of
numerical unstability for the computation of their gradient and second deriva-
tive. For face images (100 times bigger), Newton’s algorithm is more stable and
uses almost every singular values in the last steps. The final result depends on
the two parameters λ and σV . Increasing λ allows larger deformations to better
fit the data, but the minimum is harder to achieve. The kernel parameter, σV ,
needs to be large enough to ensure triangle consistency, but small enough to
avoid too rigid deformations (like in figure 6, 3rd line). The tradeoff we made is
choose σV almost equal to the size of the triangles. The design of the triangu-
lation is important too. Indeed, since the deformation is affine on each triangle,
all elements in one triangle will have a homogeneous displacement. Thus, it is
reasonable to ensure that every triangle holds only one structure of the image,
for example the mouth or the cheeks but not both.

6 Conclusion

We have presented here a new method for image matching using a triangulation
of a restricted part of the image domain, and a piecewise affine transformation
on this triangulation. We also introduced a new way for finding the transforma-
tion by directy solving the transversality equation. The motivation was to take
advantage of the dimensionality reduction that is provided by the landmark de-
pendence of the deformation and the linearity of the affine function that enables
an explicit computation of the derivatives of the data attachement term. Solv-
ing the transversality equation by Newton’s algorithm also provided significant
acceleration of the convergence of our matching algorithm. A 3D generalization
of the computations is also almost straightforward.
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Appendix

* We provide here for completness, a sketch of the derivation of the Hamiltonian
formulation given in (4) and of the transversality condition (7).
Let (vt, q(t))t∈[0,1] be a minimizer of (2) with v ∈ L2([0, 1], V ). For any
perturbation vt → vt + εht with h ∈ L2([0, 1], V ), we get at ε = 0

∂εq̇(t) = dq(t)vt∂εq(t) + ht(q(t)) (19)

where ht(q(t))
.= (ht(qi(t)))1≤i≤N . Let (Ps,t) be the matrix semi-group sat-

isfying
Ps,s = IdnN and ∂tPs,t = dq(t)vtPs,t, ∀t ≥ s . (20)

From (19) and (20), we get at ε = 0, ∂εq(1) =
∫ 1
0 Ps,1hs(q(s))ds and

∂εE(v, q(1)) =
∫ 1

0
〈vs, hs〉V ds +

∫ 1

0
〈∇q(1)g, Ps,1hs(q(s))〉RnN ds = 0.

Since h is arbitrary, we get vs(q(s)) = q̇(s) = K(q(s))p(s) = ∂H
∂p (q(s), p(s))

where p(s) + P ∗
s,1∇q(1)g = 0 which gives the first equation of (4) and also

(7) for s = 1. From (20), we get ∂sPs,t = −Ps,tdq(s)vs so that eventually

ṗ(s) = ∂sP
∗
s,1p1 = −(dq(s)vs)∗p(s) = −∂H

∂q
(q(s), p(s)) . (21)

* We provide here a proposition concerning the triangle consistency.

Table 1. Comparison of the 2 metods for solving the Image matching problem for
handwritten digits (images normalized in [−1, 1])

Energy value Mean value |G(p(0))|
Fig Gradient desc. Newton’s method Gradient desc. Newton’s method

Fig 4 1st line 62.87 60.43 0.95 0.48
Fig 4 2nd line 166 156 1.30 0.62
Fig 5 15 pts 107 76.9 0.76 0.33
Fig 5 24 pts 71.1 65.5 0.58 0.40

Table 2. Newton’s method results on face images (images normalized in {0,. . . ,255})

Fig Energy value Mean value of the |G(p(0))| vector
Fig 6 1st line 3.39103 1.08
Fig 6 2nd line 1.98.103 0.40
Fig 6 3rd line 1.32.103 0.09
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Proposition 3. Let γ(t) = sin(θ(t)) where θ(t) is one of the triangle angles.
Let V be a self reproducing kernel Hilbert space, with a σ2 variance gaussian
kernel and φt be the diffeomorphism solution of dφ/dt = vt ◦φt for a velocity
vector field vt ∈ L1([0, 1], V ). Denoting ψ(x) = 2xe2x, a sufficient condition
to keep the triangle consistency is given by

ψ(

√
2λgI1,I0(q(0))

σ
) ≤ |γ(0)|

(1 + |γ(0)|) .

Proof: Let A, B, C be the 3 vertices of a triangle, a(t) = φt(B) − φt(A)
and b(t) = φt(C) − φt(A). We want to control the sign of the sine of the
B̂AC angle, θt. To avoid reversal of the triangle this quantity must not
change its sign. Let α(t) = |a(t) b(t)| = |a(t) ∧ b(t)|; we can notice that :
α(t) = |a(t)||b(t)| sin(θt). Then, using Cauchy-Schwarz inequality:

∂tα(t) = 〈∂ta(t) ∧ b(t) + a(t) ∧ ∂tb(t),
a(t) ∧ b(t)
|a(t) ∧ b(t)| 〉

≤ (|∂ta(t)||b(t)| + |∂tb(t)||a(t)|) .

But, ∂ta(t) = ∂t(φt(B) − φt(A)) = vt(φt(B)) − vt(φt(A)). So that:

∂tα(t) ≤ 2‖dvt‖∞|a(t)||b(t)| . (22)

Let γ(t) = sin θt = α(t)
|a(t)||b(t)| ; we try to quantify the difference between

sin(θt) and sin(θ0) to find a suffitient condition.

∂tγ(t)

=
∂tα(t)

|a(t)||b(t)| − α(t)
|a(t)|2|b(t)|2 (|b(t)|〈∂ta(t),

a(t)
|a(t)| 〉 + |a(t)|〈∂tb(t),

b(t)
|b(t)| 〉)

≤ 1
|a(t)||b(t)|

(

|∂tα(t)| + |α(t)|
(∣

∣
∣
∣〈

∂ta(t)
|a(t)| ,

a(t)
|a(t)| 〉

∣
∣
∣
∣ +

∣
∣
∣
∣〈

∂tb(t)
|b(t)| ,

b(t)
|b(t)| 〉

∣
∣
∣
∣

))

.

Using (22), ∂tγ(t) ≤ 2‖dvt‖∞ + |γ(t)|
(∣
∣
∣
∂ta(t)
a(t)

∣
∣
∣ +

∣
∣
∣
∂tb(t)
b(t)

∣
∣
∣

)
≤ 2‖dvt‖∞(1 +

|γ(t)|) . And |γ(0) − γ(t)| ≤
∫ t

0 |∂tγ(t)|dt ≤
∫ t

0 2‖dvt‖∞(1 + |γ(0)|)dt +
∫ t

0 2‖dvt‖∞|γ(0)−γ(t)|dt . Applying Gronwall’s lemma to this last inequality,
we finally get:

|γ(0) − γ(t)| ≤ 2(1 + |γ(0)|)
(∫ 1

0
‖dvt‖∞dt

)

exp
(

2
∫ 1

0
‖dvt‖∞dt

)

.

As we are using a self reproducing gaussian kernel Hilbert space: ∀x ∈ R
d

|v(x)| = sup
|a|≤1

〈v(x), a〉Rd = sup
|a|≤1

〈Kxa, v〉V , so: ‖v‖∞ ≤ ‖|Kx,x|‖‖v‖V =

‖v‖V , where ‖|Kx,x|‖ is the matrix norm subordinate to the Euclidian norm
in R

d, and, using a Taylor development of the kernel, ‖dvt‖∞ ≤ 1
σ‖vt‖V . So
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we get:
∫ 1
0 ‖dvt‖∞dt ≤ 1

σ

√
2Ek(v) ≤

√
λ

σ G̃ where G̃
.=

√
2gI1,I0(q(0)). And

finally: ∀v ∈ L1([0, 1], V ),

|γ(0) − γ(t)| ≤ (1 + |γ(0)|)ψ(

√
λ

σ
G̃) where ψ(x) = 2xe2x, ∀x ≥ 0 . (23)

To avoid the reversal of a triangle, it suffices that |γ(0) − γ(t)| ≤ |γ(0)| for
any t ∈ [0, 1]. A sufficient condition is ψ(

√
λ

σ G̃) ≤
(

|γ(0)|
(1+|γ(0)|)

)
, which gives

the result.
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Abstract. We propose a new model for image decomposition which sep-
arates an image into a cartoon, consisting only of geometric objects, and
an oscillatory component, consisting of textures and noise. The model
is given in a variational formulation with adaptive regularization norms
for both the cartoon and texture part. The energy for the cartoon inter-
polates between total variation regularization and isotropic smoothing,
while the energy for the textures interpolates between Meyer’s G norm
and the H−1 norm. These energies are dual in the sense of the Legendre-
Fenchel transform and their adaptive behavior preserves key features
such as object boundaries and textures while avoiding staircasing in what
should be smooth regions. Existence and uniqueness of a solution is es-
tablished and experimental results demonstrate the effectiveness of the
model for both grayscale and color image decomposition.

1 Introduction

One of the fundamental objectives in image processing is to extract useful infor-
mation from an image. This often requires decomposing an image into meaningful
parts. A classic example is the image denoising problem in which the goal is to
decompose a given degraded image I into a component u which is the ’true’ im-
age and a component v containing ’noise’. These quantities are usually related by
I = u+ v. Most denoising methods aim to only recover u, the ’true’ image since
in this setting the residual v is thought to contain no meaningful information.

Traditionally, variational approaches for image denoising search for a solution
u in BV , the set of functions of bounded variation. This is the natural space
for modeling ’cartoon’ type images, since elements of BV consist of smoothly
varying regions with sharp object boundaries. However, Gousseau and Morel [15]
showed that real images which contain natural oscillations or textures cannot
be modeled in BV. To overcome this problem, Meyer [18] formulated the image
decomposition problem as follows. Given a degraded image, I, decompose I
into a ’cartoon’ part u containing only geometric objects, and an oscillatory
part v containing noise and textures. I, u, and v should be still be related by
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A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 382–397, 2005.
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the equation I = u + v. However, when solving this problem, the goal is to
simultaneously recover both u and v, assuming they both contain meaningful
information.

Several different approaches have been used to determine such a ’cartoon
+ texture’ decomposition. One class of models is based on statistical methods
or wavelet techniques, e.g. [7, 12, 17, 18]. Meyer’s work [18] has inspired several
variational formulations for solving this problem, e.g. [3, 4, 16, 20, 22]; this is the
approach we take here.

In this work we propose a new variational model for image decomposition
which separates an image into a cartoon and texture component. The main
feature of the proposed model is that the regularization norms for both the
cartoon and texture part are adaptive to the local image information and remain
in duality. At locations with high gradient (likely edges or textures in I), total
variation based regularization is used for the cartoon u and a minimization
energy which favors highly oscillatory functions is used for v. At locations with
low gradient (likely homogeneous regions in I), isotropic smoothing is used to
prevent staircasing for u and a more regularizing energy is used for v.

More precisely, for Ω ⊂ R2 and 1 ≤ q < ∞ denote the Sobolev spaces

W 1,q(Ω) = {u ∈ Lq(Ω) | ∇u ∈ Lq(Ω)} and H1(Ω) = W 1,2(Ω).

Then W−1,p(Ω) is the dual space of W 1,q
0 (Ω) (functions in W 1,q(Ω) that vanish

on the boundary of Ω) where 1
q + 1

p = 1. Using this notation, the proposed model
behaves as follows. Depending on the strength of the gradient, the minimization
energy for the cartoon interpolates between the total variation semi-norm (≈
W 1,1 norm) and the W 1,2 = H1 norm while that for the oscillating component
simultaneously interpolates between their dual norms in the spaces W−1,∞ and
W−1,2 = H−1. The duality between the energies for u and v enables the model
to correctly self-adjust when handling key features in the image, specifically,
object boundaries, textures and noise. This also prevents false edge generation
(or ’staircasing’) in the cartoon part yielding a truly piecewise smooth image.

The paper is organized as follows. Section 2 provides a brief survey of related
variational decomposition models. In section 3, the proposed model is described.
Section 4 contains the numerical implementation for both grayscale and color
images, and section 5 contains the experimental results. Section 6 will have the
concluding remarks. The appendix contains the proof of existence and uniqueness
of a solution.

2 Total Variation (TV) Based Image Decomposition
Models

The ‘cartoon + texture’ decomposition problem considered here for two dimen-
sional grayscale images is formulated as follows: Given an image I : Ω ⊂ R2 → R,
find a decomposition I = u + v where u : Ω → R is piecewise smooth consisting
only of geometric objects and their boundaries and v : Ω → R contains only
oscillating features such as textures and noise. The space most widely accepted
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for modeling piecewise smooth ’cartoon’ type images u is the set of functions of
bounded variation, BV (Ω) = {u ∈ L1(Ω) |

∫
Ω

|Du| < ∞} [14], where the total
variation semi-norm of u is

∫

Ω

|Du| := sup{
∫

Ω

u(x)div(ξ(x)) | ξ ∈ C1
c (Ω; R2), ||ξ||L∞(Ω) ≤ 1}.

Rudin-Osher-Fatemi [21] proposed the now classic total variation (TV) de-
noising model which can be formulated as follows:

min
I=u+v,u∈BV ×L2(Ω)

∫

Ω

|Du| + λ||v||2L2(Ω) (1)

The fundamental strength of TV based denoising is its ability to keep sharp
boundaries in the cartoon u while removing noise. However, if the desired goal
is to create a ’cartoon + texture” decomposition, the L2 norm may not be most
appropriate minimization energy for the oscillatory component v. While u, the
part of the image containing geometric structures, can still be modeled in BV,
the oscillating patterns in v should be modeled in a space which lies somewhere
between BV and L2 [15].

In addition, Meyer showed there are simple cases in which (1) will not create
a true u+v decomposition. For example, if I ∈ BV is the characteristic function
of a region with smooth boundary, it would be reasonable to assume the (1)
should yield the decomposition u = I and v = 0. However, this is not always
the case for λ > 0 [18]. The problem does not necessarily stem from assuming
v ∈ L2(Ω), but from using the L2 norm as the minimization energy for v. Meyer
proposed several alternate norms for v which allow for more oscillations. The
one this work will focus on is that of the Banach space

G(R2) = {f = divξ | ξ ∈ L∞(R2, R2)}, with norm

||v||G(R2) = inf{|| |ξ| ||L∞(R2,R2) | ξ ∈ L∞(R2, R2), |ξ| =
√

ξ2
1 + ξ2

2}

where ξ = (ξ1, ξ2). Very oscillatory signals have small G norm (see [18] for
examples), so this energy will preserve both textures and noise. Meyer modified
(1) using the G(R2)-norm for v and proposed the following model:

inf
(u,v)∈BV ×G(R2),

I=u+v

∫

R2
|Du| + 1

2λ
||v||2G(R2) (2)

The notion of duality in the decomposition u + v exists, as G(R2) is precisely
the space W−1,∞(R2), the dual of W 1,1

0 (R2) which is very close to the space
BV (R2). The duality also gives some insight into the presence of the divergence
operator in the definition of G(R2), since the gradient and the divergence are
dual operators.

Aubert and Aujol [2] studied a natural analogue of Meyer’s model (2) on a
bounded domain Ω ⊂ R2. In order to do this, they replaced G(R2) with the
space

G(Ω) := {v ∈ L2(Ω) | v = divξ, ξ ∈ L∞(Ω, R2), ξ · N = 0 on ∂Ω} (3)
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which is contained in W−1,∞(Ω). Here, N is the unit outward normal to the
boundary of Ω, ∂Ω.

Remark 1. If an image I ∈ L2(Ω) is decomposed using a u + v model where
u ∈ BV (Ω) ⊂ L2(Ω), then regardless of the minimization energy imposed on
v, it must be that v ∈ L2(Ω). So (2) still yields a u + v decomposition with
v ∈ L2(Ω). However, the u + v decomposition obtained by (2) is different than
that obtained by (1) (see [2, 16, 18, 22] for examples).

Vese and Osher [22, 23] proposed the first numerical implementation of (2).
Their method decomposes an image into a cartoon part, u, and further separates
the textures into two components, ξ1 and ξ2, which model the oscillating patterns
in the horizontal and vertical directions respectively. They proposed the model

inf{
∫

Ω

|Du| + λ||I − (u + divξ)||2L2(Ω) + µ|| |ξ| ||Lp(Ω) | (4)

(u, ξ) ∈ BV (Ω) × Lp(Ω, R2))}

where ξ = (ξ1, ξ2), |ξ| =
√

ξ2
1 + ξ2

2 , λ, µ > 0 and p ≥ 1 are fixed, and Ω ⊂ R2 is
a bounded open set. Their model differs from (2) in the second and third terms.
The second term is a data term enforcing fidelity with the initial data, I, that
is, it forces I ≈ u + v = u + divξ. The third term is an approximation of the
energy for v in Meyer’s model in the sense that infξ || |ξ| ||Lp → ||v||G as p → ∞.

Following the the success of the Vese-Osher model, these two authors along
with Solé [20] proposed a higher order denoising method based on (4) for the
case p = 2. Recently, Le and Vese [16] proposed another decomposition in which
the textures are modeled in div(BMO), a slightly larger space than G, thus

Fig. 1. Image decomposition using the TV-based model (4) with µ = .001 and λ = .025.
First Column: Initial Images I ; Second Column: texture part v; Third Column:
cartoon part u; Fourth Column: edge maps (18) of above cartoon images u. Both
images were run for 250 iterations.
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allowing more oscillatory components. An alternate discrete approximation of
the G-norm was proposed by Aujol et.al. [3, 4] based on Chambolle’s duality
based projection method for implementing the discrete TV model [6].

All of the above mentioned models have demonstrated that variational decom-
position methods are computationally stable, efficient and effective. Furthermore,
they are based on mathematically sound foundations. In [2, 3, 4, 16] the authors
prove the existence of a solution, as well as analyze the nature of the solutions.

Current variational decomposition models have focused on developing more
appropriate norms for modeling oscillating features v which are in some sense
dual to the TV semi-norm. In all of the above mentioned models, the TV semi-
norm is used to model the cartoon u. However, the cartoon part still exhibits
staircasing when using the TV energy for u (see figure 1). In this paper, we inves-
tigate different energies for both the cartoon u ∈ BV and oscillating component
v ∈ L2 which show less evidence of staircasing in u while still preserving sharp
object boundaries in u and textures in v.

3 Image Decomposition Via Adaptive Regularization

3.1 Adaptive Cartoon Reconstruction

Variational methods with cost functionals that interpolate between total varia-
tion based W 1,1 smoothing and isotropic W 1,2 = H1 smoothing overcome the
problems of staircasing in cartoon image reconstruction while still preserving
sharp object boundaries. Several denoising models using this kind of interpola-
tion have been studied (e.g. [5, 8, 11] and references there-in). In [11] the following
adaptive model was proposed

min
I=u+v,u∈BV ∩L2(Ω)

∫

Ω

φ(x, ∇u) + λ||v||2L2(Ω). (5)

where
∫

Ω

φ(x, ∇u) =

{ 1
q(x) |∇u|q(x), |∇u| < ε

|∇u| − q(x)ε−εq(x)

q(x) , |∇u| ≥ ε
, (6)

and q(x) = q(|∇Ĩ(x)|) satisfies

lim
|∇Ĩ|→0

q(|∇Ĩ |) = 2 lim
|∇Ĩ|→∞

q(|∇Ĩ |) = α > 1 (7)

and q(|∇Ĩ|) is monotonically decreasing

(here Ĩ is a smoothed version of I). For example, one could choose

q(x) = 1 +
1

1 + k|∇Gσ ∗ I|2 (8)

where Gσ = 1
σexp

(
−|x|2/4σ2

)
is the Gaussian filter and σ, k > 0 are fixed.
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The main feature of this model is that the type of regularizationdepends on the
local image information. At likely edges, or regions with sufficiently high gradient,
TV based regularization is used. In likely homogeneous regions where the gradient
is very low, q(x) ≈ 2 and isotropic smoothing is used. At all other locations, φ self
adjusts to use the appropriate combination of TV and isotropic smoothing.

Furthermore, the functional (6) is both convex and lower semi-continuous.
In particular, when the threshold, ε, is set to 1 we have that

∫

Ω

φ(x, ∇u) =

{
1

q(x) |∇u|q(x), |∇u| < 1

|∇u| − q(x)−1
q(x) , |∇u| ≥ 1

,

= sup
|ξ|≤1,ξ∈C1(Ω,R2)

∫

Ω

(

−udivξ − 1
p(x)

|ξ|p(x)
)

dx (9)

where 1
q(x) + 1

p(x) = 1 for all x ∈ Ω. This leads to a mathematically sound model
which is established in [11].

3.2 New Model: Adaptive Cartoon + Texture Decomposition

The relationship (9) gives insight into the decomposition model proposed in
this paper. Since

∫
Ω φ(x, ∇u) is proper, convex, and lower-semicontinuous, it

demonstrates that the functionals

Φ(u) :=
∫

Ω

φ(x, ∇u) and Ψ(ξ) :=
∫

Ω

1
p(x)

|ξ|p(x) (10)

are essentially conjugate in the sense of the Legendre-Fenchel transform [13],
where φ(x, ∇u) is defined in (6), 1 < α ≤ q(x) = q(|∇Ĩ(x)|) ≤ 2 satisfies (7),
and

1
q(x)

+
1

p(x)
= 1 for all x ∈ Ω. (11)

Based on the notion of duality between the cartoon and oscillatory compo-
nents, we define a functional F : BV (Ω) × L2(Ω, R2) → R by

F (u, ξ) := Φ(u) + λ||I − u − divξ||2L2(Ω) + µΨ(ξ) (12)

for I ∈ L2(Ω) and propose the following image decomposition model:

inf
(u,ξ)∈BV (Ω)×L2(Ω,R2)

{F (u, ξ) | divξ ∈ L2(Ω) and
∫

Ω

udx =
∫

Ω

Idx} (13)

using definitions (10)-(12) with λ, µ > 0.

Remark 2. We mention the key features of the model (12)-(13).

1. The adaptive nature of the model is exploited by the conjugacy of the vari-
able exponents (11). At locations with large gradient such as edges, textures,
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Fig. 2. Image decomposition using the proposed model (13) with µ = .1 and λ = .05.
First Column: Initial Images I ; Second Column: texture part v; Third Column:
cartoon part u; Fourth Column: edge maps (18) of above cartoon images u. Both
images were run for 250 iterations.

and noise, Meyer’s model (1) should be used since these are the main fea-
tures used to distinguish between geometric objects and oscillating patterns.
In this case, TV (≈ W 1,1) regularization for the cartoon u retains sharp
object boundaries. Furthermore, W−1,∞ regularization for the oscillatory
component keeps only smaller scale patterns in v. The proposed model (12)-
(13) has this feature since as |∇Ĩ| → ∞,

q(|∇Ĩ |) → 1 and p(|∇Ĩ |) → ∞.

On the other hand, isotropic smoothing should be used in likely homogeneous
regions in order to reduce the effects of staircasing (see figure 2). In this case,
H1 smoothing should be used for the cartoon and H−1 for the oscillatory
component. The H−1 norm was proposed and analyzed in [20] for modeling
the residual v in order to solve the image denoising problem. The authors
demonstrate that it successfully contributes to a smoother cartoon image.
Again, the conjugacy of the exponents yields this behavior since as |∇Ĩ| → 0,

q(|∇Ĩ |) → 2 and p(|∇Ĩ |) → 2.

2. The coefficient 1
p(x) in Ψ(ξ) (see (10)) not only preserves the notion of duality

between the energies for the cartoon, u, and oscillations v = divξ, but it also
provides a natural scaling for the oscillations. At highly oscillatory features,

1
p(x) will be very small, thus allowing more oscillations to be preserved in ξ.
Since 1 < α ≤ q(x) ≤ 2 we have that 2 ≤ p(x) ≤ α

α−1 < ∞ so the coefficient
is never zero.

3. The fidelity term λ||I − (u + divξ)||2L2 ensures that I ≈ u + divξ = u + v as
in (4).
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4. The constraints divξ ∈ L2(Ω) and
∫

Ω
udx =

∫
Ω

Idx in (13) arise naturally
in this decomposition problem. Since I ∈ L2(Ω), it is necessary that v =
divξ ∈ L2(Ω). Then the texture component v = divξ lies in the space

{v ∈ L2(Ω) | v = divξ with ξ ∈ L2(Ω, R2)}

which is slightly bigger than G(Ω) (see (3)). This may allow for more oscil-
latory features to be captured in v = divξ. The requirement that

∫
Ω udx =∫

Ω
Idx forces

∫
Ω

vdx ≈ 0, a natural assumption for oscillating patterns.
Furthermore, it ensures that the model is well-posed.

5. The model (12)-(13) is well-posed. The proof of existence and uniqueness
can be found in the appendix.

We refer the reader to new related work in staircase-reducing decomposition
models using higher order energies for the cartoon in [10, 9].

4 Numerical Implementation

We implemented (12)-(13) by solving it’s corresponding Euler-Lagrange equa-
tions

u = I − div(ξ1, ξ2) +
1
2λ

div
(
|∇u|q̂(x)−2∇u

)
(14)

µξ1

√
ξ2
1 + ξ2

2

p(x)−2
= 2λ

∂

∂x
(u − I + div(ξ1, ξ2)) (15)

µξ2

√
ξ2
1 + ξ2

2

p(x)−2
= 2λ

∂

∂y
(u − I + div(ξ1, ξ2)) (16)

where ξ = (ξ1, ξ2) and

q̂(x) =

{
q(x), |∇u| < ε,

1, |∇u| ≥ ε
and

1
q(x)

+
1

p(x)
= 1 for all x ∈ Ω (17)

with q(x) chosen as in (8). Our initial data is u(x, 0) = I(x), ξ1(x, 0) = − 1
2λ

Ix

|∇I|
and ξ2(x, 0) = − 1

2λ
Iy

|∇I| , and the natural Neumann boundary conditions are
used. To avoid dependency on the threshold ε, this value was automatically
updated to ensure that at least 75% of the pixels were using adaptive smoothing,
q̂(x) = q(x). Division by zero is avoided in the diffusion term by approximating

div
(
|∇u|q̂(x)−2∇u

)
with div

(√
|∇u|2 + δ2q̂(x)−2∇u

)
for small δ > 0. In the

case q̂(x) ≡ 1, this approximation yields the correct solution as δ → 0 [1]. Our
experimental results found this approximation is also stable for general 1 ≤
q̂(x) ≤ 2. We approximated (14)-(16) using a semi-implicit scheme with central
differences. We obtained similar results using a minmod approximation [21] for
the diffusion term and believe other difference schemes should work as well.
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4.1 Parameters

We tested the proposed model for different values of λ and µ. In (12)-(13), the
parameter λ controls the level of fidelity between the initial image I and it’s
decomposition u + v. The parameter µ controls the level of oscillatory features
retained in v. These parameters play the same role as in the models (2) and
(4). Meyer [18] showed that as µ decreases, more oscillatory features are kept
in v. We found that the adaptive coefficient 1

p(x) reduced the effect of µ on
the v component in the proposed model. For both parameters, values less than
one yielded optimal results. The parameter k in the exponent q(x) determines
the interpolation between the W 1,1 and H1, and the W−1,∞ and H−1 norms
respectively. All of our images ranged in intensity from 0 to 255, and we found
that a value of k = .05 worked well in each case. The threshold, ε, in (17) is set
so that 75% of the pixels use adaptive smoothing, q̂(x) = q(x), and the others
use TV-based regularization, q̂(x) ≡ 1.

4.2 Comparison with TV-Based Decomposition Model (4)

We chose to compare our model with (4) as the representative TV-based de-
composition model since it was straightforward to implement, yields very good
results, and both inspired and is most closely related to (12)-(13). When com-
paring with (4), we used the implementation proposed by the authors [22] and
follow their example of setting the exponent on the oscillatory component to
p = 1. They reported finding similar results for 1 ≤ p ≤ 10 and when p is too
large, only smaller scale textures were preserved. The parameters λ and µ were
chosen so that both models yielded optimal results and v had roughly the same
standard deviation for both (4) and (12)-(13).

4.3 Color Image Decomposition

A simple modification of the proposed model (12)-(13) yields similar decomposi-
tion results for color images, I : Ω ⊂ R2 → R3. Our main goal in this work was
to verify that the adaptive nature of the model would be preserved when applied
to color images. Therefore, for our experiments, we used a straightforward chan-
nel by channel processing. Specifically, we decomposed the color image into it’s
RGB components, processed each channel separately using (14)-(16), and then
recombined to get the final results. There are other, potentially more optimal,
color image representations that will further enhance the decomposition, how-
ever we found this one to be easy to implement and yielded results comparable
to that for grayscale images I : Ω ⊂ R2 → R. We used a similar modification
for the TV based model (4).

5 Experimental Results

5.1 Grayscale Image Decomposition

Figures 1-2 provide a series of comparisons of the proposed model and (4). We
first tested the TV image decomposition model (4) on two textured images (figure
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1) in an effort to examine the nature of the cartoon image. The TV-based model
successfully decomposes the image, however, false edges still appear in u in what
should represent smoothly varying regions. This indicates that the cartoon u has
undergone staircasing, visible in the cartoons’ edge maps. All edge maps in our
examples were obtained by applying a standard gradient based edge detector

Fig. 3. Top Row: Decomposition using the proposed model (12)-(13) with µ = .001
and λ = .001. Bottom Row: Decomposition using the TV-based model (4) with
µ = .001 and λ = .001; First Column: Initial Images I ; Second Column: texture
part v; Third Column: cartoon part u; Fourth Column: edge maps (18) of above
cartoon images u. Both images were run for 200 iterations.

Fig. 4. Top Row: Decomposition using the proposed model (12)-(13) with µ = .1 and
λ = .005 for 300 iterations. Bottom Row: Decomposition using the TV-based model
(4) with µ = .001 and λ = .005 for 400 iterations; First Column: Initial Images I ;
Second Column: texture part v; Third Column: cartoon part u; Fourth Column:
edge maps (18) of above cartoon images u.
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1
1 + .05|∇Gσ ∗ u|2 (18)

In figure 2, the same series of images were obtained using the proposed model
(12)-(13). The proposed model also successfully decomposes the image and on
closer examination of the cartoon image u, it is evident that the geometric re-
gions remain piecewise smooth. This is further demonstrated by examining the
corresponding edge maps. It is also interesting to note that while the textures are
accurately separated into v, small details such as corners are well preserved in
the cartoon. Figures 3 and 4 contains several more examples demonstrating the
effectiveness of the proposed model (12)-(13) in reducing the effect of staircasing
in grayscale image decomposition.

5.2 Color Image Decomposition

When decomposing color images, we separated the image into it’s RGB compo-
nents, processed each channel separately using (4) or (12)-(13) respectively, and
then recombined to get the final results.

Fig. 5. Top Row: original images, Second Row: texture part v, Third Row: cartoon
part u, Fourth Row: edge maps (18) of cartoon u. The bottom three rows were
decomposed using: 1st

and 3rd
Columns: proposed model (12)-(13) with µ = .001,

λ = .005 for 100 and 75 iterations respectively, 2nd
and 4th

Columns: TV-based
decomposition model (4) with µ = .001, λ = .005 for 200 and 75 iterations respectively.
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The decompositions in figure 5 demonstrate that both (4) and (12)-(13) can
be easily and successfully modified for decomposing color images. The presence
or absence of staircasing for both models was similar to that for grayscale image
decomposition. The staircasing effect for the cartoon u is still reduced using
the adaptive method (12)-(13). Furthermore, the oscillating features are well
preserved in v while the boundaries of objects such as the baboon’s eye or the
rock under the lizard’s foot remain sharp in u.

In figures 6 and 7 we give an example where the proposed model can identify
regions which are obstructed, but not necessarily segmented by textures. Figure

Fig. 6. Top Row: left: ASTER image of 4 fire scars in the Phoenix, Arizona valley
(numbered areas indicate burned regions); right: ASTER image of a remote region near
Ayers Rock in Australia (yellow indicates burned regions)

Fig. 7. First Row: texture part v, Second Row: cartoon part u, Third Row:
edge maps (18) of cartoon u. The images were decomposed using: First and Third

Columns: proposed model (12)-(13) with µ = .001 and λ = .005 for 100 and 75 iter-
ations respectively, Second and Fourth Columns: TV-based decomposition model
(4) with µ = .001 and λ = .005 for 200 iterations each.



394 S.E. Levine

6 contains two multi-spectral ASTER (Advanced Spaceborne Thermal Space-
borne Emission and Reflectance Radiometer) images which have both been the
site of several wildfires. Identification of the fire scar boundaries is difficult to
obtain with spectral information information alone given continuously changing
properties such as those of the vegetation, atmosphere, etc. [19]. Gradient based
edge detection would be insufficient in detecting the boundaries of the target
regions given the presence of textures such as road patterns and topography.
Furthermore, the textures retain the same oscillatory features both inside and
outside the scars, so a proper segmentation could not be based solely on tex-
ture analysis. However, we found that performing an appropriate decomposition
will leave the target regions intact in the cartoon while removing the textures
obstructing their boundaries.

We compare the results of the adaptive and TV based decomposition mod-
els applied to both ASTER images. Both models preserve the textures in v as
well as the fidelity of the scar edges in u. As in the previous examples, the
adaptive model (12)-(13) retains piecewise smooth regions with clear bound-
aries in u with less evidence of staircasing both inside and outside the target
regions.

6 Concluding Remarks

We presented a new model for image decomposition which separates an image
into a cartoon and texture component. The model automatically adapts to the
local image information while preserving duality between the cartoon and os-
cillatory component. Sharp object boundaries are preserved while staircasing is
avoided in the cartoon, while oscillating features are simultaneously preserved
in the texture component. This model is mathematically sound (see appendix)
and is successful in decomposing both grayscale and color images.

Acknowledgements. We thank Michael Ramsey and Tamara Misner at the
University of Pittsburgh for providing the LANDSAT images in Figure 6.

Appendix: Existence and uniqueness of a solution to
(12)-(13)

Lemma 1. The functional Φ(u) =
∫

Ω φ(x, ∇u), where φ is defined in (6), is
convex and lower-semicontinuous on L1(Ω); that is, if uj , u ∈ BV (Ω) satisfy
uj → u in L1(Ω) as j → ∞ then

Φ(u) ≤ lim inf
j→∞

Φ(uj). (19)

Proof. See [11]
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Lemma 2. The functional Ψ :L2(Ω, R2)→R defined by Ψ(ξ) :=
∫

Ω
1

p(x) |ξ|p(x)dx

(2 ≤ p(x) ≤ β < ∞ for x ∈ Ω) is convex and lower-semicontinuous on
L1(Ω, R2); that is, if ξj , ξ ∈ L2(Ω, R2) satisfy ξj → ξ in L1(Ω, R2) as n → ∞,
then

Ψ(ξ) ≤ lim inf
j→∞

Ψ(ξj).

Proof. Straightforward computations give us that

Ψ(ξ) = sup
r∈C(Ω,R2)

∫

Ω

r · ξ − 1
q(x)

|r|q(x)dx

where 1
q(x) + 1

p(x) = 1 for all x ∈ Ω. Therefore, Ψ is the pointwise supremum
of a family of continuous affine functions on L1(Ω, R2) and is thus convex and
lower-semicontinuous.

To prove existence and uniqueness of a solution to (12)-(13), we follow a
similar argument to that used in [2, 3, 16].

Theorem 1. Let I ∈ L2(Ω). Then there exists a solution (û, ξ̂) ∈ BV (Ω) ×
L2(Ω, R2) of (12)-(13). If

∫
Ω Idx �= 0, then the solution is unique.

Proof. Let (un, ξn) be a minimizing sequence for F (u, ξ). Then there exists a
constant C > 0 such that

|un|BV (Ω) ≤ C (20)

||I − un − divξn||2L2(Ω) ≤ C (21)

||ξn||L2(Ω) ≤ C (22)

The Poincare-Wirtinger inequality (||un −
∫

Ω un||L2(Ω) ≤ |un|BV (Ω)) and the
fact that

∫
Ω

undx =
∫

Ω
Idx, give us that

||un||L2(Ω) ≤ C. (23)

By (20) and (23), there exists a function û ∈ BV (Ω) such that

un → û strongly in L1(Ω) (24)

un ⇀ û weakly in L2(Ω) (25)

and
∫

Ω

ûdx =
∫

Ω

Idx. (26)

For each n, let vn = divξn. Then vn ∈ L2(Ω) and by (21) and (23) we also have
that ||vn||L2(Ω) ≤ C. Therefore, there exists v̂ ∈ L2(Ω) such that

vn ⇀ v̂ in L2(Ω) weak (27)

and by (22), there exists ξ̂ ∈ L2(Ω) such that

ξn ⇀ ξ̂ in L2(Ω) weak. (28)
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Therefore, for φ ∈ C∞
c (Ω) we have that

∫

Ω

vnφdx =
∫

Ω

divξnφdx = −
∫

Ω

ξn · ∇φdx
n→∞−→ −

∫

Ω

ξ̂ · ∇φdx =
∫

Ω

divξ̂φdx

and
∫

Ω

vnφdx
n→∞−→

∫

Ω

v̂φdx.

So v̂ = divξ̂ in the sense of distribution, but since v̂ ∈ L2(Ω),

v̂ = divξ̂ a.e. (29)

From (24), (27), (28), lemmas 1 and 2, and the weak lower-semicontinuity of
the L2 norm, we have that F (û, ξ̂) ≤ lim infn→∞ F (un, ξn) = inf F (u, ξ). Since
the minimizer (û, ξ̂) satisfies (26) and (29), existence of a solution to (12)-(13)
is established.

Finally, we claim that if
∫

Ω
Idx �= 0 then the minimizer is unique. We observe

that ||I − u − divξ||2L2(Ω) is strictly convex on BV (Ω) × L2(Ω, R2) except along

the direction (u + tu, divξ − tu), t ∈ R. However, if (û, ξ̂) is a solution of (12)-
(13), then for t �= 0, (û + tû, ξ) cannot be for any ξ ∈ L2(Ω). If it were, then∫

Ω
ûdx =

∫
Ω

Idx = (t + 1)
∫

Ω
ûdx which is impossible.

References

1. R. Acar and C. R. Vogel. Analysis of bounded variation penalty methods for
ill-posed problems. Inverse Problems, 10(6):1217–1229, 1994.

2. G. Aubert and J.-F. Aujol. Modeling very oscillating signals. Application to image
processing. Appl. Math. Optim., 51(2):163–182, 2005.

3. J.-F. Aujol, G. Aubert, L. Blanc-Feraud, and A. Chambolle. Image decomposi-
tion application to sar images. In Scale space methods in computer vision : 4th
international conference, Scale Space 2003, Isle of Skye, UK, June 10-12, 2003 :
proceedings/ Lewis D. Griffin, Martin Lillholm (eds.)., Lecture Notes in Computer
Science, pages 297–312. Spring: New York, Berlin, 2003.

4. J.-F. Aujol and A. Chambolle. Dual norms and image decomposition models. Int.
J. Computer Vision, 63(1):85–104, 2005.

5. P. Blomgren, T. F. Chan, P. Mulet, L. Vese, and W. L. Wan. Variational PDE
models and methods for image processing. In Numerical analysis 1999 (Dundee),
volume 420 of Chapman & Hall/CRC Res. Notes Math., pages 43–67. Chapman &
Hall/CRC, Boca Raton, FL, 2000.

6. A. Chambolle. An algorithm for total variation minimization and applications. J.
Math. Imaging Vision, 20(1-2):89–97, 2004.

7. A. Chambolle, R. A. DeVore, N.-y. Lee, and B. J. Lucier. Nonlinear wavelet image
processing: variational problems, compression, and noise removal through wavelet
shrinkage. IEEE Trans. Image Process., 7(3):319–335, 1998.

8. A. Chambolle and P.-L. Lions. Image recovery via total variation minimization
and related problems. Numer. Math., 76(2):167–188, 1997.

9. T. F. Chan, S. Esedoglu, and F. Park. A fourth order dual method for staircase
reduction in texture extraction and image restoration problems. Technical Report,
University of California, Los Angeles, CA, CAM05-28, 2005.



An Adaptive Variational Model for Image Decomposition 397

10. T. F. Chan, S. Esedoglu, and F. Park. Image decomposition combining staircase
reduction and texture extraction. Technical Report, University of California, Los
Angeles, CA, CAM05-18, 2005.

11. Y. Chen, S. Levine, and M. Rao. Variable exponent, linear growth functionals in
image processing. submitted to SIAM J. Appl. Math., 2004.

12. D. L. Donoho and I. M. Johnstone. Adapting to unknown smoothness via wavelet
shrinkage. J. Amer. Statist. Assoc., 90(432):1200–1224, 1995.

13. I. Ekeland and R. Temam. Convex analysis and variational problems. Translated
from the French, Studies in Mathematics and it’s Applications, Vol. 1. North-
Holland Publishing Co., Amsterdam, 1976.

14. L. C. Evans and R. F. Gariepy. Measure theory and fine properties of functions.
Studies in Advanced Mathematics. CRC Press, Boca Raton, FL, 1992.

15. Y. Gousseau and J.-M. Morel. Are natural images of bounded variation? SIAM J.
Math. Anal., 33(3):634–648 (electronic), 2001.

16. T. M. Le and L. Vese. Image decomposition using total variation and div(bmo).
CAM04-76, UCLA, 2004.

17. F. Malgouyres. Minimizing the total variation under a general convex constraint
for image restoration. IEEE Trans. Image Process., 11(12):1450–1456, 2002.

18. Y. Meyer. Oscillating patterns in image processing and nonlinear evolution equa-
tions, volume 22 of University Lecture Series. American Mathematical Society,
Providence, RI, 2001. The fifteenth Dean Jacqueline B. Lewis memorial lectures.

19. T. Misner, M. Ramsey, and J. Arrowsmith. Multi-frequency, multitemporal brush
fire scar analysis in a semi-arid urban environment: Implications for future fire and
flood hazards. 2002 meeting of the American Geological Society, 2002.
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Abstract. In many biomedical imaging applications, video sequences
are captured with low resolution and low contrast challenging conditions
in which to detect, segment, or track features. When image deformations
have just a few underlying causes, such as continuously captured cardiac
MRI without breath-holds or gating, the captured images lie on a low-
dimensional, non-linear manifold. The manifold structure of such image
sets can be extracted by automated methods for manifold learning. Fur-
thermore, the manifold structure of these images offers new constraints
for tracking and segmentation of relevant image regions. We illustrate
how to incorporate these new constraints within a snake-based energy
minimization approach, and demonstrate improvements in using snakes
to segment a set of cardiac MRI images in challenging conditions.

1 Introduction

Many diagnostic and medical applications require segmenting particular tissue
structures in every frame of a long 2D or 3D data set. This is challenging be-
cause medical video images often have low resolution and low contrast. Com-
bining cues between frames is difficult because often tissues move significantly
between frames, and this motion may include complicated deformations that do
not lend themselves to simple parameterized models. Creating automated tools
to understand and parameterize image data that is affected by a small set of
deformations has the potential to impact a large set of relevant medical imaging
problems.

For the purpose of segmentation or boundary detection, a collection of tools
support imposing various priors on the expected solution. Snakes [1], for instance,
are a tool for integrating cues from image data with priors on the expected
smoothness of a contour. Within video sequences, these smoothness constraints
can be extended to enforce temporal consistency, minimizing variation between
consecutive frames, providing cues for segmentation in image regions that have
particularly low contrast or high noise.

However, there is often additional structure in a set of images beyond consis-
tency between consecutive frames. In particular, medical image sequences often
vary due to a small number of factors. For example, in cardio-pulmonary imag-
ing, the patient breathing cycle causes a deformation of the chest cavity, and the
heartbeat leads to large deformations of the shape of the heart. It is complicated

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 398–413, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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to define parametric models of these deformations that fit multiple patients. For
any one patient, however, a collection of cardio-pulmonary images forms a 2
dimensional manifold, where each image is indexed by the current phase of the
breathing and heartbeat cycles.

The observation within this paper is that the manifold structure of these data
sets provides stronger constraints between images than temporal consistency. In
[2], a method is proposed to incorporate a statistical prior on the shape of the
segmenting contour, while our work can be viewed as a method to use manifold
learning to help enforce priors on the changes of shape. We offer an example
mechanism to exploit automated manifold learning tools as a pre-processing
step to provide a new multi-image constraint to be used in energy-minimization
based segmentation procedures. We implement these tools for the specific case of
extracting left ventricle wall contours in cardio-pulmonary MRI. In this example
domain, a variation in the breathing cycle leads to a uniform translation of
the heart. Variation in the heartbeat cycle leads to variations in the shape of
the heart, but, largely, not its position. These deformations suggest that strong
constraints can be placed on the expected variation of the heart contour between
images — constraints more specific than general smoothness constraints.

The following section gives a brief overview of related work in manifold learn-
ing and image segmentation. This is followed by an explanation of how to use
Isomap in order to extract the cardiopulmonary manifold structure. Then, the
primary contribution of this paper is presented – the classical snake-based en-
ergy function is extended in order to exploit using this manifold structure to
fit snakes simultaneously in many images. We conclude by demonstrating the
efficacy of these constraints on both simulated and real data.

1.1 Background and Previous Work

This work integrates ideas from snake-based energy minimization and manifold
learning. To our knowledge, these ideas have not been explicitly considered to-
gether before. In order to ground our later presentation, we first introduce, very
briefly, some recent research in the use of snakes in biomedical image analysis
and an overview of manifold learning.

Snakes for Medical Image Segmentation. The enormous amount of prior
work on snakes is a testimony to the effectiveness of active contours on a wide
variety of problems in medical imagery (for general reviews, see example [3, 4]).
With respect to tracking in cardiovascular imagery, an important use of de-
formable models is to measure the dynamic behavior of the human heart, espe-
cially the left ventricle. Accurately characterizing heart wall motion is necessary
to diagnose and estimate the severity and extent of diseases such as ischemia [5].

For this task, one approach uses a 2D deformable contour model to segment
the LV boundary in each slice of an initial image volume. These contours are
then used as the initial approximation of the LV boundaries in corresponding
slices of the image volume at the next time instant and are then deformed to
extract the new set of LV boundaries [6, 7].
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A traditional snake is a parametric contour embedded in the image plane,
represented as a closed curve C(s) = (x(s), y(s))�, where x and y are the coordi-
nate functions and s ∈ [0, 1] is the parametric domain. The shape of the contour
minimizes the following functional:

E =
∫ 1

0
Eint(C(s)) + Eimg(C(s)) + Econ(C(s))ds, (1)

where Eint represents the internal energy of the snake due to bending, Eimg is
the image energy derived from the image, and its local minima coincide with
intensity extrema, edges, and other image features of interest, and Econ is a
place holder for additional constraints appropriate for a given context, including
prior shape models and limitations on changes between consecutive images. Our
contribution within this work is to offer a method for having these additional
constraints depend upon the automatically extracted manifold structure of an
image set.

Once the energy function is specified, one can obtain the snake minimizing
the functional in Equation 1 by solving the following Euler-Lagrange equation:

Ct = −α
∂2C

∂s2 + β
∂4C

∂s4 + ∇Eimg (2)

where Ct is the partial derivative of C(s, t) with respect to the introduced time
variable t, which tracks the evolution of the snake. Equilibrium is achieved when
the internal force and image force balance and the left-hand side term Ct vanishes.

The internal energy can be written as:

Eint =
1
2

(
α

∣∣∣∣∂C

∂s

∣∣∣∣
2

+ β

∣∣∣∣∂
2C

∂s2

∣∣∣∣
2
)

(3)

where α and β are blending parameters that control the snake tension and
rigidity, respectively.

A commonly used external image force is gradient vector flow (GVF) [8, 9].
This is a bidirectional image force ∇Eimg that can capture the object boundaries
from either side and can deal with concave regions. A GVF field v(x, y) is defined
as the equilibrium solution of the following system of partial equations:

vt = g(|∇f |)∇2v − h(|∇f |)(v − ∇f)
v(x, y, 0) = ∇f (4)

where vt is the partial derivative of v(x, y, t) with respect to t, and ∇f is the gra-
dient of the image edge map. The steady state of this update equation depends
on the scalar parameter κ which affects the relative weight of the smoothness
term g(|∇f |) = exp{−( |∇f |

κ )2} and the term that fits the GVF to the image
gradient h(|∇f |) = 1 − g(|∇f |).

In section 3 we offer a definition of a new Econ term that is used to en-
force constraints that are available from an understanding the intrinsic manifold
structure of an image set. The next section gives a brief background on these au-
tomated manifold learning methods, and their recent specialization for medical
imagery.
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Manifold Learning. Image data can be naturally represented as points in a
high dimensional data space (one dimension for each pixel). Often, however, a
set of images has a lower intrinsic dimensionality, and the image data set can
be mapped onto a lower dimensional space. Classical dimensionality reduction
techniques for image sets rely on Principle Component Analysis (PCA) [10] and
Independent Component Analysis (ICA) [11]. These seek to represent data as
linear combinations of a small number of basis vectors. However, many natural
image data sets have an intrinsic dimensionality that is much less than the
number of basis images required to linearly reconstruct them.

This has led to a number of methods seeking to parameterize low-
dimensional, non-linear manifolds. These methods measure local distances or
approximate geodesic distances between points in the original data set, and
seek low-dimensional embeddings that preserve these properties. Isomap [12] ex-
tends classic multidimensional scaling (MDS) by substituting an estimate of the
geodesic distance along the image manifold for the inter-image Euclidean dis-
tance as input. LLE [13] attempts to represent the image manifold locally by
reconstructing each image as weighted combination of its neighbors. SDE [14]
applies semi-definite programming to learn kernel matrices which can be used
to create isometric embeddings.

Isomap performs well for image sets sampled from convex manifolds. LLE
and SDE do not fail in the case of non-convexity, but do not provide minimal
parameterizations for cyclic manifolds (i.e., they give points on a sphere three
coordinates instead of two). One algorithm which explicitly addresses cyclic man-
ifolds is [15]. These algorithms, and others [16, 17, 18] have been used in various
applications, including classification, recognition, tracking, and to a limited ex-
tent, biomedical image analysis [19]. Using image distance measures that explic-
itly reflect the variations within the image set (for instance, using estimates of
the local deformation instead of pixel intensity differences) has been shown to
be advantageous for medical imagery, and leads to low-dimensional embeddings
that more accurately reflect the underlying intrinsic degrees of freedom [20, 21].

2 Cardio-Pulmonary Image Manifolds

Cardio-pulmonary MRI imagery is an outstanding candidate for manifold analy-
sis. The appearance and deformations of MRI imagery of the chest varies greatly
from patient to patient. However, images of a particular patient vary with the
global deformation of the chest cavity due to breathing, deformation of the heart
and nearby tissues due to heartbeats, and image noise.

The analysis of these images, even the capture of MR imagery, is affected by
these parameters. Diagnostic imaging often requires “held-breath” and cardiac-
gated imaging. These protocols offer two distinct methods to minimize variation
in the captured imagery. The “held-breath” protocols require the patient to
minimize variation due to breathing (by capturing all the imagery while the
patient holds their breath and minimizes lung motion). Cardiac-gated imaging
triggers the image capture to always occur at the same part of the cardiac cycle.
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When the diagnostic value of imaging comes from analysis of motion, the
imaging process takes unconstrained samples of the cardiopulmonary image man-
ifold — a set of images that vary due to the heart and lung deformation. In this
section we consider the post hoc analysis of samples of the cardiopulmonary
image manifold. Although heartbeat monitors are relatively unobtrusive and
common in diagnostic environments, we explore methods that operate only on
the images without any additional knowledge, and focus on tools that will be
effective in the presence of significant noise. To make this presentation con-
crete, we focus on a particular, noisy MRI image set, which is illustrated in
Figures 1,4,5.

Fig. 1. The top left shows four images from a 200 image cardio-pulmonary MRI cine
sequence of the heart. Note the variation both in the shape of the left ventricle (the
white blob roughly centered in the image) and the position of the heart (shifting ver-
tically). The top right shows the cylindrical Isomap embedding of this data set (using
the algorithm of [15]). The scale of the axes is the same, and is proportional to the
distance between images (measured, as discussed in the text, as the sum of the phase
difference of a grid of complex Gabor filters). Cylindrical Isomap imposes a scale factor
so that the y-axis (the cyclic axis) is embedded in the range [−π, π). The bottom of
the figure shows two sequences, example images from two paths through the Isomap
embedding. The top sequence shows ordered image from a vertical path (drawn in
yellow) at θ ≈ 3.1. Notice that in these images the heart deforms due to its beating,
but there is no translation of the heart. The bottom sequences shows image for which
φ ≈ π/4. Notice here that the heart is not deforming, but rather there is a translation
(due to breathing).
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2.1 Isomap Embedding of Cardiopulmonary Manifolds

The Isomap procedure for dimensionality reduction starts by computing the dis-
tance between all pairs of images (using some distance function such as SSD
pixel intensities). Then, a graph is defined with each image as a node and undi-
rected edges connecting each image to its k-closest neighbors (usually choosing
k between 5 and 10). A complete pair-wise distance matrix is calculated by
solving for the all-pairs shortest paths in this sparse graph. Finally, this com-
plete distance matrix is embedded into low dimensions, by solving an Eigenvalue
problem using a technique called Multidimensional Scaling (MDS) [22]. The low-
dimensional embedding can be chosen as desired, but ideally is the number of
degrees of freedom in the image set, in our case 2 (the two intrinsic dimensions
of variability are the heartbeat and breathing).

One previous work that applied manifold learning to biomedical image anal-
ysis suggests modifying Isomap to use image distance functions other than pixel
intensity differences [21]. For data sets with deformable motion, the suggested
distance function is computed as the phase difference of local Gabor filters, where
the filters have a reasonable magnitude:

||I1−I2||motion =
∑
x,y

Ψ(G(ω,V,σ)⊗I1, G(ω,V,σ)⊗I2)+Ψ(G(ω,H,σ)⊗I1, G(ω,H,σ)⊗I2)

where G(ω,{V |H},σ) is defined to be the 2D complex Gabor filter with frequency ω,
oriented either vertically or horizontally, with σ as the variance of the modulating
Gaussian, and Ψ returns the phase difference of the pair of complex Gabor
responses above some threshold τ ; we choose τ to be the 50-th percentile filter
magnitude. A technical modification to the Isomap procedure also allows the
images to be embedded on a cylindrical manifold instead of a flat plane [15].
Figure 1 illustrates the cylindrical embedding of 185 frame cardiac MRI image
set, captured each 72 ms. The figure also illustrates that the manifold embedding
separates the non-rigid deformation of the heart from the translation of the heart
due to breathing. In the next section, we consider how to exploit this manifold
structure to provide new constraints for defining contours over every image of a
data set undergoing such deformations.

3 Segmentation Constraints

The manifold embedding provides an automated tool to parameterize the cardiac
image data, in terms of the motion caused by the heartbeat and the breathing.
In this section we propose a method to solve for contours of the left ventricle in
all images in the data set simultaneously. This solution uses two new constraints,
first, a generic smoothness constraint that penalizes variation in contours that fit
images nearby in the manifold, and second, a term that uses the specific nature
of the image changes along different manifold directions to provide stronger
constraints on manifold shape.

For a cardiopulmonary image sequence, heart deformation through time is
defined by cardiac phase φ and pulmonary phase θ. Therefore, we seek to define
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the shape of the heart contour as a function of φ and θ, described by C(s, φ, θ) =
(x(s, φ, θ), y(s, φ, θ))� . For a fixed φ, θ varying the arc-length parameter s traces
out the contour boundary. Varying φ, θ defines all possible contours of the heart
observed. A given cardiopulmonary image sequence specifies this contour by
minimizing the following functional:

E =
∮

Eint(C(s, φ, θ)) + Eimg(C(s, φ, θ)) + Econ(C(s, φ, θ)) ds dφ dθ (5)

The generic smoothness constraints (between nearby images on the mani-
fold), can be written naturally as a parallel to the internal energy of the snake
model, as follows:

Eint =
1
2

[
α

∣∣∣∣∂C

∂s

∣∣∣∣
2

+β

∣∣∣∣∂
2C

∂s2

∣∣∣∣
2

+µ

(∣∣∣∣∂C

∂φ

∣∣∣∣
2

+
∣∣∣∣∂C

∂θ

∣∣∣∣
2
)

+γ

(∣∣∣∣∂
2C

∂φ2

∣∣∣∣
2

+
∣∣∣∣∂

2C

∂θ2

∣∣∣∣
2
)]

(6)
where parameter µ and γ control the snake’s tension and rigidity along φ and θ,
respectively.

More specific constraints are available when the manifold dimensions corre-
spond to specific kinds of motion. The breathing of the patient, while causing
a complicated deformation of the chest cavity as a whole, results, largely, in a
translation of the heart. The cardiac cycle, absent motion caused by breathing,
causes deformation with minimal overall translation. Both of these types of mo-
tion allow stronger constraints on the relationship of a contour between frames
than simple temporal continuity. Therefore, there are additional constraints be-
tween images that are embedded at either the same φ coordinate or the same θ
coordinate. These constraints can be written as:

Econ =
η

2

∣∣∣∣∂C

∂θ
−

∫ 1

0

∂C

∂θ
ds

∣∣∣∣
2

+
ρ

2

∣∣∣∣
∫ 1

0

∂C

∂φ
ds

∣∣∣∣
2

, (7)

where the first term penalizes non-rigid changes in the snake (by integrating
the squared difference between the motion of points on the contour and the
mean motion of the contour), and the second term penalizes the overall mean
translational motion of the snake, which is minimal when motion is caused only
by the heartbeat. The rest of this section details our implementation of these
constraints.

3.1 Implementation

Splines are a widely used function approximation tool [23]. A snake can be
modeled by a closed cubic b-spline with N control points {pi = (xi, yi)�, i =
1 · · ·N}, and a closed curve C(s) as a collection of n curve segments gi(s), s ∈
[0, 1]. Each curve segment is controlled by four nearby control points, as follows:

gi(s) =
3∑

j=0

bj(s)pi+j−1, i = 1, · · · , N (8)



Segmentation Informed by Manifold Learning 405

where p0 = pN , pN+1 = p1 and pN+2 = p2. Uniform cubic B-spline basis func-
tions, b0 ∼ b3, are defined by:

b0(s) =
1
6
(1 − s)3

b1(s) =
1
6
(3s3 − 6s2 + 4)

b2(s) =
1
6
(−3s3 + 3s2 + 3s + 1)

b3(s) =
1
6
s3 (9)

Then, the snake contour C(s) is represented by multiplying a vector P of snake
control points with its associated b-spline basis functions:

⎡
⎢⎢⎢⎣

g1
g2
. . .
gN

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
C(s)

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

b1 b2 b3 · · · b0
b0 b1 b2 b3 · · ·

b0 b1 b2 b3 · · ·
...

. . . . . . . . . . . .
· · · b0 b1 b2 b3

b3 · · · b0 b1 b2
b2 b3 · · · b0 b1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
H(s)

⎡
⎢⎢⎢⎣

p1
p2
...

pN

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
P

(10)

Using b-spline representation, one can analytically compute the snake’s k-th
order of derivatives with respect to s as:

∂kC(s)
∂sk

=
∂kH(s)

∂sk
P. (11)

To create a set of samples along each curve segment pi, we can choose a set of
paramet ric variables {sj, j = 1, · · · , k}, such that 0 ≤ s1 < s2 < . . . < sk < 1.
Then the snake can be written in a discrete form:

C =

⎡
⎢⎢⎢⎣

C(s1)
C(s2)

. . .
C(sk)

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

H(s1)
H(s2)

...
H(sk)

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
H

P (12)

Because it is our intention to solve simultaneously for snakes in every image,
we parameterize the snake control points in each image as a function of position
of each image on the manifold. Given an image sequence of M frames, we use
the manifold learning procedure to estimate the breathing phase θ and cardiac
phase φ for each image. For the i-th frame, let these values be (φi, θi). Let
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C(φi, θi) denote the snake defined by a discrete set of control points P(φi, θi) =
[p1(φi, θi), p2(φi, θi), · · · , pn(φi, θi)]�. Then we can express the set of all snakes
in all images as:

⎡
⎢⎢⎢⎣

C(φ1, θ1)
C(φ2, θ2)

...
C(φM , θM )

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
C

=

⎡
⎢⎢⎢⎣

H
H

. . .
H

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
H

⎡
⎢⎢⎢⎣

P(φ1, θ1)
P(φ2, θ2)

...
P(φM , θM )

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
P

(13)

For any control point pi(φ, θ), its position changes in different frames as a func-
tion of φ and θ. To model the relationship of the positions of control point pi

between different frames, we use a cubic B-spline surface to represent the posi-
tion of each point pi. Any point on that surface presents the position of control
point pi in the frame specified by (φ, θ). Therefore, the change of the control
point position should be locally small and continuous.

The cubic b-spline surface for the i-th snake control point is defined by a
two-dimensional set of control points {q

(i)
u,v, u = 1, · · · , n; v = 1, · · · , m}. The

following is the equation of a cubic b-spline surface defined by n rows and m
columns of surface control points:

pi(φ, θ) =
n∑

u=1

m∑
v=1

Bu(φ)Bv(θ)qi
u,v

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B1(φ)B1(θ)
B2(φ)B1(θ)

...
Bn(φ)B1(θ)
B1(φ)B2(θ)

...
Bn(φ)Bm(θ)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�

︸ ︷︷ ︸
B(φ,θ)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

q
(i)
1,1

q
(i)
2,1
...

q
(i)
m,1

q
(i)
1,2
...

q
(i)
m,n

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Qi

(14)

where Bi(φ) and Bj(θ) are cubic b-spline basis functions. Then we can analyti-
cally compute the k-th order of derivatives of control point pi with respect to φ
(or θ) as

∂kpi(φ, θ)
∂φk

=
∂kB(φ, θ)

∂φk
Qi,

∂kpi(φ, θ)
∂θk

=
∂kB(φ, θ)

∂θk
Qi (15)

Considering all control points over all frames, we have
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P =

⎡
⎢⎢⎢⎣

P(φ1, θ1)
P(φ2, θ2)

...
P(φn, θn)

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B(φ1, θ1)
B(φ1, θ1)

. . . B(φ1, θ1)
...

...
B(φm, θm)

B(φm, θm)
. . . B(φm, θm)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
B

⎡
⎢⎢⎢⎣

Q1
Q2
...

Qm

⎤
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︸ ︷︷ ︸
Q

(16)

Finally, we have a single form which expresses the contours in all images:

C = HP = HBQ. (17)

Using the calculus of variations, the snake minimizing the functional in (5)
can be found by solving for the following Euler-Lagrange equation:

∂E

∂C
=

∂Eint

∂C
+ ∇Eimg +

∂Econ

∂C
= 0

⇒ −α
∂2C

∂s2 + β
∂4C

∂s4 − µ

(
∂2C

∂φ2 +
∂2C

∂θ2

)
+ γ

(
∂4C

∂φ4 +
∂4C

∂θ4

)

+∇Eimg − ρ

(
∂2C

∂θ2 −
∫ 1

0

∂2C

∂θ2 ds

)
− η

∫ 1

0

∂2C

∂φ2 ds = 0

⇒ AintC + AconC − V = 0 (18)

where Aint and Acon are matrices corresponding to internal energy and external
constraint energy term, respectively, and they can be directly computed using
equations in (17), (15),and (11). V is the matrix presenting the collection of
GVF v sampled along C(s, φ, θ) over all images. Since the snake is implemented
using cubic b-spline, all 4-th order of partial derivatives of C with respect to
s, φ and θ are zero. Hence, in the later sections, we will ignore the blending
parameters β and γ in the equations in (18).

In order to obtained desired solution of the Euler equation (18), the snake
C(s, φ, θ) is treated as a function evolves with respect to time variable t, and the
resulting equation is

AintCt+1 − V + AconC
t+1 = −δ(Ct+1 − C

t) (19)

where δ denotes a step size. At equilibrium, the time derivative vanishes and we
end up from equation (19) and (17) the following update rules as:

C
t+1 = (Aint + Acon + δI)−1(δC

t + V)
⇒ Q

t+1 = [(Aint + Acon + δI)HB]+ (δHBQ
t + V) (20)

where I denotes identity matrix.
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4 Experimental Results

This section describes preliminary results of a system that implements the con-
straints defined in the last section. We first consider a collection of artificially
generated data, for which we can control the deformation and noise parameters,
and test our approach versus standard snake approaches. We follow this with
an application to finding the left ventricle wall shape in a noise cardiac MRI
sequence. In both cases, we used α = 0.1 for all snakes, and µ = 0.1, ρ = 0.1 and
η = 0.01 for manifold constraints. Deriving optimal choices for these parame-
ters, or other methods to automate the process of finding good parameters is in
further investigation.

4.1 Simulation Data

We construct an artificial data set by defining a shape and deforming it with a
composition of a non-rigid deformation and a rigid translation. Thus, this data
set has a 2D manifold structure, indexed by the magnitude of each deformation.
One hundred images were created, each was then corrupted by additive white
Gaussian noise, and the contrast was decreased in a randomly selected patch of
the image. The two deformation types are depicted in the top of Figure 2, and
8 selected frames among the 100 generated images are shown at the top right.

The noise in the image and the low contrast patches make this a challenging
data set for snakes to converge to the correct boundary. The second column of
Figure 2 gives results for classical snakes (using only a single image) with the
starting condition shown in the first column. While some optimization is possible
to improve these results for this data set, for this work it is our goal to illustrate
the advantages of using the manifold structure of these images.

The third column of Figure 2 gives the contours which are the results of apply-
ing the algorithm of the previous section, which exploits the manifold structure
of these images. These can be compared to the ground truth contours shown in
the rightmost column.

4.2 Example Application

In cardiovascular imagery, an important application is to measure the dynamic
behavior of the human heart, especially the left ventricle. Figure 3 illustrates
one example of coupled snakes [24, 25] that outline the interior and exterior
wall of the left ventricle. Often, For continuously captured cine-MRI images,
the available resolution and contrast is more limited than this example shows,
and extracting ventricle wall contours on each image individually is difficult. By
imposing manifold constraints, we solved the problem with a modified version
of [25].

Figure 4 shows examples of cine-MRI images (from the same data set as
shown in Figure 1). The rectangular region of the heart is blown up and the
results of fitting pairs of snakes to the inner and outer ventricle wall on indi-
vidual images is shown in the middle column. On the right of this figure are
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(a) (b) (c) (d)

Fig. 2. An artificial data set constructed by composing 2 deformations (shown in the
top row), a non-rigid variation to a shape and a rigid translation. The bottom four
rows show results fitting snakes to these images which are corrupted by zero mean
Gaussian noise and by a patch of reduced contrast. Column (a) shows the image and
the initial condition, column (b) shows the classical snake result on this image, column
(c) shows the result (for that image) of using the manifold based constraints to solve
for all snakes simultaneously, and (d) is the ground truth contour used to generate each
image.

the results when enforcing the additional constraints from understanding the
manifold image structure, following the algorithm outlined in Section 3. While
these results are not perfect, they are an improvement and encourage further
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Fig. 3. Important applications in cardiac imagery include measuring the thickness of
ventricle walls. For relatively high contrast, and high resolution images, a pair of snakes
can find both the inner and outer wall. Applying this algorithm to lower resolution
images (in Figure 4) fails because of insufficient image resolution and contrast.

Fig. 4. For continuously captured cine-MRI images, there are currently limits on the
available resolution and contrast. Extracting ventricle wall contours on each image
individually is difficult. The original image is shown on the left, and a subwindow
shows an expansion of the heart region, and the initial snake contour (for the interior
wall). The contours extracted from a single image are shown in the middle. On the
right are the results when enforcing the additional shape constraints from the manifold
structure extracted in Figure 1.
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Fig. 5. Additional segmentation results obtained by imposing our manifold con-
straints over the whole image sequence. Here we show 8 consecutive frames of the
200 frame sequence. Notice that in these cardio-plumonary images, the heart defor-
mation is sometimes large between consecutive images due to the relatively low sam-
pling rate. In these cases, naive temporal smoothness constraints on heart deformation
may fail.

work in integrating manifold constraints with energy minimization tools for con-
tour fitting. Additional results are shown in Figure 5, for 8 consecutive images
of the cine sequence. The frame to frame deformation is in some cases quite
large, so naive smoothness constraints between consecutive images may not be
successful.

5 Conclusion

This work presents preliminary efforts towards incorporating manifold learn-
ing as a tool to provide additional constraints for finding contours using energy
minimization tools. The advantages of combining these two techniques were illus-
trated for a collection of simulation data and demonstrated on a low-resolution,
high-noise cardiac MRI video sequence.

It is also possible to extend the manifold constraints to a level set based seg-
mentation framework for handling topological changes and numerical stability of
evolving curves [26]. We believe that many algorithms may be improved through
better understanding and exploitation of non-linear image manifold learning al-
gorithms, and tight integration of these with classical analysis tools.
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Abstract. We match shapes, even under severe deformations, via a smooth re-
parametrization of their integral invariant signatures. These robust signatures and
correspondences are the foundation of a shape energy functional for variational
image segmentation. Integral invariant shape templates do not require registra-
tion and allow for significant deformations of the contour, such as the articula-
tion of the object’s parts. This enables generalization to multiple instances of a
shape from a single template, instead of requiring several templates for search-
ing or training. This paper motivates and presents the energy functional, derives
the gradient descent direction to optimize the functional, and demonstrates the
method, coupled with a data term, on real image data where the object’s parts are
articulated.

1 Introduction

As computational vision continues the transition from low-level representations of
knowledge (edges, features) to high-level representations, shape has become a key com-
ponent in the detection and recognition of objects. Unfortunately, shape is an elusive
concept; shape is the object data left after removing all the “uninteresting” (in this
context) dependencies: translation, rotation, scale [1], photometry, articulation, class
variation, etc.

Fig. 1 briefly illustrates the difficulties that arise when segmenting an object from an
image. The varying illumination, textured/noisy background, and similar intensity val-
ues in the fore/background make intensity-based segmentation methods alone useless.
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Fig. 1. Similar objects with a variation of its articulated parts. We desire a shape template for
segmenting these images that will handle these variations.

A shape template would help; but several templates or a learned probabilistic model of
the templates (which in turn requires several templates in the form of a training set)
would be needed to segment all the images. Yet humans understand the shape and its
variations as well as the backs of their own hands.

This paper proposes to extend the recent work on integral invariant shape descrip-
tors [2, 3, 4] for shapes represented as closed planar contours. These functions are by
construction invariant to many of the nuisance factors that make shape analysis difficult
(photometry and group actions) and robust to other such nuisances (local deformation
of the shape due to articulations or parts, occlusions, or noise). These properties make
integral invariants ideal for shape recognition despite nuisances. For the same reasons,
integral invariants make ideal candidates for shape templates.

Our contribution is to propose a method for matching shapes undergoing severe
deformations, and develop a segmentation scheme that enforces prior shape knowledge
through integral invariant representations. This includes using a local representation in
terms of an integral invariant signatures, as done by several authors before (reviewed in
Sections 1.1 and 2.1), with a smooth re-parametrization of the shape domain to allow for
large deformations (Section 2.2). We apply this model to derive an energy functional to
enforce shape priors for segmentation (Section 4) and illustrate promising preliminary
results for segmentation tasks (Section 5).

1.1 Prior Shapes in Variational Segmentation

Shape has a long history; we only make a few notes on the works that provide context
for the interested reader. There are many representations of shape and frameworks for
their study, decomposition, and comparison. Statistical methods based landmarks on
parameterized contours were pursued in [5, 6, 7, 8]. Representations of shape indepen-
dent of parameterization began in [9] and continues today [10, 3]. This work ties closely
with representations of shape as points on an infinite dimensional manifold, where the
deformations are the actions of Lie groups [11, 12, 13, 14, 10]. These approaches based
on an explicit representation of shape enable the definition of correspondences between
shapes [15, 16, 10].

For variational contour-evolution methods for segmentation [17, 18, 19, 20, 21], a
statistical representation of shape is used to cope with class variability [22, 23, 24, 25,
26, 7] Unlike statistical methods which require a training set, we propose a determin-
istic method that spans these variations with a single template shape by exploiting the
locality property of an integral invariant. In contrast to some of the literature on shape
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where a method is termed group-invariant when the group parameters are an optimized
input for the function (i. e. [7]), we call a function invariant if the value is independent
of an action belonging to the group. (We make this precise in Sec. 2.1.)

2 Integral Invariants and Shape Distance

In this section, we briefly review integral invariants and describe a intuitively meaning-
ful shape distance defined between these invariants.

2.1 Integral Invariants

For a shape represented as a closed planar curve γ : S �→ R
2 and a group G acting on

R
2, an integral G-invariant is an integral function of the curve that does not vary due

to the action of any g ∈ G. Formally, for a kernel h : R
2 × R

2 �→ R,

Iγ(p) =
∫

γ̄

h(p, x)dµ(x) (1)

is an integral invariant if

Iγ(p) = Igγ(gp) ∀g ∈ G. (2)

These invariants share several desirable qualities of their more well-known cousins, dif-
ferential invariants, including locality. However, unlike differential invariants, integral
invariants are far more robust to noise. Specific examples include the “observed trans-
port” shape measure [2] and the local area invariant [3]. Both of these invariants are
parameterized by r, the radius of a circular kernel.

Due to its noise-robustness, we favor the so-called local area Euclidean-invariant.
Specifically, the invariant is based on a kernel h(p, x) = χ(Br(p) ∩ γ̄)(x), which rep-
resents the indicator function of the intersection of a small circle of radius r centered
at the point p with the interior of the curve γ. For a radius r, the corresponding integral
invariant

Ir
γ(p) .=

∫
Br(p)∩γ̄

dx (3)

can be thought of as a function from the interval [0, 1] to the positive reals, bounded
above by the area of the region bounded by the curve γ. Alternately, normalizing the

γ

r

R

θ

p(s)
r

Ir
γ (p) � r2θ

Fig. 2. Integral area invariant defined by eq. (3)
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Shape Integral Invariant

Fig. 3. Sample shapes and their integral invariants. Kernel size is 15% of the curve’s bound-
ing box. Note the missing “hump” on the last invariant due to the missing arclength (finger)
in last row.

functional by the area of Br maps the interval [0, 1] to [0, 1]. This is illustrated in Fig. 2
and examples are shown in Fig. 3, which demonstrates (in the first four rows) the effec-
tiveness of this representation for comparing shapes under Euclidean transformations,
articulation of parts, and in global additive noise. However, Fig. 3 (last row) demon-
strates that the local area invariant, like all other integral and differential invariants, is
not robust to a highly localized perturbation such as an occlusion. In the next section we
present a method to warp the parameterization of the curves so that such comparisons
can be made robustly.

2.2 Shape Distance and Warping Integral Invariants

While invariants can be designed to be invariant to group actions, and integral invari-
ants are robust to noise, an invariant for highly localized, high energy perturbations of
a shape, such as the addition of spikes, slivers, or other parts, or the “disappearance”
of parts due to occlusion or change in configuration (i.e. Fig. 3, first, third, and fifth
row) is much more problematic. A naive distance defined on an invariant would yield
a relatively large distance between the two hands in the last two rows of Fig. 3 (imply-
ing they are very different) while intuitively these shapes should have a small distance
between them.
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From the perspective of invariants, the large difference between shapes with local
variation is due to the parameterization of the curves, as demonstrated in Fig. 3. If
the “stub” could be mapped to the ring finger (which has much longer arclength), the
distance between the two shapes would be limited to the error caused by that finger.
This warping of the parameterization of one shape, or more symmetrically both shapes,
would allow the computation of an intuitively more satisfying distance while effectively
inducing point correspondences between the two curves.

Thus we wish to find an optimal correspondence between the contours and concur-
rently measure the shape distance based on the correspondence. Intuitively, two corre-
sponding points on two contours should have similar invariant value, which leads us to
define the optimal correspondence in terms of an energy functional E(I1, I2, d; s) for
the discrepancy between two integral invariants I1, I2 , in terms of the disparity function
d(s), as follows:

E(I1, I2, d; s) = E1(I1, I2, d; s) + E2(d′; s)

=
∫ 1

0
‖I1(s − d(s)) − I2(s + d(s))‖2ds (4)

+ α

∫ 1

0
‖d′(s)‖2ds

where α > 0 is a constant. The first term E1 of the energy functional measures the
similarity of two curves by integrating the local difference of the integral invariant at
corresponding points. A cost functional based on a local comparisons minimizes the
impact of articulations and local changes of a contour because the difference in invari-
ants is proportionally localized in the domain of the integral; contrast this with a global
descriptor where local changes influence the descriptor everywhere. The second term
E2 of the energy functional is associated with the elastic energy of the disparity function
d(s) with the control parameter α that penalizes stretching or shrinking of the disparity.

The shape matching of two curves is obtained by finding a correspondence between
their integral invariants. The correspondence between two curves is determined by the
disparity function d(s) that minimizes the energy functional as follows:

d∗(s) = argmin
d(s)

E(I1, I2, d; s) (5)

Given the correspondenced∗, the shape matching between two curves (γ1, γ2) is given as:

γ1(s − d∗(s)) ∼ γ2(s + d∗(s)), ∀s ∈ [0, 1] ⊂ R (6)

where ∼ denotes the point-wise correspondence between curves [4].
Suggested methods for the implementation of this optimization include graph-based

methods as in [27, 2, 28, 29], where d∗ is the shortest path through a graph where the
nodes represent pointwise correspondences.

3 Estimating Shape and Correspondence Via Bayesian Inference

In this work, we address the following problem: Given an image I : R
2 → R and given

a single template shape γ0 : S → R
2, determine the optimal segmentation γ : S → R

2



One-Shot Integral Invariant Shape Priors for Variational Segmentation 419

of the image plane and the optimal correspondence (or reparameterization) function
q : S → S which associates the parts of the contour γ with corresponding parts on the
template γ0. (In Section 4 we discuss the connections between the reparameterization
q(s) and disparity d(s) in Equation 4.)

Clearly, the estimation of the optimal contour γ and the optimal correspondence
function q are highly coupled problems. Therefore we propose to solve this problem by
maximizing the conditional probability

P(γ, q|I, γ0) (7)

simultaneously with respect to both the contour γ and the correspondence function q.
According to the Bayesian formula, we can rewrite (7) as:

P(γ, q|I, γ0) =
P(I|γ)P(γ, q|γ0)

P(I)
. (8)

Here we have made the two assumptions that the conditional probability P(I|γ, q, γ0)
in the numerator of (8) does not depend on the given template γ0 or on the correspon-
dence function q.

Maximizing this conditional probability for a given image I is equivalent to mini-
mize the energy

E(I, γ, q) = αEdata(I, γ) + (1 − α)Eshape(γ, γ0, q), (9)

where the data energy and the shape energy correspond to the negative logarithms of
the two probabilities given in the numerator of (8). Since the focus of this paper is on
modeling a novel shape prior, for simplicity we choose the Chan-Vese energy as a data
term, and alternate the minimization of each energy term. In the following, we will
focus on modeling the shape energy.

Minimizing the above joint energy will accomplish two goals. The first is to favor
segmentation contours γ that separate the domain of the image data I into object and
background. The second is to favor contours that have a shape similar to a template
contour γ0. In contrast to existing methods to introduce shape priors into variational
segmentation, the proposed shape prior is not learnt as a statistical model inferred from
a set of training shapes. We only use a single template shape, and the flexibility of the
shape prior arises through the use of a more sophisticated shape dissimilarity measure
which can handle stretching or shrinking and the correspondence of subparts.

Based on the assumption that the intensities of object and background are Gaussian-
distributed, one can derive a data term Edata given by the piecewise constant Mumford-
Shah functional [30, 31]:

Ecv(I, γ) =
∫

γ̄

(I − c1)2dx +
∫

Ω/γ̄

(I − c2)2dx + ν

∫

γ

ds (10)

here c1, c2 are the constant approximation of u (i. e. the mean) inside and outside γ. This
functional can be minimized by evolving an initial contour and model in the gradient
direction

γt,cv = ((c1 − c2)(I − c1 + I − c2) − νκ)N (11)
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where κ denotes the local curvature. This functional will provide the connection be-
tween the segmenting contour γ and the image data. However, any other variational
segmentation model proposed in the literature could be substituted.

4 Integral Invariant Templates for Curve Evolution

In this section, we will construct an appropriate shape prior Eshape in (9) for variational
segmentation based on the notion of integral invariant shape descriptions and pointwise
correspondence. Intuitively, we reason that the best way to update the portion of a con-
tour that will become, say, a finger, is to compare it to the relevant part of the template,
the corresponding finger. As discussed in Section 2.2, integral invariant based shape
distances allow us to do exactly this; with the invariant and correspondence in hand,
the evolution of the contour is governed by only the shape of the template, and is not
influenced by nuisance factors.

Section 2.2 hints at our design of the energy term that will achieve the second goal.
Following [32], which evolves a contour so that its invariant has a certain property,
we evolve the contour to reduce its shape distance with a template invariant. This shape
term has all the advantages of integral invariant methods: (1) the resulting flow will also
be G-invariant, eliminating contour motions that do not instruct the shape of the contour,
or alternately eliminating the need to align or register the contour to the template; (2) the
resulting flow will be more noise robust; and (3) the resulting flow will be less sensitive
to articulation of parts, allowing a template to better represent a class of shapes. For
instance, with a method that is not insensitive to articulation, a hand template could only
be used when the target hand’s fingers are configured exactly like the template; with the
integral invariant representation of the hand, hands with splayed or bent fingers have
similar invariants to the template.

These advantages are realized with a shape energy term

Eshape(γ, γ0, q) =
1
2

∫
γ

(I(s) − I0(q(s)))2ds (12)

based on the integral invariant from Section 2.1 rewritten as

I(s) =
∫

γ̄

B(γ(s) − s̃, r)ds̃. (13)

q(s) = s − 2d(s) is an asymmetric expression of the warping function. For conve-
nience, we define f(s) = I(s) − I0(q(s)). In anticipation of the time-dependence of
the arclength parametrization, we rewrite the energy with a change of variables

E(γ, q) =
1
2

∫
γ

f(p)2||γp||dp. (14)

Taking the time derivative yields

Et(γ, q) =
∫

γ

f(p)ft(p)||γp||dp +
1
2

∫
γ

f(p)2||γp||tdp, (15)
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ft(p) = It(p) − (Io(q(p))t The second term is the well known curve shortening flow,
so we concentrate on the first term. Two notes at this point aid the simplification of
the expression. First, we must compute the derivative of the integral invariant It. Via
the divergence theorem, an area-based energy of the form E(s) =

∫
γ̄

F (s)ds (for a
general function F (s)) has a derivative that can be expressed as a contour integral
Et(s) =

∫
γ
〈γt, F (s)N〉ds, where 〈·, ·〉 is the dot product and N is the normal direction.

Applying this formula to It yields

It(p) = −
∫

γ

〈γt, B(|γ(p) − s̃|, r)N〉ds̃ (16)

Second, we note that Io(·) is the constant shape template, so its derivative is 0. Rewriting
and reversing the change of variables

Et(γ, q) = −
∫

γ

f(s)
∫

γ

〈γt, B(|γ(s) − s̃|, r)N〉ds̃ds + . . . (17)

Re-arranging the nested integral allows us to introduce another convenient quantity,

g(s) =
∫

γ

f(s)B(|γ(s) − s|, r)ds, (18)

and write

Et(γ, q) =
∫

γ

〈γt, −
∫

γ

g(s)dsN〉ds̃ + . . . (19)

Including the omitted curvature shortening term,

Et(γ, q) =
∫

γ

〈γt, (−
∫

γ

g(s)ds + f(s)2κ)N〉ds̃. (20)

In order to maximally reduce this energy, we chose γt to be the negative of the second
term of the inner product

γt =
∫

γ

(−g(s) + f(s)2κ(s))N. (21)

The g(s) term has a straightforward interpretation; at a point on the contour, it is simply
the integral of difference of the invariant values on the sections of γ inside the kernel.

In the next section, we integrate this shape term into a segmentation functional.

5 Energy Minimization with Integral Invariant Shape Templates

In this section we will detail how to minimize the joint energy (9) to simultaneously
compute a segmentation and a correspondence of the parts of the segmentation to re-
spective parts of the given shape template. We will apply this segmentation functional
to real data to demonstrate the flexibility of integral invariant shape templates.
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We will minimize the functional (9) with the partial differential equation

γt = γt,data + αγt,shape (22)

where γt,shape is (21) and γt,data is the flow in (11). α is a user-defined weighting term.
The curve γ is embedded in a higher-dimensional function Φ : R

2 �→ R to make
use of the well-known level-set implementation of curve evolution methods [33, 19, 21].
The level-set function is constructed so that {x|Φ(x) = 0} = γ; the evolution of γ in
the γt = βN direction is realized through the evolution of Φ in the

Φt = −β|∇Φ| (23)

direction.
We employ a dual representation of the contour to speed the computations. A polyg-

onal representation is used for the computation of d(s), f(s), and g(s). These terms,
computed on the vertices of a polygon, are then mapped to the level-set domain and
nearest-neighbor extrapolated. N , κ, the data terms, and Φt are computed directly in the
image/level-set domain, per usual. At each timestep, we recompute the integral invariant
and correspondence, so that we are alternating the two optimizations (correspondence,
segmentation).

In the remainder of this section we show an experiment that demonstrates the power
of an integral invariant based template over more traditional shape-template methods.
Specifically, we will address the case where an affine transformation is not adequate to
map the shape template to the object in the image. In this case, a more general, local de-
formation is required; the goal is to demonstrate that the locality of the integral invariant
translates into energy penalties that are proportional to the size of the deformation.

We compare our implementation to a implementation that seeks to optimize the
distance from the contour to a shape prior

Eshape(γ) =
∫

γ

d(γ(s), gγ0)ds (24)

where g ∈ G, a group. For a traditional method that aligns the shape template to the
object during the segmentation process, an affine transformation in two dimensions
requires the optimization of six parameters. Many methods in the literature restrict
themselves to lower-dimensional groups (Euclidean, similarity) but the generalization is
straightforward. The optimization is usually implemented with two steps per iteration;
first an update of the contour

γt,shape = ∇d(γ, gγ0) (25)

and second an update of the transformation parameters g. In the remainder of this sec-
tion, we demonstrate results on real images that show the potential of the integral in-
variant as a shape template.

Fig. 4 shows the segmentation of the image of a hand, taken with varying illumina-
tion against a busy background. While the contrast is strong, it should be noted that the
gray values of the object and background are in a similar range, making segmentation
by image data alone (via the Chan-Vese method with a strong curvature prior) difficult,
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(a) Template (b) Data only

(c) Distance-based (d) Invariant-based
Functional Functional

Fig. 4. Segmentation with a shape template. α=0.85.

(a) Template (b) Data only

(c) Distance-based (d) Invariant-based
Functional Functional

Fig. 5. Segmentation with a shape template. α=0.85.

as shown in Fig. 4(b). A shape template may assist in the segmentation, but the choice of
template is important. An unregistered template (as in Fig. 4) has a strong influence on
the contour. This is because the segmentation contour cannot both be near the template
and edges in the image; the energy functional converges to a “compromise” between
the two criteria. Unfortunately, this compromise serves neither criteria well. In contrast,



424 S. Manay et al.

the integral invariant shape template is not dependent on the location of the template.
Regardless of the alignment, the template does not compete with the data term for the
location of the contour (d).

Figure 5 shows the added flexibility of the integral invariant shape template. While
optimization of transform parameters allows the alignment of the distance function
template to the data (a), the template cannot capture the articulated thumb (c). Again,
the integral invariant template generalizes to better capture this object (d). Here, due
to the locality of the invariant, the deviations of the segmentation from the template
are penalized only at the differing bends in the contour This allows for a much
better “compromise” between the shape and data terms; now a single template shape
can be used despite the many variations (finger poses) inherent in this class of
object.

6 Open Issues

The method we have proposed relies on the uniqueness of the integral invariant rep-
resentation. In [3] Manay et. al. outline the relationship between curvature, which is
a unique representation of the contour, with the integral invariant in the limit as ker-
nel size goes to 0. For finite kernel size the uniqueness of the invariant is the topic of
continuing investigation.

If the invariant is not unique, the contour flow will not necessarily converge to the
shape template, but may converge to other shapes that have the same invariant. Indeed,
this may explain the instabilities we have observed in the contour flow in synthetic ex-
periments where the image data term is discarded. However, in practice, the data terms
of the flow help restrict the contour to the desired solution. A more rigorous solution
would be to base the flow on an integral invariant that is unique; the development of
which is also the topic of our continuing research.

7 Summary and Conclusions

In this paper we draw on the emerging work on local integral invariant shape descrip-
tions to first present a shape distance between two contours based on optimal corre-
spondences between the parts of the contours that have similar integral invariant. Based
on this shape distance we construct a shape energy functional for variational segmen-
tation. This new shape energy term fundamentally differs from previously proposed
statistical shape priors which allow for shape deformations that are statistically learnt
from an entire set of training shapes. Our shape prior only uses a single template shape,
it is not dependent on the relative position and rotation of the template, eliminating the
need for registration of the data to the template. Further, due to the locality properties
of the integral invariant, the more sophisticated shape distance allows for certain defor-
mations of the given template, such as local stretching or shrinking and the articulation
of parts. Preliminary results show the effectiveness of integral invariant templates in a
curve evolution segmentation framework implemented via level set methods and ap-
plied to real data.
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Abstract. We propose a model of the shape, motion and appearance of a se-
quence of images that captures occlusions, scene deformations, arbitrary view-
point variations and changes in irradiance. This model is based on a collection
of overlapping layers that can move and deform, each supporting an intensity
function that can change over time. We discuss the generality and limitations of
this model in relations to existing ones such as traditional optical flow or motion
segmentation, layers, deformable templates and deformotion. We then illustrate
how this model can be used for inference of shape, motion, deformation and ap-
pearance of the scene from a collection of images. The layering structure allows
for automatic inpainting of partially occluded regions. We illustrate the model
on synthetic and real sequences where existing schemes fail; we implement our
gradient-based infinite-dimensional optimization using level set methods.

1 Introduction

We are interested in modeling video sequences where changes occur over time due to
viewer motion, motion or deformation of objects in the scene – including occlusions
– and appearance variations due to the motion of objects relative to the illumination.
A suitable model will trade off generality, by allowing variations of shape, motion and
appearance, with tractability, by being amenable to inference and analysis. The goal of
modeling is to support inference, and depending on the application one may be more
interested in recovering shape (e.g. in shape analysis, classification, recognition, reg-
istration), or recovering motion (e.g. tracking, optical flow), or appearance variations
(e.g. segmentation). Traditionally, therefore, the modeling task has been approached by
making strict assumptions on some of the unknowns in order to recover the others, for
instance the brightness-constancy assumption in optical flow, or the affine warping in
shape analysis and registration. This is partly justified because in any image-formation
model there is ambiguity between the three factors – shape, motion and appearance –
and therefore the most general inference problem is ill-posed. In some applications,
for instance video compression, the ambiguity is moot since all that matters is for the
model to capture the sequence as faithfully and parsimoniously as possible. Neverthe-
less, since all three factors affect the generation of the image, a more germane approach
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would call for modeling all three jointly, then letting the analysis dictate the responsi-
bility of each factor, and the application dictate the choice of suitable regularizers to
make the inference algorithms well posed. We therefore concentrate our attention on
modeling, not on any particular application. So, this is not yet another paper on track-
ing, nor on motion segmentation, nor on optical flow, nor on shape registration. It is a
little bit of each.

We propose a model of image formation that is general enough to capture shape, mo-
tion and appearance variations (Sect. 2), and simple enough to allow inference (Sect.
3). We want to be able to capture occlusion phenomena, hence our model will entail
a notion of hierarchy or layering; we want to capture image variability due to arbi-
trary changes in viewpoint for non-planar objects, hence our model will entail infinite-
dimensional deformations of the image domain. Such deformations can be due to
changes in viewpoint for a rigid scene, or changes of shape of the scene seen from
a static viewpoint, or any combination thereof. Our model will not attempt to resolve
this ambiguity, since that requires higher-level knowledge. Furthermore, we want to
capture large-scale motion of objects in the scene, as opposed to deformations, hence
we will allow for a choice of a finite-dimensional group, e.g. Euclidean or affine. Fi-
nally, we want to capture changes in appearance, hence scene radiance will be one of
the unknowns in our model. Changes in radiance can come from changes in reflectance
or changes in illumination, including changes in the mutual position between the light
sources and the scene; again we do not attempt to resolve this ambiguity, since that re-
quires higher-level knowledge. The image-formation model we propose is not the most
general that one can conceive; far from it. Indeed, it is far less general than the simplest
models considered acceptable in Computer Graphics, and we illustrate the lack of gen-
erality in Sect. 2.1. Nevertheless, it is more general than any other model used so far
for motion analysis in Computer Vision, as we discuss also in Sect. 2.1, and is complex
enough to be barely tractable with the analytical and computational tools at our disposal
today. We pose the inference problem within a variational framework, involving partial
differential equations, integrated numerically in the level set framework [15], although
any other computational scheme of choice would do, including stochastic gradients or
Markov-chain Monte Carlo. The point of this paper is to propose a model and show that
it can be inferred with at least one particular computational scheme, not to advocate a
particular optimization technique.

1.1 Relation to Existing Work

This work relates to a wide body of literature in scene modeling, motion estimation,
shape analysis, segmentation, and regsitration which cannot be properly reviewed in
detail in the limited space available. In Sect. 2.1 we illustrate the specific relationship
between the model we propose and existing models. These include Layers [20, 12],
which only model affine deformations of the domain and can therefore only capture
planar scenes under small viewer motion or small aperture, and where there is no ex-
plicit spatial consistency within each layer and the appearance of each layer is fixed. As
we will illustrate, our model allows deformations that can model arbitrary viewpoint
variation, layer deformation and enforce spatial coherence within each layer. One could
think of our work as a generalization of existing work on Layers to arbitrary view-
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point changes, or arbitrary scene shape, and to changes in radiance (texture), all cast
within a principled variational framework. Our work relates to a plethora of variational
algorithms for optical flow computation, for instance [18, 1, 8] and references therein,
except that we partition the domain and allow arbitrary smooth deformations as well
as changes in appearance (that would violate the brightness constancy constraints that
most work on optical flow is based on, with a few exceptions, e.g. [10]). It also relates
to various approaches to motion segmentation, where the domain is also partitioned
and allowed to move with a simple motion, e.g. Euclidean or affine, see for instance
[7] and references therein. Such approaches do not allow deformations of the region
boundaries, or changes in the intensity within each region. Furthermore, they realize a
partition, rather than a hierarchy, of domain deformations, so our model can be thought
of as motion segmentation with moving and deforming layers with changes in inten-
sity and inpainting [3]. In this, our work relates to [19], except that we allow layers
to overlap. So, our work can be though of as a layered version of Deformotion with
changes in region intensities. Also very related to our work is work done by [17] in
registering one distance function to another using a rigid and non-rigid transformation.
Our work relates to deformable templates [14, 9], in the sense that each of our layers
will be a deformable template. However, we do not know the shape and intensity pro-
file of the template, so we estimate that along with the layering structure. Our work
is also related to active appearance models [6, 2], in that we seek the same goal, al-
though rather than imposing regularization of shape and appearance by projection onto
suitably inferred linear subspaces we employ generic regularizers. One can therefore
think of our work as a generalization of active appearance models to smooth shape
and intensity deformations, cast in a variational framework. Of course this work relates
more generically to active contours, e.g. [4, 13, 5, 16] and references therein. In the next
section we introduce our model, and in Sect. 3 we illustrate our approach to infer its
(infinite-dimensional) constitutive elements.

2 Modeling

We represent a scene as a collection of L overlapping layers. Each layer, labeled by an
index l = 1, . . . , L, is a function that has associated with it a domain, or shape Ωl ⊂ R

2,
and a range, or radiance ρl : Ωl → R

+. Layer boundaries model the occlusion process,
and each layer l undergoes a motion, described by a (finite-dimensional) group action
gl, for instance gl ∈ SE(2) or A(2), and a deformation, or warping, described by a
diffeomorphism wl : Ωl → R

2, in order to generate an image I at a given time t.
Warping models changes of viewpoint for non-planar scenes, or actual changes in the
shape of objects in the scene. Since each image is obtained from the given scene after a
different motion and deformation, we index each of them by t: gl

t, wl
t, and It. Finally,

since layers occlude each other, there is a natural ordering in l which, without loss of
generality, we will assume to coincide with the integers: Layer l = 1 is occluded by
layer l = 2 and so on. So, the only layer that will contribute to the intensity at a pixel
in a given image is the frontmost that intersects the warped domain. For simplicity we
assume that Ω0 = R

2 (the backmost layer, or “the background”). With this notation,
the model of how the value of the generic image It : Ω0 → R

+ at the location x ∈
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Ω0 ⊂ R
2 is generated can be summarized as It

(
gl

t ◦wl
t(x)

)
= ρl(x), with x ∈ Ωl, l =

max{k | x ∈ Ωk}. To simplify the notation, we call xl
t

.= gl
t ◦ wl

t(x), which sometimes
we indicate, for simplicity, as xt, so that

{
It

(
xl

t

)
= ρl(x), x ∈ Ωl

xl
t = gl

t ◦ wl
t(x), l = max{k | x ∈ Ωk}.

(1)

Our goal in this work is to infer the radiance family {ρl}l=1,...,L, the shape
family {Ωl}l=1,...,L, the motions {gl

t}l=1,...,L;t=1,...,N and the deformations
{wl

t}l=1,...,L;t=1,...,N that minimize the discrepancy of the measured images from the
ideal model (1), subject to generic regularity constraints. Such a discrepancy is mea-
sured by a cost functional φ(Ωk, ρk, wk

t , gk
t ) to be minimized as

φ
.=

N∑

t=1

∫

Ω0

(
It(xt) − ρl(wl

t

−1 ◦ gl
t

−1
(xt))

)2
dxt +

+λ

L∑

k=1

∫

Ωk

‖∇ρk(x)‖2dx + µ

L,N∑

k,t=1

∫

Ωl

r(wk
t (x))dx (2)

subject to l = max{k | x ∈ Ωk}.

Here r is a regularizing functional, for instance r(w) .= |ẇ| + 1
|ẇ| , and λ, µ are positive

constants. Note that l is a function, specifically l : Ω0 → Z
+.

2.1 Generality of the Model

It can be easily shown that eq. (1) models images of 3-D scenes with piecewise smooth
geometry exhibiting Lambertian reflection with piecewise smooth albedo1 viewed un-
der diffuse illumination from an arbitrarily changing viewpoint. It does not capture
global or indirect illumination effects, such as cast shadows or inter-reflections, com-
plex reflectance, such as specularities, anisotropies or sub-surface scattering. These are
treated as modeling errors and are responsible for the discrepancy between the model
and the images, which is measured by φ in eq. (2). We lump these discrepancies to-
gether with sensor errors and improperly call them “noise.” Although far from general,
(1) is nevertheless a more ambitious model than has ever been used in the context of
motion estimation and tracking. In fact, the reader can easily verify that many existing
models are special cases of (1). In particular, L = 0, g = Id, λ = 0 yields traditional
optical flow, where ρ = It+1. There are too many variants of this model to review here,
depending on the choice of norm and regularizers, stemming from the ancestor [11].
Choosing L = 1, w = Id, λ = 0 yields motion segmentation, that has also been
addressed by many, see for instance [7] and references therein for the case of affine
motion g ∈ A(2). L = 1, ρ = const, r(w) = ‖w‖ yields a model called Deformotion

1 The model can be further generalized by allowing ρl to be vector-valued to capture a set of
radiance statistics such as the coefficients of a filter bank or other texture descriptors, but this
is beyond the scope of this paper.
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in [19], and has also been extended to grayscale images L = 1, r(w) = ‖w‖. Choosing
L > 1, w = Id, Ωk unconstrained and g ∈ A(2) would yield a variational version of
the Layers model [20], that to the best of our knowledge has never been attempted. Note
that this is different than simpler variational multi-phase motion segmentation, since in
that case the motion of a phase affects the shape of neighboring phases, whereas in
the model (1) layers can overlap without distorting underlying domains. One can think
of the Layer model as a multi-phase motion segmentation with inpainting [3] of oc-
cluded layers and shape constraints. The model also relates to deformable templates,
where ρ = const in the traditional model [9] and ρ = smooth in the more general ver-
sion [14]. Another relevant approach is Active Appearance Models where the regions,
warping and radiances are modeled as points in a linear space. The model (1) does not
impose such restrictions, and render the problem well-posed by generic regularization
instead.

3 Inference

Minimizing the cost functional in (2) is a tall order. It depends upon each domain
boundary (a closed planar contour) Ωk, its deformation (a flow of planar diffeomor-
phisms) wk

t , the radiance (a piecewise smooth function) ρk, all of which are infinite-
dimensional unknowns. In addition, it depends on a group action per layer per instant,
gk

t , and on the occlusion model, which is represented by the discrete-valued function
l(x) = max{k | x ∈ Ωk}, and all of this for each layer k = 1, . . . , K . The first simpli-
fication is to notice that, as long as each layer is a compact region bounded by a simple
smooth curve, there is no loss of generality in assuming that Ωk are fixed. This is be-
cause each diffeomorphism wk

t will act transitively on it. Therefore, we assume that
each region Ωk is a circle in most of the examples. While there is no loss of generality,
there is a loss of energy, in that if we were allowed to also optimize with respect to the
initial regions we would be able to reach each deforming layer with less energy. This,
however, does not enhance the generality of the model, hence we will forgo it (see Fig.
1 for an illustration of this effect).

Apart from this simplification, we proceed by minimizing the functional (2) using
simultaneous gradient flows with respect to the groups (motion), the radiances (appear-
ance) and the diffeomorphisms (deformation). The detailed evolution equations are a bit
complicated depending upon the number of layers and the occlusion structure between
layers. To help avoid excessive subscripting and superscripting and multiple-case defi-
nitions according to occlusion relationships, we will outline some of the key properties
of the various gradient flows for the case of a background layer Ω0, a single image I ,
and a single foreground layer Ω1. We will also, to help keep the illustration simple,
assume that the group action g0 and the warp w0 for the background layer are simply
the identity transforms. This is the simplest possible scenario that will allow us to still
show the key properties of the gradient flows.

Let x̂ = g1(w1(x)) and Ω̂1 = g1(w1(Ω1)). With this notation, we may write
image-dependent terms in our energy functional as follows.

E =
∫

Ω̂1

(
I(x̂) − ρ1(x)

)2
dx̂ +

∫

Ω0\Ω̂1

(
I(x) − ρ0(x)

)2
dx (3)
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If g denotes any single parameter (e.g. horizontal translation) of the group g1, then
differentiating yields

∂E

∂g
=

∫

∂Ω̂1

〈
∂x̂

∂g
, N̂

〉((
I(x̂)−ρ1(x)

)2−
(
I(x̂)−ρ0(x̂)

)2
)
dŝ (4)

+2
∫

Ω̂1

(
I(x̂)−ρ1(x)

)〈
∇ρ(x), inv

[(
w1)′

] ∂

∂g
inv[g1](x̂)

〉
dx̂

where N̂ and dŝ denote the outward unit normal and the arclength element of ∂Ω̂1

respectively. We are able to note two things. First, the update equations for the group
involve measurements both along the boundary of its corresponding layer (first integral)
as well as measurements within the layer’s interior (second integral). Notice that this
later integral vanishes if a constant radiance ρ is utilized for the layer. We also see that
it is not necessary to differentiate the image data I . Derivatives land on the estimated
smooth radiance ρ instead, which is a significant computational perk of our model that
results in considerable robustness to image noise.

A similar gradient structure arises for the case of the infinite dimensional warp w
(boundary based terms and region based terms for each layer similar to previous inte-
grals). However, additional terms arise in the gradient flow equations for w depending
upon the choice of regularization terms in the energy functional (smoothness penalties,
magnitude pentalties etc.).

The curve evolution is also similar to the boundary based term for the evolution of
the g’s:

∂C

∂t
= −

((
I(x̂)−ρ1(x)

)2−
(
I(x̂)−ρ0(x̂)

)2
)
N̂ (5)

Finally, the optimality conditions for the smooth radiance functions ρ0 and ρ1 are
given by the following Poisson-type equations.

∆ρ1(x) = λ
(
ρ1(x) − I(x̂)

)
, x ∈ Ω1 (6)

∆ρ0(x) =
{

0, x ∈ Ω̂1

λ
(
ρ0(x) − I(x)

)
, x ∈ Ω0 \ Ω̂1 (7)

Notice that the background radiance ρ0 is “inpainted” in regions occluded by the fore-
ground layer Ω1 by harmonic interpolation (as it satisfies Laplace’s equation ∆ρ0 =0)
of values along the boundary of Ω̂1.

4 Experiments

The first simple experiment is meant to illustrate that there is no lack of generality in the
model by assuming that the shape of the initial regions Ω is fixed. This is because the
transformations g and w act transitively to obtain regions bounded by general simple,
closed, smooth planar contours. In Fig. 1 we illustrate this point by allowing a circular
region to capture the motion and deformation of a rectangle. This simulation involves
one background layer, one foreground layer, and one set of transformations g and w. We
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Fig. 1. Rectangle Captured By a Circle: The shape of the region is fixed to be a circle (left), and
the appearance of the images (in this case a simple binary image of a rectangular domain) is
captured by its motion g (middle) and deformation w (right) without loss of generality

can simultaneously find g and w, but in this experiment the similarity transformation g
is allowed to reach steady state and then the warp w is found. The data fidelity term used
is a Mumford-Shah term, so the radiances representing each layer are smooth functions.
Figure 1 shows the initial circle placed over the image and then the image with the sim-
ilarity transformation at steady state; Finally, the warp w is applied. Adding the regions
Ω to the model, therefore, would only simplify the optimization procedure, and allow
us to reach various shapes with less energy, but not add to the generality of the model.

In the next experiment we illustrate the capability of our model to track deforming
layers. In Figure 2 we show three sequences of an image where a deflating balloon is
undergoing a rather errating motion while deforming from an initial waterdrop shape to
a circular one, finally to a spermatozoidal shape. On the top row of Fig. 2 we show the
layer boundaries for a model that only allow for affine deformations of the initial con-
tour (a circle). This is essentially a variational implementation of the model of [20]. As it
can be seen, it captures the gross motion of the balloon, but it cannot capture the subtler

Fig. 2. Tracking a Balloon: Three sample views are shown from a sequence of a deflating baloon
moving with an erratic motion while changing its shape from a drop-like shape to a circle. In the
top row we show the boundary of the first layer as estimated by an affine layer model that does
not allow for layer deformation, akin to a variational implementation of traditional layer models.
As it can be seen, the model tracks the motion of the layer, but it fails to capture its deformation.
On the bottom row we show the same three images with the first layer superimposed, where
the layer is allowed to both move (affinely) and deform (diffeomorphically), yielding 12% lower
RMS residual error, and capturing the subtler shape variations.
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Fig. 3. Original Tree Background 300x300 image

shape variations. The second row shows the same three sample images with the bound-
ary of the first layer superimposed, where the layer is allowed to deform according to
the model we have introduced. Again the data fidelity term used is a Mumford-Shah
term so the radiances representing each layer are smooth functions. As it can be seen,
the layer changes shape to adapt to the deforming baloon, all while capturing its rather
erratic motion. The average RMS error per image for the affine layer model is 30.87,
whereas the residual for the case of the deforming layers is 5.51, corresponding to a
12% improvement. More importantly, the phenomenology of the scene, visible in the
figure, has been correctly captured.

Figure 3 shows a 300x300 image of a tree that was used in an experiment that al-
lows the foreground boundary (contour) to move and allows separate transformations
for the foreground and background layers to be found. Figure 4 shows 100x100 im-
ages that have been cut out of Figure 3 that were used for this experiment. Figure 4
shows this example that has a rigid transformation for the foreground layer and has
a separate rigid transformation for the background layer. The contour that bounds the

Fig. 4. Curve evolution with background and foreground transformations: The 100x100 images
here are taken from Fig 3. The top row shows the initial curve, the bottom row shows the final
segmentation and registration of the tree. A transform is computed for the background as well
and gives rise to the next Figure 5.
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Fig. 5. Reconstructed Tree Background: This image is the smooth approximation of the back-
ground ρ0 given by the background regions from the three images in Figure 4

foreground layer is allowed to evolve to capture the tree. The reconstructed background
function is shown in Figure 5.

In the next experiment we illustrate all the features of our model by showing how
it allows recovering the background behind partially occluded layers while recovering
their motion and deformation. In Figure 6 we show a few samples from this dataset
where the silhouette of a moving hand forms a victory sign while moving the relative
position between the fingers. The background, which is partially occluded, is a spiral.
Here we use the average shape as the initial shape of the foreground layer to find its

Fig. 6. Victory sign, with deforming hand, moving in front of a partially occluded background
portraying a spiral. The goal here is to recover the radiance of each layer (the spiral in the back-
ground and the constant black intensity of the hand), as well as the motion and deformation of
the foreground layer. Note that current layer models based only on affine motion would fail to
capture the phenomenology of this scene by over-segmenting the region into three regions, each
moving with independent affine motion. Our model captures the overall motion of the layer with
an affine group, and then the relative motion between the fingers as a deformation, as we illustrate
in the next figure 7.
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w1 w2
w3

Image 1 Image 2 Image 3

Layer 1 Layer 2

g1 g2 g3

Fig. 7. Multiple Layers Mapping onto Multiple Images: The inference process returns an estimate
of the albedo in each layer (top). Since we are assuming smooth albedo, the spiral is smoothed.
The deformation of each layer is estimated (second row) together with its affine motion, to yield
an approximation of the image (third row). This is used for comparison with the measured images
(bottom row) that drives the optimization scheme.
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affine motion, and then the diffeomorphic warp wi. Again we assume smooth radiance
within each layer, so when we recover the background layer we will only be able to
show a slightly smoothed version of the spiral (of course we could further segment the
black spiral from the background and thus obtain sharp boundaries, but this is standard
and therefore we do not illustrate it here.)

In Fig. 7 we illustrate the results of this experiments, arranged to summarize the
modeling process. On the top row we show the recovered layers. Since we are assuming
a smooth radiance within each layer, we can only recover a smoothed version of the
spiral. These layers are deformed according to a diffeomorphism, one per layer, defined
on the domain of the layer (second row) and then moved according to an affine motion.
The third row shows the image generated by the model, which can therefore be though
of as a generative (although deterministic) model since it performs comparison at the
image level, not via some intermediate feature. The corresponding images are displayed
in the last row, with the layers superimposed for comparison.

5 Discussion

We have presented a generative model of the appearance (piecewise smooth albedo),
motion (affine transformation) and deformation (diffeomorphism) of a sequence of im-
ages that include occlusions. We have used this model as a basis for a variational opti-
mization algorithm that simultaneously tracks the motion of a number of overlapping
layers, estimates their deformation, and estimates the albedo of each layer, including
portions that were partially occluded. Where no information is available, the layers are
implicitly impainted by their regularizers.

This model generalizes existing layer models to the case of deforming layers. Al-
ternatively, one can think of our algorithm as a layered version of deformable tracking
algorithms, or as a generalized version of optical flow or motion segmentation where
multiple layers are allowed to occlude each other without disturbing the estimate of
adjacent and occluded ones.

Our numerical implementation of the flow-based algorithm uses level set methods,
and is realized without taking derivatives of the image, a feature that yields significant
robustness when compared with boundary-based of optical flow algorithms. We have
illustrated our approach on simple but representative sequences where existing methods
fail to capture the phenomenology of the scene by either over-segmenting it, or by
failing to capture its deformation while only matching its affine motion.
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Abstract. This paper is devoted to piecewise-constant segmentation of
images using a curve evolution approach in a variational formulation.
The problem to be solved is also called the minimal partition problem,
as formulated by Mumford and Shah [20]. The proposed new models
are extensions of the techniques previously introduced in [9], [10], [27].
We represent here the set of boundaries of the segmentation implicitly,
by a multilayer of level-lines of a continuous function. In the standard
approach of front propagation, only one level line is used to represent
the boundary. The multilayer idea is inspired from previous work on
island dynamics for epitaxial growth [14], [4]. Using a multilayer level set
approach, the computational cost is smaller and in some applications, a
nested structure of the level lines can be useful.

1 Introduction

We model here images by functions f : Ω → IR, where Ω is an open and bounded
domain in IRn. In particular, n = 1 corresponds to signals, n = 2 corresponds
to planar images, while n = 3 corresponds to volumetric images, such as MRI
data.

An important problem in image analysis is the segmentation or the partition
of an image f into regions and their boundaries, such that the regions correspond
to objects in the scene. Here, we deal with the case where we look for an optimal
piecewise-constant approximation of the function f , our starting point being the
minimal partition problem, as formulated by D. Mumford and J. Shah [20]. The
general problem is, given a function f in L∞(Ω) (induced by the L2-topology),
find a set of disjoint open regions Ωi, such that u = ci in each Ωi is a minimizer
of [20]

F (u, Γ ) =
∑

i

∫

Ωi

|f − ci|2dx + µHn−1(Γ ), (1)
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where Γ = ∪i(∂Ωi), Ω = (∪iΩi) ∪ Γ , µ > 0 is a scale parameter, and Hn−1 is
the Hausdorff (n − 1)-dimensional measure in IRn. In one dimension H0(Γ ) is
the counting measure, in two dimensions H1(Γ ) is the length of the curve Γ ,
while in three dimensions H2(Γ ) is the surface area.

The existence of minimizers has been proved by Mumford-Shah for continu-
ous data f [20], and later by Morel-Solimini [19], for data f ∈ L∞(Ω). Elliptic
convergent approximations of the minimal partition problem in the weak formu-
lation (and also of the full Mumford and Shah model) have been proposed by
Ambrosio-Tortorelli [1], [2], where the minimizer u is approximated by smoother
functions, and the unknown set of discontinuities is also approximated by a
smooth function v, essentially supported outside Γ . A constructive convergent
algorithm for solving (1) has been proposed by Koepfler-Lopez-Morel [16], based
on region growing and merging (a piecewise-constant minimizer u is obtained,
and not only a smooth approximation, by contrast with [1], [2]). Also, it has been
proved by Mumford-Shah [20] that a minimizer u of (1) has a finite number of
regions Ωi and of constant intensities ci.

Curve evolution techniques and implicit representations for global segmen-
tation have been proposed, that can be seen as particular cases of the minimal
partition problem, where the number of regions Ωi or an upper bound are as-
sumed to be known. Thus, in [9], [10], [8], [27], [28], restrictions of the energy (1)
to piecewise-constant functions taking a finite number of regions and intensities,
in a variational level set approach [29], have been introduced. The energy has
been minimized for restrictions to {u(x) = c1H(φ(x))+c2H(−φ(x))}, or {u(x) =
c11H(φ1(x))H(φ2(x)) + c10H(φ1(x))H(−φ2(x)) + c01H(−φ1(x))H(φ2(x)) + c00
H(−φ1(x))H(−φ2(x))}, and so on, where φ, φi : Ω → IR are Lipschitz continu-
ous functions, and H denotes the Heaviside function. The variational level set
approach from Zhao, Chan, Merriman, and Osher [29] has been used, and the
boundaries were represented by zero level lines of φi.

The multiphase formulation from [29] has been used in [24], [25] for comput-
ing the boundaries ∂Ωi in the case of a finite and known number of regions, and
where the corresponding intensity averages ci where given.

The advantage of the multiphase method in [27] is that triple junctions can
be represented, as in [29], [24], [25], but the regions Ωi are disjoint and covering
of Ω by definition. In addition, a smaller number of level set functions φi was
needed to represent the partition, for the same number of distinct intensities ci.

In the above mentioned work, together with other related work, the unknown
boundaries ∂Ωi are represented by the zero level line of a Lipschitz continuous
function φ. In general, such function φ : Ω → IR, as used for active contours
[5], [18], [6], [15] partitions the domain Ω in at most two open regions {x ∈ Ω :
φ(x) > 0} and {x ∈ Ω : φ(x) < 0}, with a common boundary given by the zero
level line of φ, {x ∈ Ω : φ(x) = 0}. For image partition, active contours, and
image segmentation, such functions φ are thus used to represent boundaries of
regions of different characteristics. In order to represent more than two regions,
several functions φi can be combined and used, as we have mentioned in [29],
[24], [25], [27]. For instance, in [11], [27], only two functions φi, i = 1, 2 were used
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to represent up to four disjoint regions making up Ω, and only three functions
φi, i = 1, 2, 3 were used to represent up to eight disjoint regions.

Here, we continue the approaches from [9], [10], [27], and we show that we
can use even fewer level set functions to represent disjoint regions making up
Ω. The applications illustrated in this paper include active contours for object
detection, image segmentation and partition, image denoising. The main idea
is to use more than one level-line of the Lipschitz continuous function φ to
represent the discontinuity set of u, and the computational cost is decreased. The
idea is inspired from a different application of implicit curve evolution and free
boundaries, introduced in [14], [4], where island dynamics for epitaxial growth
is modeled. A first layer of islands is represented by {x : φ(x) = 0}, then a
second layer of islands, growing on the top of the previous one is represented as
{x : φ(x) = 1}, etc.

In summary, here we combine the techniques from [9], [10], [27] for image
partition, with the multilayer technique for modeling epitaxial growth from [14],
[4], to obtain new and improved curve evolution models for image segmentation.
Another recent independent work for image segmentation is Lie, Lysaker and Tai
[17], where the authors propose an interesting and efficient multi-phase image
segmentation model using a polynomial approach, but different than the methods
proposed in the present work.

The proposed minimization methods are non-convex, and with no unique-
ness for global minimizers (these theoretical properties are inherited from the
Mumford and Shah model). Moreover, we do not guarantee that our multilayer
formulation computes a global minimizer of the energy. It is possible sometime
to obtain only a local minimizer by the computational algorithm. Also, the final
result may depend on the choice of the initialization. However, in practice, we
have obtained very satisfactory results; the numerical algorithm is stable and the
computed energy is decreasing function of iterations, to a local or global min-
imizer. The method is computationally more efficient than the one introduced
in [27]. Related prior work for region based segmentation using curve evolution
implementation is by L. Cohen [12], [13], Paragios-Deriche [21], [22], [23], Tsai,
Yezzi and Willsky [26], among other work mentioned in [27]. We also mention
the segmentation model by Zhu-Yuille, in a probabilistic energy minimization
approach [30].

2 Description of the Proposed Models

2.1 The Case of One Function

We consider in this subsection the case when the contours in the image f can
be represented by level lines of the same level set function φ.

Two Levels. Let us consider a Lipschitz continuous function φ : Ω → IR. Using
for instance two levels l1 = 0 and l2 = l > 0, the function φ partitions the domain
into three disjoint open regions, making up Ω, together with their boundaries:
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R1 = {x : φ(x) < 0}, R2 = {x : 0 < φ(x) < l}, R3 = {x : φ(x) > l}.

We can thus extend the binary piecewise-constant level set segmentation
model from [9], [10], to the following model, again as an energy minimization
algorithm, in a level set form:

inf
c1,c2,c3,φ

F (c1, c2, c3, φ) =
∫

Ω

|f(x) − c1|2H(−φ(x))dx (2)

+
∫

Ω

|f(x) − c2|2H(φ(x))H(l − φ(x))dx +
∫

Ω

|f(x) − c3|2H(φ(x) − l)dx

+ µ
[ ∫

Ω

|∇H(φ)| +
∫

Ω

|∇H(φ − l)|
]
,

where H is the one-dimensional Heaviside function, and µ > 0 is a weight pa-
rameter. The terms

∫
Ω

|∇H(φ)| and
∫

Ω
|∇H(φ − l)| correspond to the length of

the boundary between R1, R2 and R2, R3, respectively. The segmented image
in this case will be given by

u(x) = c1H(−φ(x)) + c2H(φ(x))H(l − φ(x)) + c3H(φ(x) − l).

To minimize the above energy, we approximate the Heaviside function by
a regularized version Hε, as ε → 0, such that Hε → H pointwise and Hε ∈
C1(IR). We denote by δε := H ′

ε. Examples of such approximations, that we use
in practice, are [9], [10]:

Hε(z) =
1
2

(
1 +

2
π

arctan(
z

ε
)
)
, δε(z) = H ′

ε(z) =
1
π

· ε

ε2 + z2 .

Minimizing the corresponding approximate energy Fε alternately with re-
spect to the unknowns, yields the associated Euler-Lagrange equations, param-
eterizing the descent direction by an artificial time t ≥ 0:

φ(0, x) = φ0(x), (3)

c1(t) =

∫
Ω f(x)H(−φ(t, x))dx∫

Ω
H(−φ(t, x))dx

, (4)

c2(t) =

∫
Ω f(x)H(φ(t, x))H(l − φ(t, x))dx∫

Ω
H(φ(t, x))H(l − φ(t, x))dx

, (5)

c3(t) =

∫
Ω

f(x)H(φ(t, x) − l)dx∫
Ω H(φ(t, x) − l)dx

, (6)

∂φ

∂t
= δε(φ)

[
|f − c1|2 − |f − c2|2H(l − φ) + µdiv

( ∇φ

|∇φ|

)]
(7)

+δε(φ − l)
[
H(φ)|f − c2|2 − |f − c3|2 + µdiv

( ∇φ

|∇φ|

)]
,

(δε(φ) + δε(φ − l))∇φ

|∇φ| · n = 0 on ∂Ω, t > 0, (8)
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where n is the exterior unit normal to ∂Ω. At steady state, a local or global
minimizer of the energy (2) will be obtained. Note that the energy (2) is non-
convex and it may have more than one global minimizer, these being properties
inherited from the Mumford and Shah model [20]. In practice, we do not guar-
antee that our computational algorithm converges to a global minimizer. There-
fore, sometime only a local minimizer may be obtained, but close to a global
minimizer, and this may also depend on the choice of the initialization of the
algorithm.

m Levels. More levels {l1 < l2 < ... < lm} can be considered, instead of only
two {l1 = 0 < l2 = l}. The energy in this more general case will be:

inf
c1,c2,...,cm+1,φ

F (c1, c2, ..., cm+1, φ) =
∫

Ω

|f(x) − c1|2H(l1 − φ(x))dx

+
m∑

i=2

∫

Ω

|f(x) − ci|2H(φ(x) − li−1)H(li − φ(x))dx

+
∫

Ω

|f(x) − cm+1|2H(φ(x) − lm)dx + µ

m∑

i=1

∫

Ω

|∇H(φ − li)|.

The associated Euler-Lagrange equations in this more general case, can be
expressed in a similar way, as follows: in a dynamical scheme, starting with
φ(0, x) = φ0(x), solve for t > 0

c1(t) =

∫
Ω

f(x)H(l1 − φ(t, x))dx∫
Ω

H(l1 − φ(t, x))dx
,

ci(t) =

∫
Ω f(x)H(φ(t, x) − li−1)H(li − φ(t, x))dx∫

Ω
H(φ(t, x) − li−1)H(li − φ(t, x))dx

,

cm+1(t) =

∫
Ω f(x)H(φ(t, x) − lm)dx∫

Ω H(φ(t, x) − lm)dx
,

for i = 2, ..., m, and

∂φ

∂t
= δε(l1 − φ)|f − c1|2 +

m∑

i=2

[
− δε(φ − li−1)H(li − φ)|f − ci|2

+ δε(li − φ)H(φ − li−1)|f − ci|2
]

− δε(φ − lm)|f − cm+1|2

+ µ

m∑

i=1

[
δε(φ − li)div

( ∇φ

|∇φ|

)]
,

together with the corresponding boundary conditions on ∂Ω, for t > 0.
We show in Fig. 1 examples of partitions of the domain Ω, using two and

three level lines of a Lipschitz continuous function φ.
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φ<0

0<φ<10

φ>10

φ<0

0<φ<10

10<φ<20

φ>20

φ>20

Fig. 1. Left: the level lines {x ∈ Ω : φ(x) = 0}, {x ∈ Ω : φ(x) = 10} partition
the domain Ω into 3 disjoint regions. Right: the level lines {x ∈ Ω : φ(x) = 0},
{x ∈ Ω : φ(x) = 10}, {x ∈ Ω : φ(x) = 20} partition the domain Ω into 4 disjoint
regions.

We present next experimental results applied to synthetic and real images
obtained with the models with one level set function and multiple layers just
introduced. In each figure, we show the evolution over time of the segmented
image u of averages (left column), and the evolving set of curves superposed
over the initial image f (right column). We also give the main parameters used
in the calculations and the CPU times.

In Fig. 2 we illustrate how the model works on a noisy synthetic image, in the
case m = 3, where m is the number of the nested level lines of the function φ used
to partition the domain Ω. In Fig. 3-4, we illustrate how the models work on real
noisy images of poor resolution, representing blood cells. Here, the model with
two level lines of the function φ has been applied, producing very satisfactory
results. In Fig. 5, application to brain data segmentation is illustrated.

We note that in all these cases, in the piecewise-constant segmentation mod-
els from [24], [25], and [27], we would have needed more than one function φ for
the segmentation, therefore more computational storage is required. In practice,
we do not impose that φ is Lipschitz continuous (this aspect will be discussed
again at the end). The parameter levels l1, l2, ... are here kept constant and
fixed for all our different experimental calculations. These can also be specified
by the user. We have not implemented an automatic procedure of selection of
these parameter levels. Sometimes, these could be estimated if a statistical prior
exists about the contours or level lines of the data. We note that the algorithm
is not sensitive with respect to the change of these parameter levels li. As in the
model from [27], only an upper bound of the phases is needed. For instance we
can segment an image into 2 regions, using the model with one level set func-
tion and 2 levels (therefore with 3 regions in theory, but only two regions will
appear in practice). Note that in all cases, the energy reaches a minimum (local
or global) very fast, only after a small number of iterations. The only varying
parameter in this set of results is the coefficient of the length term, which has a
scaling role.
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Fig. 2. Segmentation and denoising of a noisy synthetic image using one level set
function φ and 3 levels. Parameters: l1 = 0, l2 = 25, l3 = 35, �t = 0.1, µ = 0.0217·2552 ,
30 iterations, cpu time 0.41 sec.
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Fig. 3. Segmentation and denoising of a real noisy blood cells image using one level
set function and two levels. Parameters: l1 = 0, l2 = 25, �t = 0.1, µ = 0.03 · 2552, 200
iterations, cpu time 2.51 sec.
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Fig. 4. Segmentation and denoising of a real noisy blood cells image using one level
set function and two levels. Parameters: l1 = 0, l2 = 25, �t = 0.1, µ = 0.043 · 2552,
200 iterations, cpu time 2.493 sec.
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Fig. 5. Segmentation of a brain image using one level set function with two levels.
Parameters: l1 = 0, l2 = 25, �t = 0.1, µ = 0.1 · 2552, 1500 iterations, cpu time 183.544
sec.
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2.2 The Case of Two Functions

As in [11], [27], we can extend the multilayer model from the previous section
to the case of more than one level set function. This may be needed for instance
for images with triple junctions. Here, we will use only two level set functions,
to represent up to nine distinct regions of different intensities, making up Ω. We
will work with the functions φ1 and φ2, and with two levels {0, l}, with l > 0.

The nine regions defined by the two level set functions and two levels are:

R11 = {x : φ1 < 0, φ2 < 0}, R21 = {x : 0 < φ1 < l, φ2 < 0},

R31 = {x : φ1 > l, φ2 < 0},

R12 = {x : φ1 < 0, 0 < φ2 < l}, R22 = {x : 0 < φ1 < l, 0 < φ2 < l},

R32 = {x : φ1 > l, 0 < φ2 < l},

R13 = {x : φ1 < 0, φ2 > l}, R23 = {x : 0 < φ1 < l, φ2 > l},

R33 = {x : φ1 > l, φ2 > l}.

Following the previous section and [27], the associated energy for image seg-
mentation is:

infc,Φ F (c, Φ) =
∫

Ω

[
|f(x) − c11|2H(−φ1(x))H(−φ2(x))

+|f(x) − c21|2H(φ1(x))H(l − φ1(x))H(−φ2(x))
+|f(x) − c31|2H(φ1(x) − l)H(−φ2(x))

+|f(x) − c12|2H(−φ1(x))H(φ2(x))H(l − φ2(x))
+|f(x) − c22|2H(φ1(x))H(l − φ1(x))H(φ2(x))H(l − φ2(x))

+|f(x) − c32|2H(φ1(x) − l)H(φ2(x))H(l − φ2(x))
+|f(x) − c13|2H(−φ1(x))H(φ2(x) − l)

+|f(x) − c23|2H(φ1(x))H(l − φ1(x))H(φ2(x) − l)

+|f(x) − c33|2H(φ1(x) − l)H(φ2(x) − l)
]
dx

+µ
[ ∫

Ω
|∇H(φ1)| +

∫
Ω

|∇H(φ1 − l)| +
∫

Ω
|∇H(φ2)| +

∫
Ω

|∇H(φ2 − l)|
]
,

where c = (c11, c21, c31, c12, c22, c32, c13, c23, c33) is the unknown vector of aver-
ages, and Φ = (φ1, φ2) is a vector-valued unknown function.

Embedding the minimization in a dynamical scheme, starting with φ1(0, x) =
φ1,0(x), φ2(0, x) = φ2,0(x), we have that the unknown constants c11, c21, ... are
given by the averages of the data f on their corresponding regions R11, R21, ...,
as follows:

c11(t) =
∫

Ω
fH(−φ1)H(−φ2)dx∫

Ω
H(−φ1)H(−φ2)dx

, c21(t) =
∫

Ω
fH(φ1)H(l−φ1)H(−φ2)dx∫

Ω
H(φ1)H(l−φ1)H(−φ2)dx

,

c31(t) =
∫

Ω
fH(φ1−l)H(−φ2)dx∫

Ω
H(φ1−l)H(−φ2)dx

, c12(t) =
∫

Ω
fH(−φ1)H(φ2)H(l−φ2)dx∫

Ω
H(−φ1)H(φ2)H(l−φ2)dx

,

c22(t) =
∫

Ω
fH(φ1)H(φ2)H(l−φ1)H(l−φ2)dx∫

Ω
H(φ1)H(φ2)H(l−φ1)H(l−φ2)dx

,
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c32(t) =
∫

Ω
f(x)H(φ1−l)H(φ2)H(l−φ2)dx∫
Ω

H(φ1−l)H(φ2)H(l−φ2)dx
,

c13(t) =
∫

Ω
fH(−φ1)H(φ2−l)dx∫

Ω
H(−φ1)H(φ2−l)dx

,

c23(t) =
∫

Ω
fH(φ1)H(l−φ1)H(φ2−l)dx∫

Ω
H(φ1)H(l−φ1)H(φ2−l)dx

,

c33(t) =
∫

Ω
fH(φ1−l)H(φ2−l)dx∫

Ω
H(φ1−l)H(φ2−l)dx

.

The unknown functions φ1 and φ2 are solutions of the following equations:

φ1(0, x) = φ1,0(x), φ2(0, x) = φ2,0(x),
∂φ1
∂t = δε(φ1)

[
|f − c11|2H(−φ2) − |f − c21|2H(l − φ1)H(−φ2)

+|f − c12|2H(φ2)H(l − φ2) − |f − c22|2H(l − φ1)H(φ2)H(l − φ2)

+|f − c13|2H(φ2 − l) − |f − c23|2H(l − φ1)H(φ2 − l) + µdiv
(

∇φ1
|∇φ1|

)]

+δε(φ1 − l)
[
|f − c21|2H(φ1)H(−φ2) − |f − c31|2H(−φ2)

+|f − c22|2H(φ1)H(φ2)H(l − φ2) − |f − c32|2H(φ2)H(l − φ2)

+|f − c23|2H(φ1)H(φ2 − l) − |f − c33|2H(φ2 − l) + µdiv
(

∇φ1
|∇φ1|

)]
,

∂φ2
∂t = δε(φ2)

[
|f − c11|2H(−φ1) − |f − c12|2H(−φ1)H(l − φ2)

+|f − c21|2H(φ1)H(l − φ1) − |f − c22|2H(φ1)H(l − φ1)H(l − φ2)

+|f − c31|2H(φ1 − l) − |f − c32|2H(φ1 − l)H(l − φ2) + µdiv
(

∇φ2
|∇φ2|

)]

+δε(φ2 − l)
[
|f − c12|2H(−φ1)H(φ2) − |f − c13|2H(−φ1)

+|f − c22|2H(φ1)H(l − φ1)H(φ2) − |f − c23|2H(φ1)H(l − φ1)

+|f − c32|2H(φ1 − l)H(φ2) − |f − c33|2H(φ1 − l) + µdiv
(

∇φ2
|∇φ2|

)]
.

We show in Fig. 6 an example of partition of the domain Ω, using two level
lines corresponding to l1 = 0, l2 = 10, and two continuous functions φ1, φ2.

Note that, as in the multi-phase models from [27] and [28], when two distinct
level set functions are used to represent the contours, as in this subsection, then
it is possible that two level lines of the different functions φ1 and φ2 may par-
tially overlap, and therefore by the above formulation the length of the common
contour will be counted more than once and will have a different weight. This
is different from the Mumford and Shah energy [20]. This is not a problem in
practice, as seen in the numerical approximations. Moreover, this can also be
simply avoided, as explained in [28].

We show next experimental results on images with triple junctions, where
only two level set functions φ1, φ2 with two levels are used to represent up to
nine disjoint regions, making up Ω.
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φ1<0

φ1<0

φ1<0

0<φ1<10

0<φ1<10

0<φ1<10

φ1>10

φ1>10

φ1>10
φ2>10

φ2<0 φ2<0 φ2<0

0<φ2<10 0<φ2<10 0<φ2<10

φ2>10 φ2>10

Fig. 6. The level lines {x ∈ Ω : φi(x) = 0} and {x ∈ Ω : φi(x) = 10}, i = 1, 2,
partition the domain Ω into 9 disjoint regions

We present in Fig. 7 a numerical result of segmentation and partition of a
noisy synthetic image, composed of 5 regions of distinct intensities. All regions
and corresponding intensities are correctly detected and represented. The model
uses 9 phases in theory, but at steady state only 5 appear. The proposed model
performs faster than the one in [27]; both multi-phase models give similar qual-
itative results. In Fig. 8 we have a numerical result for a noisy synthetic color
image consisting of 9 regions of distinct intensities, in a vector-valued fashion,
as in [8].

We note that in all the above numerical results, we do not use the reini-
tialization to the distance function of the level set functions φ, φi. Also, using
the length regularization only of the level lines {φ = li}, the function φ may
become discontinuous away from these levels. This is true in practice, however,
it does not appear to be an inconvenient. If, however, we would need to keep
the function φ more regular, we can use different regularizations that act on all
level lines of φ. We have tested and compared in practice several regularizations
for φ, instead of the length of the levels li: these are

∫
Ω

|∇φ|dx (total variation
regularization, still decreases the perimeter of each level line independently, and
produces a function φ that tends to be piecewise-constant, with jumps near the
detected contours),

∫
Ω

|∇φ|2dx (which will guarantee a smooth function φ, but
may smooth corners also); ‖|∇φ|‖L∞(Ω), that leads to the infinity-Laplacian, or
the second order derivative in the normal direction to the level lines of φ (this
regularization formally keeps the function φ Lipschitz, in W 1,∞(Ω), and the gra-
dient magnitude is strictly positive near the contours, therefore preventing the
surface to become too flat). All these regularizations give satisfactory and similar
results. We conclude the paper by showing in Fig. 9 the iso-contours of the final
function φ for the real image used in Fig. 4, obtained with length regularization,
and with the sup-norm of the gradient regularization. We see that in the last
case, the function φ is closer to a “distance” function, in the sense that distinct
level lines stay at constant distance of each other, and do not become too close.
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Fig. 7. Segmentation and denoising of a synthetic noisy image with triple junctions,
using two functions φ1, φ2 and two levels. Parameters: l1 = 0, l2 = 25, �t = 0.4,
µ = 0.023 · 2552, 200 iterations, cpu time 13.985 sec.
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(a) (b)

(c) (d)

(e) (f)

Fig. 8. Segmentation and denoising of a synthetic noisy color image with junctions,
using two functions φ1, φ2 and two levels. Parameters: l1 = 0, l2 = 25, �t = 0.01,
µ = 0.335 ·2552 , 160 iterations, cpu time 10.975 sec. Note that the image contains nine
different regions, all correctly detected and segmented in an efficient approach.
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Fig. 9. Left: iso-contours of final φ using length regularization only, µδε(φ)div
(

∇φ
|∇φ|

)
+

µδε(φ − l)div
(

∇φ
|∇φ|

)
. Right: iso-contours of final φ using the sup-norm of the gradi-

ent ‖|∇φ|‖L∞(Ω) as regularization, minimized using the infinity Laplacian µ�∞φ =
φxx(φx)2+2φxφyφxy+φyy(φy)2

|∇φ|2 , therefore ensuring that φ remains Lipschitz (see Aronsson
[3], Caselles, Morel, Sbert [7], among others).
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24. C. Samson, L. Blanc-Féraud, G. Aubert, J. Zérubia, A level set model for image
classification, LNCS 1682, 306-317, 1999.
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Constrained Total Variation Minimization and
Application in Computerized Tomography
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Abstract. We present a simple framework for solving different ill-posed
inverse problems in image processing by means of constrained total varia-
tion minimizations. We argue that drawbacks commonly attributed to to-
tal variation algorithms (slowness and incomplete fit to the image model)
can be easily bypassed by performing only a few number of iterations in
our optimization process. We illustrate this approach in the context of
computerized tomography, that comes down to inverse a Radon trans-
form obtained by illuminating an object by straight and parallel beams
of x-rays. This problem is ill-posed because only a finite number of line
integrals can be measured, resulting in an incomplete coverage of the
frequency plane and requiring, for a direct Fourier reconstruction, fre-
quencies interpolation from a polar to a Cartesian grid. We introduce
a new method of interpolation based on a total variation minimization
constrained by the knowledge of frequency coefficients in the polar grid,
subject to a Lipschitz regularity assumption. The experiments show that
our algorithm is able to avoid Gibbs and noise oscillations associated to
the direct Fourier method, and that it outperforms classical reconstruc-
tion methods such as filtered backprojection and Rudin-Osher-Fatemi
total variation restoration, in terms of both PSNR and visual quality.

1 Introduction

Many ill-posed problems in image processing may be solved by minimizing the
total variation (TV) of an image, subject to a constraint : the TV functional
provides an appropriate solution to the visual perception, while the constraint
ensures that the solution satisfies all the conditions stated in the problem.

1.1 The Total Variation and the Rudin-Osher-Fatemi Approach

If the image f is defined on the bounded, open and convex region Ω of R
2 such

that f ∈ L1(Ω), one sets

TV(f) :=
∫

Ω

|∇f |dx (1)
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where ∇f is the weak gradient of f that is, the vector of the partial derivatives
of f taken in the distributional sense. The set of functions of Bounded Variation
(BV) is defined as the Banach space of L1 functions with finite TV, using the
TV-seminorm.

The TV functional has been first introduced by Rudin, Osher and Fatemi
(ROF) in [1] in the context of image denoising. It has proved to be particu-
larly relevant in recovering piecewise smooth functions without smoothing sharp
discontinuities (edges). The ROF problem is formulated in the constraint mini-
mization form by

inf
f

TV(f) (2i) subject to
∫

Ω

(o − f)2 = σ2 (2ii), (2)

where o is the observed image, which is assumed to be corrupted by a Gaussian
noise of variance σ2. Introducing a Lagrange multiplier λ, (2) is equivalent to
the following unconstrained minimization problem [2], that can be viewed as a
particular Tikhonov regularization :

inf
f

TV(f) + λ

∫
Ω

(o − f)2. (3)

The ROF algorithm consists in solving (3) by using a time marching scheme to
reach the steady state of a nonlinear diffusion process. The parameter λ ≥ 0 in
the data-fidelity term is chosen so that the constraint (2ii) is satisfied. Unfor-
tunately such choice is not always possible, leading to a solution not consistent
with the problem. Notice that to avoid non-differentiability of the TV-functional
in constant areas, a small perturbation is added. This may significantly alter the
original energy functional.

1.2 Following Developments

The introduction of the ROF algorithm has been of great interest in image
denoising and deblurring, and recent years have seen number of developments
of TV-minimization methods. Lot of work has been done to obtain more effi-
cient minimization algorithms or better mathematical properties, most often by
slightly modifying the TV functional to ensure differentiability [3][4][5][6][7][8],
by using level sets thanks to the Coarea formula [9][10], or more recently by using
subgradients methods [11][12][13]. The ROF approach has also been enlarged to
various restoration problems, sometimes in combination with cosine or wavelets
bases [14][15][16][17][18]. A few authors have proposed to enhance the TV model
by using a more appropriate norm in the fidelity constraint. The l1 norm can be
found in [19] in relation with recursive median filters. In [20][21], M. Nikolova
uses a l1 data-fidelity term that involves an implicit detection of outliers. An
exact optimization scheme in the case of L1 or L2 norms is given in [10].

A major deception in the mathematical image processing community was to
discover that the BV space is still not the appropriate space to model physical
images : natural images are not, in general, of finite TV because of microtextures
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generating oscillations at every scales [22]. In order to measure textural parts
removed by the TV functional, Y. Meyer has introduced in [23] a dual norm
called the G-norm and he has proposed to use it for the data-fidelity term. This
was the beginning of promising researchs for new dual norms [24][25] and new
functionals allowing the decomposition of the image f into f = u + v + w where
u is the cartoon-part (detected by minimizing the TV), v the textural part, and
where the residue w contains the undesirable noise [26][27].

1.3 Our Contribution

In this article, we present a constrained TV-minimization framework that we
believe to be mathematically and numerically simple, flexible enough to be used
to solve various ill-posed inverse problems in image processing, and that avoids
the main drawbacks commonly attributed to TV-minimization : slowness of basic
gradient algorithms and incomplete fit to the image model. Such a framework
has already be applied by one of us, together with S. Durand and F. Alter, to
denoise signals using wavelet shrinkage [12] and to restore JPEG-compressed
images [28]. One of the main goal of this present article is to emphasize that
a complete mathematical model of images may not always be necessary, nor
even suitable, to obtain efficient image reconstruction or restoration algorithms.
Indeed, a solution of a formal optimization problem is numerically found as
the result of an iterative procedure when the number of iterations tends to
infinity. Therefore, the practitioner is facing the following choice : should I try
to obtain a good approximation, and then to keep the algorithm running a long
time, or should I perform only a small number of iterations, to preserve a low
computational complexity ? We claim that the BV space, as an incomplete image
model unable to contain the thinest details, should sometimes be see as a chance
to build algorithms with best results after a small number of iterations only
(typically less than 10, see Fig.3).

After these remarks, we introduce our main original contribution : an appli-
cation of our constrained TV-minimization framework to Computerized Tomog-
raphy (CT). CT is the typical ill-posed inverse problem in image reconstruction.
Besides, obtaining noiseless high quality tomographic images in limited time
(low hardware cost) is of great importance for improving public health. A CT
scanner contains a rotating x-ray device to create cross-sectional images of the
body. The input is the set of x-ray projections called sinogram and which cor-
responds to the Radon transform of the image f that has to be reconstructed.
If the Radon transform can be theoretically inverted using Fourier transforms,
it requires however a complete set of projections. In practice only a finite num-
ber of projections can be measured, resulting in an incomplete coverage of the
frequency plane. Solving the CT problem involves therefore to perform (implic-
itly or explicitly) a frequency interpolation, from a polar to a Cartesian grid.
This is the critical point of CT. As far as we know, it does not exist any CT
interpolation method based on a mathematical model that tells us what should
be the reconstructed image in accordance with the visual perception. As a re-
sult of, the two main families of reconstruction methods, direct Fourier methods
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(DFM) and filtered backprojection (FBP), generate visual artefacts : DFM are
by far those suffering worse artefacts, with unpleasant oscillations due to noisy
data in high frequencies. In presence of noise, the performance of FBP is fair
since it consists of averaging backprojections for all sinogram lines. Moreover,
a Hamming window is often applied to deemphasize high frequencies. This ex-
plains why windowed FBP is currently considered as the best reconstruction
method. However, windowed FBP is unable to remove the noise while keeping
edges sharp. We claim that the BV model is particularly adapted to model CT
images. No doubt, as for other images, the TV is not able to model the finest
details. However, CT scanners cannot deliver very thin details as they are mixed
with the noise. The technology seems not ready to offer textured CT images,
and the common test image is still the famous Shepp-Logan phantom [29], an
image made by piecewise-constant functions (for which level lines are ellipses).

In the constrained TV-minimization framework applied to CT, the key point
is to define the constraint space. The solution we are currently proposing is
based on a local Lipschitz regularity assumption of the Fourier spectrum. From
the input data in the polar grid, we compute the local Lipschitz constants and
we assume that, locally, those constants are the same in the Cartesian grid.
This allows to set intervals of frequency values in the Cartesian grid, resulting in
defining the constraint as a frequency hypercube. Following our constrained TV-
framework, the numerical scheme performs a subgradient “descent” combining a
projection on this hypercube. The method does converge, but the practitioner is
warned not to try to reach the convergence zone. Indeed, and this seems to be a
characteristic shared by all instantiations of our constrained TV-framework, the
first iterations of the subgradient algorithm make edges sharper while removing
the noise but not meaningful structures. If too many iterations would be per-
formed, the constraint space may be too large to avoid loss of thin details, and
the visual quality of the solution would decrease. As a result of, the numerical
scheme is pretty fast and remain of the same order than classical methods DFM
and FBP. However, the reconstructed image is of better quality both visually
and in term of PSNR.

2 A Simple Constrained-TV Framework

2.1 The Subgradient Projection Method

As noted before, the ROF method is implemented using the unconstrained min-
imization (3), and it does not guarantee the condition (2ii) to be satisfied. In
addition, the practitioner has to deal with the parameter λ. By explicitly defin-
ing a set U ⊂ BV of admissible solutions, we avoid such drawbacks and the
formulation is more flexible that the one based on a data-fidelity term. The set
U models the knowledge on the image, computed from the input data. In the
following, we will assume U to be a convex set. The constrained optimization
problem can be simply written as

find f∗ ∈ U such that TV(f∗) = min
f∈U

TV(f). (4)
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In the numerical analysis of the TV minimization, the difficulty comes from
the non-differentiable argument |∇|. Most authors introduce a form of relax-
ation as

TV(f) =
∫

Ω

√
|∇f |2 + β dx (5)

where β is a small positive parameter [5][6][7][8]. However, by smoothing the TV
functional one loses more or less the main advantage of the BV model: allowing
restoration of sharp discontinuities. This smooth approximation approach has
other serious shortcomings, see [11] for details. Therefore, as some other authors
[4][11][13][30], we propose to compute the TV without any regularization and to
overcome the singularity, we adjust the standard gradient descent algorithm to
subgradients.

Since TV is a convex function and U a convex set, any solution f∗ of (4) is
given by

t > 0, f∗ = P(f∗ − t · g(f∗)), (6)

where P is the projector onto U that minimizes the distance and g(f) a sub-
gradient of TV(f) at f . This equation leads to the following iterative process,
known as Polyak’s subgradient projection method [31] [11] :

fk+1 = P (fk − tkg(fk)), tk > 0, f0 ∈ U. (7)

A classical condition to ensure the convergence of this algorithm is for step-sizes
(tk)k to converge to zero not too rapidly [31][28] :

If
+∞∑
k=0

tk = +∞ and
+∞∑
k=0

t2k < +∞, then ∃f∗ ∈ U/ lim
k→+∞

fk = f∗. (8)

As a result of, the subgradient projection method is considered as a slow al-
gorithm and several strategies may be developed to speed it [11]. However our
opinion is that, in the context of constrained TV-minimization, this point is not
crucial since the practitioner would have advantage to stop the algorithm after
a few number of iterations.

2.2 A Simple Algorithmic Framework

A more annoying point is the computation of the projection P (f). When it
cannot be implemented in a straightforward fashion, it requires sophisticated
algorithms that can be time-consuming (see works of P. Combettes [32][11]). Our
simple constrained-TV framework is obtained by noticing that various ill-posed
inverse problems in image processing involve an orthogonal linear transform T
applied on pixel’s values. If f is a discrete image of size N × N , one introduces

T : R
N2 → R

N2
, T ∈ Orthogonal group of R

N2
. (9)

If the knowledge on the data is given in the domain T (f), one may define the
constraint set as

U =
{
f ∈ R

N2
: (T (f))n ∈ [T−

n , T +
n ] ∀n ∈ I

}
, (10)
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where I ⊂ {1, . . . , N}2 is a set of indices and where T−
n , T+

n are fixed, depending
of the input data only. With such a constraint the computation of the projection
is straightforward, and the method leads the following simple, although general,
algorithm:

1. Get f0 ∈ U , usually by running a basic existing algorithm;
2. Choose a maximal (small) number of iterations K;
3. Choose tk, for example (but not necessarily) according to (8), e.g. tk =

1/(k + 1);
4. Compute vk = fk − tkg(fk);
5. Compute wk = T (vk);
6. Set any (wk)n < T−

n to T−
n , set any (wk)n > T +

n to T+
n ;

7. Set fk+1 = T−1(wk);
8. Increment k; loop to step 3 while k < K.
9. End. The result is the image fK .

2.3 Examples

The specific form of the constraint U in (10) may be seen very restrictive. How-
ever in low-level computer vision, number of approaches involves the use of an
orthogonal transform to process the image. Here are some examples we have
successfully implemented, and which significantly improve most of existing al-
gorithms.

Image Denoising. This is the most basic example, in the spirit of the ROF
algorithm. Assume that the observed image o is corrupted by a noise of variance
σ2. Set f0 = o, T = Identity, I = {1, . . . , N}2, T−

n = on − 2σ, T +
n = on + 2σ.

Image Deblurring. Assume that the observed image o is blurred by a known
convolution kernel h : o = h ∗ f . At frequencies for which the Fourier transform
ĥ vanishes, a direct restoration is not possible. To recover missing frequencies
in f̂ set T =2D-FFT, I = {n : |ĥn| > ε}, T−

n = T +
n = ôn/ĥn. In presence of

frequency noise, one may take ε > 2σ and add to T−
n , T +

n the previous deviation
(for a more sophisticated algorithm, see e.g. [33]). This approach may also be
applied to perform digital zooming by means of TV spectral extrapolation [34].
In that case, simply choose h to be the ideal low-pass filter given by the Shannon
sampling rate.

Signal Denoising Via Wavelet Shrinkage [35][12]. Signal (or image) de-
noising by means of a wavelet shrinkage consists of decomposing the noisy data o
into a orthogonal wavelet basis, suppressing the wavelet coefficients smaller than
a given amplitude, and transforming the data back into the original domain [36].
Let f0 be the noiseless signal obtained in this way. To remove visual artefacts
due to missing wavelet coefficients set T = orthogonal wavelet transform, I =
map of the retained wavelet coefficients, T−

n = T +
n = (T (o))n.
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JPEG Restoration [14][28]. The observed image o has been compressed by
the JPEG lossy coder [37]. To remove blocking artefacts and Gibbs oscillations
due to a compression at low bit rates, set f0 = decoded JPEG image, T = block
cosine transform, and compute T−

n , T+
n from the quantization table given in the

bit-stream such that

(T (h))n ∈ [T−
n , T +

n ] ∀n ∈ {1, . . . , N}2, (11)

for h the original (unknown) image.

3 Application in Computerized Tomography

Our main original contribution is in the following : we provide another example
of our simple framework in the context of CT.

3.1 Computerized Tomography Issue

In CT the observed body slice is modeled as a two-dimensional distribution
(x, y) 
→ f(x, y) of the x-ray attenuation constant, and a line integral called
projection represents the total attenuation suffered by a beam of x-ray as it
travels through the body. The line integrals are measured to approximate the
distribution of the object. Let (r, θ) be such a line, r being the perpendicular
distance from the line to the origin and θ the angle between the perpendicular
vector and the x-axis. A projection obtained by illuminating the object along
the line is given by

Pθ(r) =
∫

(r,θ)
f(x, y)dxdy =

∫ ∞

−∞

∫ ∞

−∞
f(x, y)δ(x cos θ + y sin θ − r)dxdy, (12)

where δ denotes the Dirac delta-distribution. The function (r, θ) 
→ Pθ(r) is
called the Radon transform of f . The main result that allows reconstruction of
f from its Radon transform is the Fourier slice theorem, which relates the 2D
Fourier transform of f to the 1D Fourier transform Pθ : for a given angle θ, let
ω 
→ P̂θ(ω) be the 1D Fourier transform of r 
→ Pθ(r) and (u, v) 
→ f̂(u, v) the
2D Fourier transform of f . One reads [38]

P̂θ(ω) = f̂(u, v), (13)

where (u, v) is the frequency that belongs to the radial line passing through
the origin with angle θ and which is located at distance ω from the origin :
u = ω cos θ, v = ω sin θ.

Since only a finite number of line integrals can be measured, the function f̂
is known for a limited number of points (u, v), which are radial points since they
are distributed among a polar grid (see Fig. 1). Notice that the density of radial
points becomes sparser as one gets farther away from the center that is, when one
considers higher frequency components. A straightforward image reconstruction
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in the frequency domain can be sketched as follows : using a 1D Discrete Fourier
Transform (DFT), the sequence (P̂θ(ω))θ is computed for all measured angles θ;
the non-uniformly spaced data (f̂(u, v))(u,v) are then interpolated to a uniform
Cartesian grid; afterwards, the inverse Fourier transform is computed using a
2D inverse DFT. Thanks to the efficiency of the Fast Fourier Transform (FFT),
such approach, called Direct Fourier Method (DFM), requires only O(N2 log N)
arithmetic operations for an image of size N × N .

The main drawback of frequency domain reconstruction remains the occur-
rence of visual artifacts, due especially to inaccuracies in the high frequency
band. The approach comes up against two difficulties [39] : the interpolation to
perform in the frequency space [40] and sharp contours in the image producing
Gibbs oscillations when high frequencies are missing. Therefore, the standard
reconstruction algorithm in clinical application, which is the filtered backprojec-
tion (FBP), does not work on the frequency domain but on the spatial one. The
reconstruction is done by applying a ramp filter and by summing over the image
plane the inverse Fourier transforms of the filtered projections [38]. The back-
projection computes for each pixel in the reconstructed image the sum of all line
integrals that pass through that pixel, and requires therefore O(N3) arithmetic
operations.

The goal of our application is not to propose one of the fastest algorithms,
but rather to introduce a method which offers better reconstructed images than
standard ones, while its computational cost remains in the O(N2 log N) (or
O(N3)) bound. The idea is to formulate the image reconstruction issue as a con-
strained optimization problem in the frequency space, the constraints being the
knowledge of (f̂(u, v)) in the polar grid while the functional to minimize will be
chosen in order to eliminate visual artifacts. Although such formulation appears
to be new in tomographic imaging, optimization methods have already been
proposed, especially in the spatial-domain approach. Let A denote the discrete
Radon transform and s the sinogram. A common optimization formulation is

min
f

||Af − s|| (14)

where the norm is usually the quadratic one. The solution is found iteratively
using, for example, the conjugate gradient algorithm. This requires to efficiently
compute both A and its adjoint operator and it can be done in O(N2 log N)
using one of the fast Radon transform algorithms [41] or by sparse matrix mul-
tiplication. A frequency-domain version of (14) has been proposed by Bronstein
et al. in [42] in the context of diffraction ultrasound tomography. In this case
A is a projection operator in an oversampled Fourier basis, computed using a
non-uniform Fourier transform [43], while s is the projection of the sinogram.
The authors propose to incorporate into the solution some types of a priori
information, using the Tikhonov-regularized form [5]

min
f

||Af − s|| + λφ(f) (15)

where φ is the regularization functional, and where the parameter λ controls the
tradeoff between a good fit to the data and the smoothness of the solution.
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3.2 TV in Computerized Tomography

Classical norms such as the quadratic one are not well-suited to be used as the
regularization functional φ, since they tend to reconstruct images with blurred
edges. For tomographic images, the most meaningful visual information is given
by the shape of the objects (such as tumors), and therefore edges and enclosed
areas have to be reconstructed sharply and without artifact. As the TV func-
tional penalizes oscillations but not sharp discontinuities, the BV set appears to
constitute a particularly relevant space of analysis.

We propose therefore the choice φ = TV, and we adapt our simple TV-
minimization framework to the ill-posed problem of tomographic imaging. Solv-
ing this problem formulated in the Fourier domain leads implicitly to solve the
polar to Cartesian interpolation, in an optimal way regarding the BV image
model. To the best of our knowledge, other approaches using TV-minimization
in the Fourier domain are up to now limited to extrapolation and interpola-
tion of the spectrum [30][34] in order to enhance image resolution (zoom). One
may consider our method as a very particular case of spectrum extrapolation
and interpolation, where known and missing values follow a specific geometry.
Up to now, only very few articles combine TV with tomography reconstruction
[42] [44]. These two works do not consider a constrained problem as we do, but
rather an unconstrained one like the formulation (15), and they do not apply
to x-ray parallel beams tomography (although they probably could be adapted
to). Another unconstrained TV-minimization framework is experimented in [45],
in conjunction with denoising by means of curvelet thresholding. A very recent
article [46] introduces the TV in the context of binary tomography : it is used to
enforce a set of constraints while the energy to minimize is the quadratic error
with the FBP reconstructed image.

3.3 Definition of the Constraint

Let Pθ(r) be the sinogram, given at the grid points

(rk, θl) := (k ·∆r, l ·∆θ); k = −K

2
, · · · , K

2
−1; l = 0, · · · , L−1; ∆θ =

π

L
. (16)

Adapting the Fourier slice theorem (13) to the discrete setting and using L
univariate DFT of length K, we get

Sk,l := P̂θl
(ωk) = ∆r

K
2 −1∑

s=− K
2

Pθl
(rs)e−2πj· sk

K . (17)

They are 2D-Fourier coefficients of the image f we have to reconstruct. However,
these coefficients are given over the polar grid

Qk,l := (ωk, θl) (18)
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and in order to perform the bivariate inverse DFT, we must guess frequency
coefficients over the Cartesian grid

Cm,n := (m∆x, n∆x) (19)

of size N × N . Let (Fm,n) be those Fourier coefficients.
The constraint space (10) may be rewritten as

U =
{

f ∈ R
N2

: ∀m, n = −N

2
, · · · , N

2
− 1, Fm,n ∈ [F−

m,n, F+
m,n]

}
, (20)

where the bounds [F−
m,n, F+

m,n] are computed over a polar neighborhood using a
local Lipschitz regularity assumption.

3.4 Polar Neighborhood

By allowing frequency Fm,n to freely vary inside [F−
m,n, F+

m,n], one permits to
smooth the reconstructed image regarding to the TV functional. The geometry
of polar neighborhoods has to be designed with care : on one side, neighborhoods
should not be too wide in order to use all known information. On the other side,
they should not be too narrow so that the algorithm could be able to smooth the
image enough to remove the noise. We consider disks of constant radius r and
centered at coordinates (m, n) of the Cartesian grid. Over the polar grid, points
representing low frequencies are dense enough, whereas high frequency points are
sparse (see Fig. 1). For coordinates (m, n) near the origin, the disk neighborhood
might include too many polar points and so the constraint [F−

m,n, F+
m,n] may be

too large. We therefore limit the number of polar points to a fixed integer M ,
see Fig. 2. More precisely, the disk neighborhood of Cm,n is defined by

Vm,n = {(k, l) : d(Qk,l, Cm,n) < r} , (21)

the list of points (k, l) being ordered in increasing distance from Cm,n and limited
to at most M points. At high frequency it may exist (m, n) such that Vm,n = ∅
and Fm,n cannot be recovered by the knowledge of its neighborhood. In such a
case we do not set any constraint on (m, n), and therefore highest frequencies
are reconstructed by means of TV spectral extrapolation [34]. Experiments show
that parameters r and M may be fixed to r = 3 and M = 40; they do not
appear to depend of the image. As the FFT requires the number of samples to
be a power of two, projection data are zero-padded before computing the 1D
transform of every row. This operation generates a denser polar grid and this
pre-interpolation eases to get non-empty Vm,n at high frequencies. Accordingly,
the Cartesian grid is oversampled by reducing the interval of frequency samples.

3.5 Local Lipschitz Regularity

We compute bounds F−
m,n, F+

m,n on each neighborhood Vm,n using a local Lip-
schitz assumption. As the Shepp-Logan phantom is made by piecewise-constant
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functions, its Fourier transform is a combination of cardinal sine functions and
is therefore, in the continuous model, infinitely many times differentiable. How-
ever, real sinograms suffer from noise and the hypothesis f̂ ∈ C∞ would be surely
unrealistic. We believe however that assuming f̂ to be locally Lipschitz continu-
ous is a reasonable condition, and such a weak assumption would be enough to
compute intervals bounds. On each Vm,n, we estimate the Lipschitz constant by

Lm,n = max
(k,l),(k′,l′)∈Vm,n

|Sk,l − Sk′,l′ |
d(Qk,l, Qk′,l′)

, (22)

and we define the intervals bounds by averaging deviations from all known values
in the neighborhood :

F±
m,n =

⎧⎪⎨
⎪⎩

1
#Vm,n

∑
(k,l)Vm,n

Sk,l ± Lm,nd(Qk,l, Cm,n) if Vm,n �= ∅,

±∞ if Vm,n = ∅.

(23)

3.6 Experimental Results

With the above definitions and T = 2D-FFT, the algorithm sketched in Section
2.2 is applied to reconstruct CT images. To start the algorithm, one may choose
f0 = image reconstructed by DFM or by FBP. As r and M are fixed, the only
remaining parameter is the number of iterations K (or, equivalently, the constant
c used to define step-sizes tk = c

k+1 ) and Fig.3 tells us that K should be chosen
small, leading to a fast algorithm : pre-computation of the constraint space
U needs O(N2) operations while other computations are of the same order of
the FFT, that is O(N2 log N). The overall complexity of our algorithm remains
therefore in the same complexity class than the standard algorithm used to
compute f0 (O(N2 log N) with DFM, O(N3) with FBP).

We have experimented the algorithms on the Shepp and Logan head phan-
tom, for which projection data have been computed using a discrete Radon
transform. Several image sizes have been checked, but in the following we only
report experiments corresponding to N = 256. We set ∆r = ∆x so there are
K =

√
2 × N ≈ 367 parallel beams for each angle. In order to reconstruct the

image reliably [38], the number of angles L is chosen to be N . Each row of
projection data are zero-padded to obtain the size K = 1024 and the Carte-
sian grid is oversampled to the size 512 × 512. Without any noise, all algo-
rithms perform well with visually almost indistinguishable differences, but our
constrained-TV method is the one that achieves the highest PSNR. However
in real tomography, noise is always disturbing the reconstruction process. As
noticed in [47], inverting a noisy Radon transform is a hard task since the
Radon transform is a smoothing operator and projections have, roughly speak-
ing, one-half derivative more smoothness than the original image. The most
used method, windowed FBP, exhibits degradation in recovering f from noisy
data, since high-frequency components are considered as noise and the recon-
struction is done mainly with low-frequency ones. Our approach allows to keep
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the information in the high-frequency bands while the noise is removed by the
action of the TV functional. As a result of, our algorithm clearly outperforms
classical ones when noise is added to the Radon transform. Fig. 4 shows sim-
ulation results in the presence of Gaussian white noise in the sinogram. The
following algorithms have been experimented : DFM with linear interpolation
in the Fourier space; plain FBP; FBP with Hamming filter to reduce the noise;
ROF-like approach (space-based Tikhonov regularization (15) with φ = TV);
and at last our constrained-TV framework. The efficiency of DFM and plain
FBP in presence of noise is very poor, with noisy reconstructed images. Ap-
plying a Hamming window with FBP increases noticeably the visual quality, by
reducing the noise without altering edges (removing more high-frequencies would
decrease the noise further, but edges would be smoothed). TV-regularization us-
ing Tikhonov model performs well in denoising data, but the image is slightly
blurred by the relaxation (5) and by the absence of strong constraints. Best re-
sults are by far obtained with our constrained-TV minimization method, that
denoises the image without significantly affecting edges. Also, the PSNR is much
greater than the other ones and surprisingly than the ROF-like one (with a dif-
ference greater than 3 db). We believe that, by projecting on a had hoc constraint
space, our algorithm is able to denoise data without affecting too much edges
(compare plots of ROF versus constrained-TV in Fig.4 : the noise amplitude is
greater with ROF while main peaks - corresponding to the white ellipse - are
lower).

Besides, in order to obtain fair results with ROF one has to perform a much
greater number of iterations (30 in our experiment). As already noted in the
beginning our algorithm, although convergent, exhibits best results after a small
number of iterations only (7 in our experiment, see Fig.3). Indeed, if in the first
steps the algorithm tends to reduce the noise and oscillatory artifacts (ringing),
after a while the TV functional is known to produce staircase effects and to
erode peaks [48][49][33]. The constraint we are using protects somewhat from
this phenomenon, but is too weak in highest frequencies to avoid it completely.

v

u

Fig. 1. Points (u, v) where f̂(u, v) is known are distributed among a polar grid, they
are therefore radial points. Due to this particular geometry, the density of radial points
becomes sparser when frequencies are increasing : reconstruction of missing high fre-
quency components is the major issue of tomographic imaging.
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Fig. 2. The disk neighborhoods with r =
√

2 and M = 16 (these values are for illus-
tration). Points Qm,n of the polar grid are marked as black dots while points Cm,n of
the Cartesian one are marked as grey squares.

0 10 20 30 40 50 60 70 80 90 100

22.5

23

23.5

24

24.5

25

25.5

26

Fig. 3. PSNR versus number of iterations. The quality of the reconstructed image
is firstly rapidly increasing, and decreases after a given threshold has been reached.
This optimal number of iterations is 3 for noiseless sinograms and increases with the
quantity of noise, but does not exceed 10. This graph corresponds to the experiment
reported in Fig. 4 (last line), with noise level SNR=20.1. The same kind of graph has
been obtained with any implementation of our constrained-TV framework, including
examples of Section 2.3.
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Fig. 4. Reconstruction with noisy data added on the sinogram (noise level: SNR=20.1).
Left column : reconstructed images. Right column : plots of an horizontal section
(located at the middle of the image). Lines, from up to down : original Shepp-Logan
phantom; DFM with linear interpolation (PSNR=20.3); FBP (PSNR=22.4); FBP with
Hamming window (PSNR=24.1); ROF (PSNR=22.9, 30 iterations); our constrained-
TV algorithm (PSNR=26.1, 7 iterations).
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Abstract. We present two new algorithms for correspondence and classification
of planar curves in a non-rigid sense. In the first algorithm we define deform-
ing energy based on aligning curves using certain of their properties, namely
Multi-Step-Size Local Similarity (MSSLS) and the difference between the an-
gle changes of beginning and ending tangent lines of two corresponding curve
segments, as well as local scale of stretching. MSSLS overcomes the noise of
local shape information of curves to be aligned. In the second algorithm, we im-
prove the computation of shape context so that it catches the local information
of ordered sets representing planar curves better. The optimal correspondence is
found by a modified dynamic-programming method. Based on deforming energy,
we can do pattern recognition among curves, which is very important in many ar-
eas such as recognition of hand-written characters and cardiac curves where rigid
transformations and scaling do not work well. Finally, the effect of correspon-
dence and classification is shown in application to hand-written characters and
cardiac curves.

Keywords: Curve alignment, recognition, correspondence, dynamic program-
ming.

1 Introduction

For non-rigid curve alignment, as pointed out in [1], Cohen in [2] pioneered the
deformation-based approach to curve matching. Their approach was to find a function
mapping one curve into another such that high curvature points of one curve mapped to
high curvature points of another curve while maintaining a smooth displacement field.
Tagare, O’Shea, and Groisser in [3] and [6] proposed bi-morphisms and a new crite-
rion for non-rigid shape comparison. Bi-morphisms treat two curves symmetrically and
give a hint to measure deforming energy of the region near the connecting points in
the discrete formulation. The new criterion in [3] and [6] overcomes some deficiencies
of [2]. Belongie, Malik, and Puzicha in [7] and [8] introduced shape context, a rich
shape descriptor that aids in judging shape similarity between similar shape points. It is
applied on the more general problem of matching between two unordered sets. Sebas-
tian, Klein, and Kimia in [1] defined a dissimilarity metric (or deforming energy) based
on the alignment curve using two intrinsic properties of the curve, namely, length and
curvature. The optimal correspondence is found by a dynamic-programming method.
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Frenkel and Basri in [9] used both curvature and shape context, and employed Sethian’s
Fast Marching Method in [10] to find the solution with sub-resolution accuracy and in
consistence with the underlying continuous problem. Although a lot of progress has
been made, when those methods above are used to classify hand-written characters,
some characters are still difficult to classify well. For example, Figure 3 of [9] shows
that the characters 3,7,1, and y are not well classified using a curvature-based method.
The problem of curvature-based methods is that just local shape information such as
curvature and local scale of stretching between two corresponding points is used to
compute the deforming energy. But shape information of a local region is very noisy in
many applications and hence the classification effect may not be good. Shape context
takes into account all the points instead of being confined to a local region. From the
computation of shape context, we can see that shape context does not catch the local
shape information very precisely. Figure 5 of [9] shows that U and V, or y and g, are not
well distinguished using shape context. Based on the previous work above, we formu-
late one more desirable property which is Multi-Step-Size Local Similarity (shortened
as MSSLS). It not only catches the local information very well, but also catches the
overall shape information better and hence overcomes the noise of local information.
We improve the usual substructure property for the case of discrete formulation so that
the total bending energy is well counted. The computation of dissimilarity is based on
non-overlapping area which is very stable. The optimal solution is found by a modified
dynamic-programming method. Because we are dealing with planar curves represented
by ordered point sets, we can compute the tangent lines at each point easily and apply
restricted template matching to catch the local shape information better than the usual
shape context. The resulting algorithm is called the algorithm of improved shape context
or restricted template matching, which is implemented in Section 4. What we imple-
mented are the actual bi-morphisms, and hence the deforming energy of the region near
the connecting points in the discrete formulation is also well measured as shown at the
beginning of the 3rd section. Some results for the classification and correspondence of
hand-written characters are shown in Figures 2 and 3, and the classification of some
cardiac curves are shown in later figures.

2 Formulation of the Energy Functional

Suppose we are given two planar curves C1 and C2, and a parameterized bi-morphism
µ : [0, 1] → C1 ×C2. Let pk : C1 ×C2 → Ck denote the projection onto the kth factor
for k = 1, 2. In the following, a curve segment means a part of a given curve such that
the arc length of that curve segment is positive. If we divide the interval [0, 1] into n
equal subintervals Ii = [ i−1

n , i
n ] for i = 1, 2, ..., n, and if we assume that pk ◦ µ does

not compress any of these subintervals to a single point, then the curve Ck is divided
into n segments Ckt for k = 1, 2 and t = 1, 2, ..., n.

Definition 1. For any curve segment Ckt, the line segment connecting its beginning
and ending points is called the base of that curve segment.

Definition 2. For any given curve segment Ckt and a point Q of Ckt, the distance of Q
to the base of Ckt is called the height of Q.
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For two curve segments C1t and C2t, let us denote the length of their bases as dk for
k = 1, 2, and assume that d1 ≤ d2 temporarily. If we enlarge C1t and compress C2t by
a factor r so that their bases can match after rotation and translation, then rd1 = d2

r and

hence r =
√

d2
d1

. After this alignment, the length of their common base is d =
√

d1d2.

r is called the stretching factor of mapping C1j to C2j . If d1 > d2, r =
√

d2
d1

is called

a compressing factor of mapping C1t to C2t. In both cases, r is called a scaling factor
in Definition 3. We also denote by Ãk the region enclosed by the curve segment Ckt

and its base for k = 1, 2. Then let ∆Ã12 = (Ã1 − Ã2)
⋃

(Ã2 − Ã1), the symmetric
difference between Ã1 and Ã2, and let ∆A12 be the area of ∆Ã12.

Definition 3. The scaling factor r mapping curve segment C1t to C2t is defined as

r =
√

d2
d1

.

Definition 4. Define the dissimilarity between curve segments C1t and C2t as
ρ(C1t, C2t) = ∆A12

d2 , where ∆A12 is the area of the symmetric difference between Ã1

and Ã2 and d =
√

d1d2 is the length of their common base after scaling and rigid
transformations as above.

For example, the dissimilarity between an arc of degree 2α of a unit circle and its
base is f(α) = 2α−sin2α

8sin2α . It is easy to show that f(α) approaches zero when α goes
to zero. Since f ′(α) = tanα−α

2sin2αtanα , f(α) is increasing when α ∈ (0, π). So the arc
segment of degree α behaves like a straight line when α approaches zero. When α is
bigger in the range (0, 2π), the arc segment is more different from a straight line. Also
f(2α) �= 2f(α), hence this function is not additive: f(α + β) �= f(α) + f(β). When
α ∈ (0, π

2 ], f(2α) > 2f(α). As we subdivide a smooth curve into smaller and smaller
segments, the segments become better approximated by circular arcs. Hence the energy
function we are going to define in Equation 1 usually will decrease when two curves are
divided into more pairs. In the MSSLS-based algorithm we introduce later, we fix the
number of pairs. Then Equation 1 of deforming energy becomes Equation 4 and hence
is additive as explained in the 3rd section.

Definition 5. Define the angle difference between curve segments C1t and C2t as
∆θ(C1t, C2t) = |∆θ1 − ∆θ2|, where ∆θk is the angle between beginning and end-
ing tangent line of the curve segment Ckt for k = 1, 2.

Now we can formulate our energy function. Let C1 and C2 be two given planar
curves. For simplicity, we assume that they have a given starting point and ending point.
Up to a scaling, we can also assume that curves C1 and C2 have unit arc length. For a
given n and parameterized bi-morphism µ : [0, 1] → C1 × C2, define the subintervals
Ii ⊆ [0, 1] and curve segments Ckt for k = 1, 2 and i, t = 1, 2, ..., n as in the beginning
of this section (once again we assume no Ckt is a single point). Then we define the
deforming energy between C1 and C2 corresponding to this bi-morphismµ as following:

EC1,C2;n(µ) =
∑n

i=1 λ1 ρ(Pi) + kθ ∆θ(Pi) + kr|l(Pi, 1) − l(Pi, 2)|
+

∑n2
j=1 λ2 ρ(Qj) + kθ ∆θ(Qj) + kr|l(Qj , 1) − l(Qj, 2)| +∑n3
g=1 λ3 ρ(Rg) + kθ ∆θ(Rg) + kr|l(Rg, 1) − l(Rg, 2)| (1)
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where Pi = (p1(µ(Ii)), p2(µ(Ii))) is the ith pair in the matching, ρ(Pi) the dissimilar-
ity of the pair Pi as in Definition 4, ∆θ(Pi) the angle difference as in Definition 5, and
l(Pi, k) the length of the base of the curve segment of curve Ck corresponding to the
pair Pi as in Definition 1; Qj = (p1(µ(Ij ∪ Ij+1)), p2(µ(Ij ∪ Ij+1))) is the jth pair in
the matching whose step size is twice as much as that of Pi, and n2 = n − 1, which is
the number of such pairs (see Figure 1); and Rg = (p1(µ(Ig ∪Ig+1 ∪Ig+2)), p2(µ(Ig ∪
Ig+1 ∪ Ig+2))) is the gth pair in the matching whose step size is 3 times that of Pi, and
n3 = n − 2. λi, kθ, and kr are parameters.

Remark: In Equation 1, the terms for Qj measure the local similarity near the connect-
ing point between the (i−1)th pair and ith pair, and catch the global shape information
better than the terms for Pi. Similarly the terms for Rg catch the global information bet-
ter than the terms for Qj . We can make the step size bigger and bigger until the whole
curve is included in one step, but the classification effect might not become better. How
much the step size should be depends on how curved are those curves. For example,
for hand-written characters, some of them have loops and hence the classification is
usually better if the step size is less than the arc lengths of loops. If there are not many
concave and convex regions in one curve, the angle difference of the longer segments
Rg and Qj in Equation 1 helps to catch the overall shape difference of two curves. If
there are many concave and convex regions in one curve, the longer segments Rg and
Qj probably contain more than one such region. In such cases the angle difference no
longer reflects the amount of bending and hence the effect may be better if those angle
terms are not included in Equation 1 (In principle, we could increase the number n of
pairs to avoid this problem, but there are computational limitations on how large we can
take n). In such cases, the dissimilarity measures the amount of bending very well as
long as the longer segments do not contain loops.
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Fig. 1. Show different kinds of pairs Pi for i = 1, 2, ..., n, Qj for j = 1, 2, ..., n2, and Rt for
t = 1, 2, ..., n3 where n = 8, n2 = 7, n3 = 6
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Now our goal is to find an optimal bi-morphism µ∗ such that

EC1,C2;n(µ∗) = min
µ

EC1,C2;n(µ). (2)

Because the space of bi-morphisms is infinite, it is hard to find such a minimizer
precisely. But we can restrict our search space to a reasonable subset of that space so
that an approximate minimizer can be found. Based on the actual application, we don’t
need to consider those bi-morphisms which cannot be the minimizer, which reduces the
size of search space. Other application-based criteria can be used to reduce the search
space further (see Section 3).

To apply dynamic programming to find the minimizer in the restricted space, we
need to deduce the following substructure.

Proposition 1. For any bi-morphism µ, let Pi, Qj and Rg have the same meaning as in
Equation 1, Mk,t−1 and Mk,t be the starting and ending point of the curve segment Ckt

for k = 1, 2 and t = 1, 2, ..., n. Denote Ck(u, v) be the part of the curve Ck composed
of segments corresponding to pairs Pu+1 through Pv for 1 ≤ u < v ≤ n and k = 1, 2.
In other words, Ck(u, v) be the part of the curve Ck whose starting point is Mk,u and
the ending point is Mk,v . Then we have

EC1,C2;n(µ) = EC1(0,n−1),C2(0,n−1);n−1(µ) + EC1(n−1,n),C2(n−1,n);1(µ)
+λ2 ρ(Qn2) + kθ ∆θ(Qn2) + kr|l(Qn2 , 1) − l(Qn2 , 2)|
+λ3 ρ(Rn3) + kθ ∆θ(Rn3) + kr|l(Rn3 , 1) − l(Rn3 , 2)|. (3)

Proof. By Equation 1, it is easy to check the validity of Equation 3.

Proposition 1 can easily be generalized to the following proposition.

Proposition 2. For any bi-morphism µ, if we use the same notation as in Proposition
1, then for any 2 < i < n − 2 we have

EC1,C2;n(µ) = EC1(0,i),C2(0,i);i(µ) + EC1(i,n),C2(i,n);n−i(µ)
+λ2 ρ(Qi) + kθ ∆θ(Qi) + kr |l(Qi, 1) − l(Qi, 2)|

+λ3 ρ(Ri−1) + kθ ∆θ(Ri−1) + kr |l(Ri−1, 1) − l(Ri−1, 2)|
+λ3 ρ(Ri) + kθ ∆θ(Ri) + kr |l(Ri, 1) − l(Ri, 2)|. (4)

With a bit of care, Proposition 2 can be applied for any 0 ≤ i ≤ n. For example, when
i = 1 the terms for Ri−1 disappear.

3 The MSSLS-Based Algorithm

For any given bi-morphism µ in Equation 4, EC1(0,i),C2(0,i);i(µ) is a term which mea-
sures the deforming energy of the part of curve composed of the first i segments and
EC1(i,n),C2(i,n);n−i(µ) is a term which measures deforming energy of the part of curve
composed of the last n − i segments. The remaining terms of Equation 4 measure the
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deforming energy of the region connecting those two parts. Without those remaining
terms, Equation 4 would become

EC1,C2;n(µ) = EC1(0,i),C2(0,i);i(µ) + EC1(i,n),C2(i,n);n−i(µ)

which is the usual additive property (see the definition in Equation 2 of [1]). In the
discrete formulation, using the usual additive property the local similarity of the region
near the point connecting the two parts C1(0, i) and C1(i, n) cannot be well measured.
For example, if we don’t assume curve C1 is smooth at the connecting point between its
two parts C1(0, i) and C1(i, n). Then C1(0, i) and C1(i, n) can be connected in many
different ways but all of them result in the same deforming energy using the usual ad-
ditive property which is not desired. Although in many applications we can assume all
curves to be aligned are smooth, there are still such cases that the direction (angle) of
tangent line changes a lot over some very small arc length. Then the computation of
tangent line is very noisy over such segments. When the curves are smooth and n is
big, the remaining terms of Equation 4 can be omitted, and those terms are 0 in the con-
tinuous formulation. But for finite n, our experiments with the dynamic programming
approach show that those remaining terms make the classification effect better.

In many applications, one segment cannot be stretched or compressed too much.
In terms of Definition 3, this entails constraining the scaling factor for each pair of
segments to lie between 1

3 and 3, as in [1]. We impose an analogous restriction as
follows. Let us divide each curve Ck into n equal segments Ckt for k = 1, 2 and
t = 1, 2, ..., n. We restrict our search space of bi-morphisms to those bi-morphisms
such that one segment of a curve can only be matched to the part of another curve which
is composed of one segment, or two segments, or three segments, or 1

3 or 2
3 segments.

Then we can apply dynamic programming to find the minimizer using Equation 4.
We now detail the programming technique. To make notation simpler, we divide

the first curve C1 into n equal (arc length) segments, denoted C1t for t = 1, 2, ..., n,
and divide the second curve C2 into 3n equal (arc length) segments, denoted C̃2j for
j = 1, 2, ..., 3n. Then we first restrict the search space of bi-morphisms to the set B̄1
which consists of those bi-morphisms matching C1t of curve C1 to at most 9 segments
of the form C̃2j of the curve C2. Use M̃2,j−1 to denote the starting point and M̃2,j to
denote the ending point of the segment C̃2j for j = 1, 2, ..., 3n. As in Proposition 1, let
C1(u, v) be the part of curve C1 starting from point M1u and ending at M1v for each
0 ≤ u < v ≤ n, and let C̃2(u, v) be the part of curve C2 starting from point M̃2u and
ending at M̃2v for each 0 ≤ u < v ≤ 3n.

Let δ(i1, i1 + k; j1, j2; k) = minµ∈B̄1
EC1(i1,i1+k),C̃2(j1,j2);k(µ). Also let

d(i, j; i) = δ(0, i; 0, j; i) for i = 1, 2, ..., n and j = 1, 2, ..., 3n. Then what we want is
to compute

min
µ∈B̄1

EC1,C2;n(µ) = min
µ∈B̄1

EC1(0,n),C̃2(0,3n);n(µ) = d(n, 3n; n). (5)

To find it, we need the following proposition, whose proof like that of Proposition 1, is
just a careful application of Equation 1.

Proposition 3. For any bi-morphism µ ∈ B̄1, let the point M1,i−c of curve C1 be
matched to the point M̃2,jc of curve C2 under bi-morphism µ for c = 1, 2, 3. Then we
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have 1 ≤ j1 − j2 ≤ 9 and 1 ≤ j2 − j3 ≤ 9 since µ ∈ B̄1. Moreover if we let Q̄i,j;p,q

be the pair matching C1(i, j) to C̃2(p, q) and similarly let R̄i,j;p,q be the pair matching
C1(i, j) to C̃2(p, q), then we have

EC1(0,i),C̃2(0,j);i(µ) = EC1(0,i−1),C̃2(0,j1);i−1(µ) + EC1(i−1,i),C̃2(j1,j);1(µ)

+λ2ρ(Q̄i−2,i;j2,j) + kθ ∆θ(Q̄i−2,i;j2,j) + kr|l(Q̄i−2,i;j2,j , 1) − l(Q̄i−2,i;j2,j, 2)|
+λ3ρ(R̄i−3,i;j3,j) + kθ ∆θ(R̄i−3,i;j3,j) + kr|l(R̄i−3,i;j3,j , 1) − l(R̄i−3,i;j3,j , 2)|.(6)

Definition 6. Let i, j, j1 be integers such that 0 ≤ i ≤ n, 0 ≤ j ≤ 3n and 0 ≤ j1 < j.
If 0 < j − j1 ≤ 9 and i − 1 ≤ j1 ≤ 9(i − 1), then we call j1 a feasible J-index
preceding (i,j), which means that only for those feasible j1 can C1(i − 1, i) be matched
to C̃2(j1, j). Let Λ(i, j) be the set of feasible J-indices preceding (i,j).

For any 0 ≤ i ≤ n and 0 ≤ j ≤ 3n, we have

d(i, j; i) = δ(0, i; 0, j; i) = min
µ∈B̄1

EC1(0,i),C̃2(0,j);i(µ). (7)

Then there is µ∗ ∈ B̄1 such that d(i, j; i) = EC1(0,i),C̃2(0,j);i(µ
∗). Let M̃2,j∗

1
∈ C2

be the matching point of M1,i−1 ∈ C1 under µ∗. j∗1 is needed for tracing the pairs
of the form Qj and Rg which is very important because, at each step of the dynamic
programming of the following Algorithm 1, the corresponding terms for Qj and Rg are
added as well as the terms for Pi. Obviously j∗1 can be seen as a function of (i, j) and
we give a name for such a function in the following.

Definition 7. For any 0 ≤ i ≤ n and 0 ≤ j ≤ 3n, define Pre(i, j) = j∗1 .

To compute d(n, 3n; n), we first compute d(1, j; 1) for j = 1, 2, ..., 3n. Then compute
d(2, j; 2) for j = 1, 2, ..., 3n until d(n, 3n; n). Each time we check whether (i, j) is
feasible or not, and record the feasible J-index preceding (i,j) defined in Definition 6.
If (i, j) is not feasible, set d(i, j; i) = ∞. For example, we should set d(1, 10; 1) = ∞
since C11 is not allowed to be matched to 10 segments of curve C2. For each (i, j), we
not only record d(i, j; i) but also record the index Pre(i, j) which is defined above and
will be used in the next step as shown in the following Proposition 4. The following
Proposition 4 provides the mechanism of the dynamic programming of MSSLS-based
algorithm. The idea is similar to the usual dynamic programming except that at each
step we have more terms to add and that some terms depend on the results of previous
2 and 3 steps.

Proposition 4. For any 0 ≤ i ≤ n, 0 ≤ j ≤ 3n and j1 ∈ Λ(i, j), let
j2 = Pre(i − 1, j1), j3 = Pre(i − 2, j2), and

β(i, j, j1) = d(i − 1, j1; i − 1) + δ(i − 1, i; j1, j; 1) + λ2 ρ(Q̄i−2,i;j2,j)
+kθ ∆θ(Q̄i−2,i;j2,j) + kr |l(Q̄i−2,i;j2,j , 1) − l(Q̄i−2,i;j2,j, 2)| + λ3 ρ(R̄i−3,i;j3,j)

+kθ ∆θ(R̄i−3,i;j3 ,j) + kr |l(R̄i−3,i;j3,j , 1) − l(R̄i−3,i;j3,j , 2)|. (8)

Also let η = minj1∈Λ(i,j) β(i, j, j1). Then η ≥ d(i, j; i).
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Proof. By the Definition of η, there exists j∗1 ∈ Λ(i, j) such that η = β(i, j, j∗1 ). Let
j∗2 = Pre(i − 1, j∗1 ) and j∗3 = Pre(i − 2, j∗2). Then

η = d(i − 1, j∗1 ; i − 1) + δ(i − 1, i; j∗1 , j; 1) + λ2 ρ(Q̄i−2,i;j∗
2 ,j)

+kθ ∆θ(Q̄i−2,i;j∗
2 ,j) + kr |l(Q̄i−2,i;j∗

2 ,j , 1) − l(Q̄i−2,i;j∗
2 ,j , 2)| + λ3 ρ(R̄i−3,i;j∗

3 ,j)
+kθ ∆θ(R̄i−3,i;j∗

3 ,j) + kr |l(R̄i−3,i;j∗
3 ,j, 1) − l(R̄i−3,i;j∗

3 ,j , 2)|. (9)

Then by the Definition of d and δ, there exist µ∗
1 and µ∗

2 such that d(i − 1, j∗1 ; i − 1) =
EC1(0,i−1),C̃2(0,j∗

1 );i−1(µ
∗
1) and δ(i − 1, i; j∗1 , j; 1) = EC1(i−1,i),C̃2(j∗

1 ,j);1(µ
∗
2). Since

j∗1 ∈ Λ(i, j), we can construct a new bi-morphism µ∗ whose action on all possible
pairs are determined by µ∗

1, µ∗
2, Q̄i−2,i;j∗

2 ,j , and R̄i−3,i;j∗
3 ,j . Then µ∗ ∈ B̄1 and η =

EC1(0,i),C̃2(0,j);i(µ
∗) ≥ d(i, j; i).

Let us examine more closely how it can happen that η might not equal d(i, j; i). By
the Definition of d, there exists µ̂ ∈ B̄1 such that d(i, j; i) = EC1(0,i),C̃2(0,j);i(µ̂). Let

ĵ1, ĵ2, and ĵ3 be the points of C2 which correspond to M1,i−1, M1,i−2 and M1,i−3 of
curve C1 under the bi-morphism µ̂ respectively. By Equations 6 and 8, we have

EC1(0,i),C̃2(0,j);i(µ̂) = EC1(0,i−1),C̃2(0,ĵ1);i−1(µ̂) + EC1(i−1,i),C̃2(ĵ1,j);1(µ̂)

+λ2ρ(Q̄i−2,i;ĵ2,j) + kθ ∆θ(Q̄i−2,i;ĵ2,j) + kr|l(Q̄i−2,i;ĵ2,j , 1) − l(Q̄i−2,i;ĵ2,j, 2)|
+λ3ρ(R̄i−3,i;ĵ3,j) + kθ ∆θ(R̄i−3,i;ĵ3 ,j) + kr|l(R̄i−3,i;ĵ3,j , 1) − l(R̄i−3,i;ĵ3,j , 2)|.(10)

If we expand β(i, j, ĵ1) using Equation 8, we can see that the first two terms of this
expansion are less than or equal to the first two terms of the right side of Equation 10
but this may not be true for the remaining terms. Hence η might not equal d(i, j; i).
In Equation 8, the first term contains the deforming energy of the previous i − 1 seg-
ments, and the remaining terms just contain the deforming energy of the ith segment
and the deforming energy measuring the connection with previous 2 segments. Hence
the first term should dominate as i goes larger. When we cannot get the accurate value
of d(i, j; i), we need to make the first part as small as possible, in other words, use
sequential minimization (see Algorithm 1 below). Instead of computing d(i, j; i) ex-
actly, we estimate it using the slightly larger quantity η in Proposition 4. Then we use
dynamic programming to estimate d(n, 3n; n). Whenever we apply Proposition 4 once,
one new pair is generated. Finally we get n pairs. Using this approach we have the
following Algorithm 1. In the following, the cost means exactly the deforming energy
between two curves. For all algorithms in this paper, we assume that the lengths of all
input curves are not drastically different, so that we are not comparing a part of one
curve with another whole curve.

Algorithm 1: Step 1 Smooth each set of data a little bit.
Step 2 Normalize each curve so that all curves have the same arc length.
Step 3 Apply cubic spline to fit each data-set to get a continuously differentiable

curve. Also we need it to compute the non-overlapping area (see the detailed instruction
after Step 9) to get the local dissimilarity.

Step 4 Refine the first curve into n segments (method of choosing n is discussed
below) and the second curve into 3n segments based on the cubic splines.
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Step 5 Compute the tangent line and the corresponding angle at each point.
Step 6 Estimate the parameters λi, kθ , and kr in Equation 1 by the method detailed

below.
Step 7 Start from curve 1 and apply Proposition 4 recursively to get the total cost

d(n, 3n)′.
Step 8 Start from curve 2 and similarly do step 7 to get the total cost d(3n, n)′′.
Step 9 Compute the total cost d(C1, C2; n) = d(n, 3n)′ + d(3n, n)′′.

Choose a Suitable Sampling Size n: For a given application, we need to choose
suitable n in Algorithm 1. If n is too small, some curves can not be well represented.
As shown in Figure 4, the computational time increases quickly when n is increasing. If
n is very big and just 3 different step sizes are used in Algorithm 1, global information
is not caught well and hence the goals of correspondence and classification may not be
achieved well. In some cases there are also limitations for choosing suitable step sizes
as explained in the remark following Equation 1. By experimenting on given data, we
are available to find suitable n.

Computation of Local Dissimilarity: For each i, j and t, 10,20 and 30 points from
segment pairs Pi, Qj and Rt are sampled respectively to compute the corresponding
local dissimilarity. After the alignment of each pair, their bases are the same. Hence we
can estimate the symmetric area differences of height at corresponding sample points.

Method of Choosing Parameters in Step 6: First we determine suitable λ1, λ2,
and λ3 of Equation 1 as follows. We sample 48 points from each curve. The terms
ρ(Qj) and ρ(Rg) are very important in catching the features of those curves. From
experiments, the terms ρ(Rg) are a few times bigger than the terms ρ(Qj). The terms
ρ(Pi) are more noisy and hence not so important as the terms of ρ(Qj) and ρ(Rg).
So we set λ1 = 2, λ2 = 3, and λ3 = 1. To choose kθ and kr in Equation 1, let
E1 =

∑n
i=1 λ1 ρ(Pi)+

∑n2
j=1 λ2 ρ(Qj)+

∑n3
j=1 λ3 ρ(Rg), E2 = kθ(

∑n
i=1 ∆θ(Pi) +∑n2

j=1 ∆θ(Qj) +
∑n3

j=1 ∆θ(Rg) ), and

E3 =kr(
n∑

i=1

|l(Pi, 1)−l(Pi, 2)|+
n2∑

j=1

|l(Qj, 1) − l(Qj , 2)| +
n3∑

g=1

|l(Rg, 1) − l(Rg, 2)| ).

E1 represents the deforming energy of MSSLS which is more important than E2 and
E3. E3 represents the among of stretching which is the least important. We need to
choose kθ and kr such that E1 is a bit bigger than E2, and E2 is a few times bigger than
E3 by testing some curves. So we set kθ = 10, and kr = 40. We did many experiments
using different parameters and found that the algorithm is very stable.

We applied our algorithms to some data of hand-written characters and cardiac
curves where each curve is normalized to have unit length 1. The correspondence of
some cardiac curves and numerals is shown in Figure 3. To compare the result using
the curvature-based dissimilarity shown in Figure 3 of [9], for the same database we get
the result shown in Figure 2(a) of this paper. In Figure 2(a), we used the curve which
has the smallest cost to all curves in the same class as the average shape in that class
(the first entry of each row). From Figure 2(a), we can see that all characters in the
class of 3’s are very well classified by the MSSLS-based algorithm and their cost to
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0 132 146 148 149 150 172 185 192 235 459 498 511 533 541 556 566 568 570 589

0 177 189 205 209 247 276 290 296 313 376 405 414 427 431 437 454 458 470 493

0 57 68 75 81 85 95 145 147 161 171 185 191 193 201 213 218 221 224 231

0 54 55 56 60 71 72 77 78 170 230 236 242 244 244 248 250 254 257 262

0 95 110 117 135 135 138 153 166 189 224 230 242 245 245 245 250 267 271 271

0 96 99 108 122 132 135 151 156 169 346 360 367 385 387 394 428 430 439 439

0 129 135 137 143 146 173 187 292 326 330 335 336 340 350 353 374 376 378 389

0 115 136 138 143 154 156 161 181 199 352 371 386 389 389 429 439 440 451 453

0 171 183 184 196 217 249 255 258 436 504 511 514 522 524 529 530 532 536 543

0 173 175 186 238 240 242 269 297 301 330 341 358 368 376 378 381 386 390 402

(a)

0 66 72 79 84 86 93 95 100 103 236 306 314 316 318 322 323 326 334 339

0 90 95 98 99 104 105 109 111 115 142 142 144 150 152 155 158 160 206 207

0 43 55 55 61 72 73 76 103 119 235 241 241 244 252 255 260 262 263 268

0 43 50 58 60 62 66 77 80 146 173 175 193 193 207 210 215 223 224 226

0 56 57 64 71 75 85 89 100 111 201 213 221 227 228 232 235 239 252 253

0 58 62 64 82 96 121 132 139 146 220 225 225 228 229 232 233 235 237 241

0 102 102 106 109 115 118 124 182 185 188 198 205 207 211 215 231 238 238 245

0 70 92 97 107 115 118 132 133 151 210 214 217 221 224 234 234 237 237 241

0 77 81 82 87 93 95 98 126 194 277 285 288 288 293 294 296 297 298 302

0 85 98 112 117 121 123 127 144 144 152 153 153 155 158 179 183 184 223 231

(b)

Fig. 2. (a) Matches using MSSLS-based method. (b) Matches using the Improved Shape Context.
The left-most curve of each row is the average shape of some character. The number underneath
each curve represents its cost from the left most curve of the same row. For example the left-most
curve of the first row is the average shape of class 3 and the remaining curves of that row are
closest (among all curves in the database) to this average shape.
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Fig. 3. Correspondence based on MSSLS. (a),(b) are for cardiac curves.

characters of other classes is much bigger than the cost to any letter of its own class.
But as shown in the first row and then third row of Figure 3 of [9], only 7 out of 10
threes are classified and only 4 out of 10 sevens are classified using curvature-based
algorithm. For other characters, we also got better results. By comparing Figure 2(a) of
this paper with Figure 3 of [9], we can see that MSSLS-based algorithm is much bet-
ter than curvature-based algorithm. It is also rotation invariant. For example,in Figure
2(a) the upside-down U is still recognized and ranked in the fifth place of that class.
There are two characters of class 8 that are not recognized because for one of them,
the starting point is very different from the starting point of most of the 8’s, and for the
others, the orientation of the curve is opposite to the customary one drawing an 8. So
the local shape information is caught very well by MSSLS-based algorithm, but it is
still not very efficient in catching the overall shape information. For example, in Figure
2(a), the numeral 7 with a very curly arm is just on the 20th place of that row.

4 Improve Shape Context for Ordered Point Sets

Shape context is introduced and used in [7] and [8] to solve a more general problem of
matching sets of unordered points of R2. If we have two such sets P = {p1, p2, ..., pn}
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⊂ R2 and Q = {q1, q2, ..., qn} ⊂ R2, we should match each point ps of the first set to
a point qt of the second set for 1 ≤ s, t ≤ n. If we use polar coordinates and start from
two corresponding points ps and qt, the orientations of other points from the starting
point are quantized into 12 bins and their distance from the starting point is quantized
into 5 bins in log scale. Then the corresponding 60 regions partition two sets P and Q
into subsets. In [7], the cost of matching ps with qt is defined as

C(ps, qt) =
1
2

60∑
k=1

[hs(k) − ht(k)]2

hs(k) + ht(k)
(11)

where hs(k) and ht(k) are the number of points of the set P and Q in the region k
respectively.

In our situation, two sets to be matched are ordered. Hence we can consider local
information better in this simpler case. After a suitable logarithmic transformation, the
further a region is from the starting point the more it is compressed. If we use template
matching after the log transform, then all points are considered but closer points get
more weight and hence both local and global shape information can be captured. The
usual template-matching is very computationally expensive and is not necessary in our
case. For each curve, make one translation so that ps and qt become the origin, and
make one rotation so that the positively-oriented tangent direction at the origin becomes
the positive x-axis. Then apply a logarithm to make compression, and after those 3
transformations let P ′ = {p′

1, p′
2, ..., p′

n} be the new coordinates of the set P and Q′ =
{q′

1, q′
2, ..., q′

n} new coordinates of Q. For any X, Y ∈ R2, let d(X, Y ) be the distance
between X and Y . For j = 1, 2, ..., n, let d1j = min{d(p′

j , Y ) | Y ∈ Q′} and d2j =
min{d(X, q′

j) | X ∈ P ′}. We define

C(ps, qt) =
n∑

j=1

(d1j + d2j) (12)

to be the cost of this restricted template matching or improved shape context.
To deal with bi-morphisms, we need the notations for finding a suitable bi-morphism

µ : [0, 1] → C1 × C2 where C1 and C2 are two given planar curves. As in Section 3,
divide the curve Ck into n equal segments denoted Ckt for k = 1, 2 and t = 1, 2, ..., n,
and let Mk,t−1 and Mk,t be the starting and ending point of the curve segment Ckt.
As in Equation 1, let Pi = (p1(µ(Ii)), p2(µ(Ii))) be the ith pair in the matching for
i = 1, 2, ..., n. Let Eki be the end point of the curve segment pk(µ(Ii)) for k = 1, 2.
Now we translate the curve Ck so that Eki becomes the origin, and rotate Ck so that
the positively-oriented tangent direction of Ck at the origin is aligned with the posi-
tive x-axis. Denote the new coordinates of Mk,t after those two transformations and
a logarithm as M ′

k,t for k = 1, 2 and t = 0, 1, 2, ..., n. For j = 0, 1, 2, ..., n, let
d1j = min{d(M ′

1,j, M
′
2,t) | t ∈ {0, 1, 2, ..., n}} and d2j = min{d(M ′

1,t, M
′
2,j) | t ∈

{0, 1, 2, ..., n}}. Let ν(Pi) =
∑n

j=0(d1j + d2j). Whenever we use dynamic program-
ming to add a new pair, the left end points of two curve segments of a pair going to be
added are already fixed and hence the positions of their right end points represent the
(improved) shape context of that pair. So ν(Pi) measures the cost of Improved Shape
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Context mapping p1(µ(Ii)) to p2(µ(Ii)). We define the deforming energy of the im-
proved shape-context-based algorithm as following:

EC1,C2;n(µ) =
n∑

i=1

ks ν(Pi) + kθ ∆θ(Pi) + kr|l(Pi, 1) − l(Pi, 2)|. (13)

Algorithm 2: Do Step 1 through Step 6 of Algorithm 1 but with the new cost func-
tion (13).

Step 7 Start from curve 1 and apply Proposition 4 recursively to get the total cost
d(n, 3n)′. But in this algorithm, when we apply Proposition 4 the terms for Qj and Rg

are not needed and the energy terms are replaced by those in Equation 13.
Step 8 Start from curve 2 and do similarly as in Step 7 to get the total cost d(3n, n)′′.
Step 9 Compute the total cost d(C1, C2; n) = d(n, 3n)′ + d(3n, n)′′.
Figure 2(b) shows us that the Improved Shape Context gives us better results than

the usual shape context which is shown in Figure 5 of [9]. For example, in the fourth
row of Figure 5 of [9], one V is classified 7th in the U class and 3 out of 10 U’s are not
shown in that row. Because we use tangent lines as x-axes, our algorithm is rotation in-
variant. There is one U missing from the fourth row of Figure 2(b) of this paper because
the data of that U are reversed. If we allow searching for flipping, then that U should
be classified but more computation would be needed. In the last row of Figure 2(b) of
this paper, there are still two characters of y class misclassified. That is reasonable be-
cause they are quite different from the previous ones and hence should be in a separate
class.

As is shown in Figure 4, when we use 48 points to represent a curve, the compu-
tational time using Improved Shape Context is less than that using the Usual Shape
Context. But when we use 97 points to represent a curve, the computational time us-
ing Improved Shape Context is much bigger than that using the Usual Shape Context.
However in the computation of d1k of Equation 12, we can set Q′ = {q′u, ..., q′k, ..., q′v}
where v = min(k + d, n) and u = max(k − d, 1), n is the number of point repre-
senting a curve, and d = ceil(0.2k) is the smallest integer exceeding 0.2k. Then the
computational time shown in Figure 4 is not much, and the result (shown in a figure)
is still very good. If we use more points to represent a curve, then we should change
0.2 to a smaller number. Let us call this algorithm (using a restricted search space)
Algorithm 2

′
.

Algorithm CB MSSLS USC ISC
Hours(48 points) 2.37 3.23 7.01 6.68
Hours(97 points) 5.01 8.24 27.97 73.4(27.1)

Fig. 4. Running time of Matlab programs for different algorithms to classify 30 curves on a 2.8
GHz PC. The 2nd (3rd) row is the running time when 48 (97) points are used to represent a curve.
CB means Curvature Based, MSSLS means Multi-Step-Size Local Similarity, USC means Usual
Shape Context, and ISC means Improved Shape Context. The number 27.1 inside the parentheses
is the computational time using Algorithm 2

′
.
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5 Curve Classification Based on the Cost of Non-rigid
Correspondence

Let us consider the set Γ of all smooth curves. For any two curves C1 and C2 in Γ , let
d(C1, C2; n) be the deforming energy between C1 and C2 computed using Algorithm
1 or Algorithm 2, where n is the number of pairs when we search for the best bi-
morphism. Then we have the following proposition.

Proposition 5. For any given C1, C2 ∈ Γ , the deforming energy d(C1, C2; n) satisfies
the following:

1). d(C1, C1; n) = 0;
1’). If C1 is similar to C2 as oriented curves, then d(C1, C2; n) = 0; if d(C1, C2; n)

denotes the deforming energy between C1 and C2 computed using Algorithm 1, and we
assume that there are enough number of points (not just 10,20,and 30 points) sampled
when we compute the similarity of each pair of curve segments, then d(C1, C2; n) = 0
implies that C1 is similar to C2 as oriented curves.

2). d(C1, C2; n) = d(C2, C1; n).

Proof. 1) and 2) follow directly from the algorithms to compute d(C1, C2; n). To prove
1’), if C1 is similar to C2, then after a scaling they are the same in rigid sense and hence
d(C1, C2; n) = 0. Now assume that d(C1, C2; n) be the deforming energy between
C1 and C2 computed using Algorithm 1, and we assume that there are enough number
of points sampled when we compute the similarity of each pair of curve segments. If
d(C1, C2; n) = 0, then all scaling factors equal 1 and the dissimilarity between any
two curve segments paired by Algorithm 1 equals 0. Hence any two curve segments
paired are the same in rigid sense because the curve segments are smooth and sufficient
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Fig. 5. Classification among 30 cardiac curves using MSSLS where 48 points are sampled on
each curve. Numbers from 1 to 15 are abnormal and the meaning of those numbers is mentioned
in the paragraph “Classification of some Cardiac Curves” of Section 5.
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number of points are sampled. Then C1 and C2 are the same (after their bases are
aligned) because of the smoothness, and hence C1 is similar to C2 as oriented curves.

Now suppose we have a set of m curves and we want to classify them into several
groups based on their similarity which is in non-rigid sense. Based on the algorithms of
previous sections we can compute the cost of matching between any two curves among
the m curves, which turned out to be an m × m matrix. This matrix can be used to
pattern recognition among those curves.

Classification of some Cardiac Curves: We tried 30 cardiac curves. Among them 15
curves are abnormal and numbered from 1 to 15, and others are normal. Here we just
applied our algorithm to the data of ESEndo (for each patient, 4 kinds of data available
which are EDEpi, EDEndo, ESEpi and ESEndo) to see how promising the algorithm
is. If some curves are thought very similar by experts, their sequential numbers in the
database are very close. The experts want to classify their cardiac curves into some
groups. Preferably each of those groups should contain only abnormal or only normal
cardiac curves. Figures 5 through 8 show the classification results of different algo-
rithms.

Selection of Seeds: We first make some experiments to determine the number of groups,
indicated as k, to get good separation of the 30 curves based on the suggestion of ex-
perts. Then use the 30 × 30 cost matrix to select k seeds (representatives). Because
here the total number of curves tested is just 30, we don’t need randomization to select
seeds. First we choose two curves which have greatest cost to each other as seeds. The
third seed should be chosen among the remaining curves so that it has greatest cost to
previous two seeds. We iterate this process until we get k seeds. Our method of se-
lecting seeds is more suitable than the method with randomization for the purpose of
comparing different algorithms.
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Fig. 6. Classification among 30 cardiac curves using curvature based algorithm. The numbers
mean the same as in Fig. 5.
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Fig. 7. Classification among 30 cardiac curves using Improved Shape Context (Algorithm 2
′
).

The numbers mean the same as in Fig. 5.
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Fig. 8. Classification among 30 cardiac curves using the Usual Shape Context. The numbers mean
the same as in Fig. 5.

6 Conclusion

We have shown two new good algorithms for non-rigid correspondence and curve clas-
sification. Both algorithms are used to classify planar curves. Since the MSSLS-based
algorithm catches overall shape information better and ensures a bi-morphism in the
discrete formulation, it has some advantages over curvature-based algorithm. It is also
better in catching local shape information than the Improved Shape Context algorithm.
The Improved Shape Context algorithm catches local information better than the Usual
Shape Context for the ordered sets representing planar curves. For example, Figure 2
shows us that using MSSLS the characters 3,g,7,1,8,b,2,and y are classified better. The
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computation of local dissimilarity is robust since it does not involve any derivatives.
The Improved Shape Context catches overall shape better than does the MSSLS-based
algorithm. For example, Figure 2(b) shows that, using Improved Shape Context the
members of the class of numeral 7 are all well-classified even though some of them
have very curly arms. For cardiac curves, Figure 5 shows the effect of classification
using the MSSLS-based algorithm. We obtained good results for classification among
30 cardiac curves using this algorithm. As shown in Figure 8(c),(g),(l), the Usual Shape
Context catches global information very well. The dynamic programming approach can
only solve the corresponding minimization problem approximately, but its computation
is efficient. To classify 30 cardiac curves, if we set the scaling between 1

3 and 3, the run-
ning time for different algorithms is shown in Figure 4. The MSSLS-based algorithm
uses dynamic programming and hence the running time is not too large. Experimental
results show that restricting relative scale factors to lie between 1

3 and 3 does not impair
the classification of these data.
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Abstract. Many applications of computer vision requires segmenting
out of an object of interest from a given image. Motivated by unlevel-sets
formulation of Raviv, Kiryati and Sochen [8] and statistical formulation
of Leventon, Grimson and Faugeras [6], we present a new image segmen-
tation method which accounts for prior shape information. Our method
depends on Ambrosio-Tortorelli approximation of Mumford-Shah func-
tional. The prior shape is represented by a by-product of this functional,
a smooth edge indicator function, known as the “edge strength func-
tion”, which provides a distance-like surface for the shape boundary.
Our method can handle arbitrary deformations due to shape variability
as well as plane Euclidean transformations. The method is also robust
with respect to noise and missing parts. Furthermore, this formulation
does not require simple closed curves as in a typical level set formulation.

1 Introduction

In many vision applications, one searches an object of interest whose pose may
vary and whose shape may exhibit variability. Deliniating the object boundary
correctly and estimating the pose becomes particularly challenging when cor-
rupting influences due to missing regions and noise appear. As a remedy, use
of prior shape models are considered. During the last five years, quite interest-
ing works addressing shape prior integration directly into segmentation process
appeared [4, 5, 6, 8, 9, 11].

These methods differ in terms of

– How they represent shape prior;
– Boundary detection rule which forms the backbone;
– Extension of the boundary detection rule to allow the influence of the prior;
– Computation.

In Cremers et.al. [5], a variational framework is used for the integration of
shape statistics and segmentation. Shape boundaries are represented explicitly
as spline curves. Aligned shape variability is captured by a Gaussian distribution
model whose mean and covariance matrix are computed from a group of splines.
A shape energy that maximizes the shape probability is combined with Mumford-
Shah [7] segmentation energy and minimized by applying gradient descent.

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 490–502, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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In Leventon et.al. [6], a shape boundary is embedded as the zero level curve of
a level set function (distance function). Shape prior is represented via coefficients
of the principal components computed from a group of distance functions whose
zero-levels correspond to the various appearances of a shape of interest. A two
step procedure is employed. First, the level set function is evolved such that
its zero level curve converges to the shape boundary. Second, pose and shape
variables are computed via MAP estimation on the Gaussian probability space.

In Tsai et.al. [11], a shape based curve evolution technique is proposed. The
implicit shape representation proposed by Leventon et.al. [6] is embedded into
region-based active contour models as in [3]. Again a two step procedure is
employed. However, pose and shape variables are computed by applying gradient
descent.

In Chen et. al. [4], prior shape is represented by the average of aligned con-
tours. A shape term which measures the similarity between evolving and prior
contours is added into a variational active contours framework. Hence, evolu-
tion of the active contour is controlled by a force which depends on both image
gradients and prior shape.

In Rousson et.al. [9], a probabilistic approach to generate shape priors using
level set representations which can also handle local shape variability is proposed.
From a set of training samples, represented as level sets, a probability density
function is constructed by maximum likelihood estimation. A shape energy is
defined and incorporated into a level set based segmentation method depending
on the proposed model.

In Raviv et.al. [8], shape variability is ignored. Quite elegant formulation
is obtained by utilizing a generalized cone whose cross sections are the various
appearances of a given object under pose changes. This cone also functions as a
level set function which evolves according to a constraint derived from the prior.
The cost function is an extension of Chan-Vese approximation [3] of Mumford-
Shah functional with a shape prior term.

Inspired by Raviv et.al. [8] and Leventon et.al. [6], we present a new method
for shape prior incorporation into segmentation process. Backbone of our method
is Ambrosio-Tortorelli [1] approximation (AT) of Mumford-Shah functional. We
employ a by-product of this functional, a smooth edge indicator function which
is known as the “edge strength function” as a distance-like surface which embeds
the shape boundary. Shape similarity term which is a normalized difference be-
tween “deformed” shape prior and the evolving edge strength function is added
to Ambrosio-Tortorelli functional.

The edge strength function has some nice properties which makes it a quite
versatile tool for different vision tasks. Despite its shortcomings as a segmen-
tation tool, it has been proven to be quite useful in capturing essential shape
characteristics [10] and recently applied to object recognition very successfully
[2]. An interesting property of the edge strength function is that it encodes the
local symmetry information [10]. This makes possible the integration of bound-
ary and local symmetry information and design shape energies which will force
morphological equivalence. As an example, it is possible to change the shape en-
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ergy by simply adding a weight that is proportional to local symmetry strength.
Furthermore, the embedding provided by the edge strength function does not
require simple closed curves as in a typical level set formulation.

The paper is organized as follows. Section 2 is on Ambrosio-Tortorelli func-
tional. Representation of a set of prior shapes is explained in Section 3. In Section
4, the combined energy and its minimization is discussed. Experimental results
are presented in Section 5. Finally, Section 6 is the summary.

2 Ambrosio-Tortorelli Segmentation Functional

A prototype for energy based minimization is Mumford and Shah [7] approach.
In this approach, image segmentation problem is formulated as a functional
minimization via which a piecewise smooth approximation of an image and a set
of discontinuity locus corresponding to object boundaries are to be recovered.
The energy to be minimized is:

EMS = α

∫ ∫
R\Γ

‖∇u‖2dxdy + β

∫ ∫
R

(u − g)2dxdy + length(Γ ) (1)

where R ⊂ �2 is connected, bounded, open subset representing the image do-
main, g(x, y) is an image, Γ is a curve segmenting R, u(x, y) is the smoothed
image, α and β are the weights. Let σ =

√
α
β . Then, σ may be interpreted

as the smoothing radius in R\Γ . With σ fixed, the higher the value of α, the
lower the penalty for length(Γ ), hence the more detailed is the segmentation.
Unknown edge set Γ makes the minimization mathematically difficult. A conve-
nient approximation is suggested by Ambrosio and Tortorelli in [1] where they
introduce a smooth edge indicator function v(x, y) which is more convenient
than the original edge indicator. On the edges, v(x, y) → 1 and on the smooth
regions v(x, y) → 0. Ambrosio-Tortorelli functional

EAT =
∫ ∫

R

(
α((1 − v)2‖∇u‖2) + β(u − g)2 + (

ρ

2
‖∇v‖2 +

v2

2ρ
)
)

dxdy (2)

is shown to converge to the original functional as ρ → 0.

3 Representation of the Prior Shape

For the proper choice of ρ, edge strength function provides a smooth embed-
ding surface whose one-level curve correspond to shape boundary which is not
necessarily a simple closed curve(Fig. 1). Prior edge strength function vp(x, y)
can be computed from a binary prior image as the minimizer of the following
energy [10]

1
2

∫ ∫
ρ‖∇v‖2 +

v2

ρ
dxdy (3)

subject to v = 1 on the shape boundary.
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(a) (b)

(c) (d)

Fig. 1. (a) An airplane silhoutte. (b) Corresponding edge strength function computed
with ρ = 32. (c) a line drawing with self intersections. (d) Corresponding edge strength
function computed with ρ = 16.

Fig. 2. Differential properties of v capture local symmetry strength

A quite curious property of the edge strength function computed with large
ρ is that the local symmetry information is encoded via differential properties.
Consider Fig. 2 which displays the quantity 1 −

∣∣ d
ds‖∇v‖

∣∣ where

∣∣∣∣ d

ds
‖∇v‖

∣∣∣∣ =
|(v2

y − v2
x)vxy − vxvy(vyy − vxx)|

‖∇v‖2

If a shape does not exhibit variations other than pose, vp(x, y) captures the
prior information. Suppose we are given an ensemble of pose and scale aligned
shapes1 whose boundaries are given by the curves Γp1 , · · · , Γpn respectively. Fol-
lowing an idea presented by Leventon et.al. [6] and later adopted in [11], we

1 The alignment algorithm proposed in [11] is used in the experiments.
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(a)

(b) (c) (d) (e)

Fig. 3. (a) Mean edge strength function extracted from the set of airplane images
shown in Fig. 4. (b) Corresponding level curves. (c)-(e) 1-level curves of Φw for three
different choices of w.

Fig. 4. Set of airplane shapes taken from [11]

use coefficients of the principal components as shape variability parameters.
Specifically, let vp1(x, y), · · · , vpn(x, y) be an ensemble of prior edge strength
functions. The mean edge strength function Φ(x, y) is the ordinary average of
vp1(x, y), · · · , vpn(x, y). Let Φ1, · · · , Φn be the principal components computed by
Karhunen-Loeve Transformation, then a possible shape from this ensemble has

Φw(x, y) = Φ(x, y) +
∑

wiΦi(x, y) (4)

as its edge strength function. Fig. 3 illustrates the concept for the edge strength
functions computed from the set of images shown in Fig. 4.
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4 Shape Energy: Similarity of the Embedding Surface

In the previous section, a representation for the shape prior in terms of a mean
edge strength function and principle components is developed. Now we will dis-
cuss how this representation captured by equation (4) can be used to integrate
prior shape information into Ambrosio-Tortorelli functional. The simplest solu-
tion is adding two energies to arrive at a combined energy:

E = EAT + µEshape (5)

where µ is the parameter which enforces the shape similarity of the embedding
surface in the overall segmentation process.

A straight forward choice for shape energy is simply

Eshape(v, tx, ty, h, θ,w) =
∫ ∫

R

(v − T (Φw))2dxdy (6)

where the pose transformation function T applied to the shape prior Φw is
defined as follows:

⎡
⎣ x′

y′

T (Φw)

⎤
⎦ =

⎡
⎣h 0 0

0 h 0
0 0 1

⎤
⎦

︸ ︷︷ ︸
scale

⎡
⎣ cos θ − sin θ 0

sin θ cos θ 0
0 0 1

⎤
⎦

︸ ︷︷ ︸
rotation

⎡
⎣ x

y
Φw

⎤
⎦ +

⎡
⎣ tx

ty
0

⎤
⎦

︸ ︷︷ ︸
translation

(7)

However, we observed that such a straight forward choice may cause segmen-
tation process to trap into local minima. Hence we considered the normalized
difference:

Eshape(v, tx, ty, h, θ,w) =

∫ ∫
R
(v − T (Φw))2dxdy∫ ∫

R(v + T (Φw))2dxdy
(8)

Upon casting the problem into a discrete setting, we arrive to the following
minimization problem:

minE(u, v, tx, ty, h, θ,w) =
width∑
i=1

height∑
j=1

β(ui,j − gi,j)
2 + α(1 − vi,j)

2(u2
x + u2

y)

+
ρ

2
(v2

x + v2
y) +

vi,j
2

2ρ

+µ

∑width
i=1

∑height
j=1 (vi,j − T (Φw)i,j)

2

∑width
i=1

∑height
j=1 (vi,j + T (Φw)i,j)

2(9)

subject to constraints

0 ≤ ui,j ≤ 255
0 ≤ vi,j ≤ 1
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where ux, uy, vx, vy are the central difference approximations for x and y deriva-
tives of ui,j and vi,j respectively:

ux = ui+1,j−ui−1,j

2 uy = ui,j+1−ui,j−1
2

vx = vi+1,j−vi−1,j

2 vy = vi,j+1−vi,j−1
2

Our algorithm recovers both pose transformation parameters tx, ty, θ, h and
shape variability parameters w simultaneously along with a piecewise smooth
approximation of the image u and the corresponding edge strength function v.
These parameters are evaluated via gradient descent equations obtained by min-
imizing the energy functional with respect to each parameter. These equations
are given in the appendix.

We can summarize our overall algorithm as follows:

1. Take an input image g and a set of pose and scale aligned prior edge strength
functions vp1 , · · · , vpn .

2. Using vp1 , · · · , vpn , determine mean edge strength function Φ and the prin-
cipal components Φ1, · · · , Φn.

3. Initialize evolving image u with g.
4. Initialize the edge strength function using the following equation:

v0 =
2αρ‖∇u‖2

1 + 2αρ‖∇u‖2

5. Set initial values for pose transformation parameters tx, ty, θ, h.
6. Set initial values of shape variability parameters w1, · · · , wn.
7. Update u according to the gradient descent equation (10).
8. Update v according to the gradient descent equation equation (11).
9. Update tx and ty using the equations (12) and (13) respectively.

10. Update h using equation (14).
11. Update θ using equation (15).
12. Compute the new shape variability parameters w1, · · · , wn using equation

(16).
13. Repeat steps 7-12 until convergence.

5 Segmentation Results

We demonstrate the segmentation results of our algorithm on various images. If
the image to be segmented contains a shape that does not exhibits variations
other than pose, we can use a single edge strength function of the shape as the
shape prior. Otherwise, to capture the shape variability, we perform Karhunen-
Loeve Transform on a set of edge strength functions generated from pose and
scale aligned shapes of similar type. In our experiments, we use µ = 1 unless
otherwise stated. In order to prevent over-smoothing, we use a small smoothing
radius, i.e.

√
α
β = 0.1. Typical ρ values are 8, 16, 32.
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(a) (b)

Fig. 5. (a) Prior hand shape. (b) Corresponding edge strength function computed with
ρ = 8.

(a) (b) (c)

Fig. 6. Segmentation of a hand image. (a) Input image. (b) Initial 1-level curve of prior
edge strength function. (c) Segmentation result.

Consider the ‘hand’ shape shown in Fig. 5(a), its edge strength function
computed with ρ = 8 (given in Fig. 5(b)) is used as shape prior. Fig. 6(a) is gen-
erated from the grayscale ‘hand’ image by performing some translation, rotation
and scaling. While the initial 1-level curve of the prior edge strength function is
shown in Fig. 6(b), the final segmentation result is presented in Fig. 6(c). The re-
covered transformation parameters are tx = 4.4492, ty = −7.3222, θ = 24.6474◦,
h = 1.2513.

We next consider a case with both occlusion and missing part. Fig. 7(a) is
generated from the ‘hand’ image shown in Fig. 6(a). The thumb is occluded by a
ring type shape and some part of the pointer finger is cut off. Fig. 7(b) shows the
initial 1-level curve of the prior edge strength function, Fig. 7(c) shows the final
segmentation result. The recovered transformation parameters are tx = 4.2945,
ty = −5.9638, θ = 25.3761◦, h = 1.2810. Instead of taking µ constant and equal
to 1, if we increase its value throughout the iterations, we can speed up the
recovery process of the transformation parameters. The missing and occluded
parts become apparent in the evolving edge strength function in less number of
iterations(see Fig. 8).

Fig. 9(a) is generated from the ‘hand’ image shown in Fig. 6(a) by adding a
noise. While Fig. 9(b) shows the initial 1-level curve of the prior edge strength
function, Fig. 9(c) show the final segmentation result. The recovered transfor-
mation parameters are tx = 4.3475, ty = −6.4416, θ = 24.9079◦, h = 1.2719.
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(a) (b) (c)

Fig. 7. Segmentation of a hand image with both occlusion and missing part. (a) Input
image. (b) Initial 1-level curve of prior edge strength function. (c) Segmentation result.

(a)

(b) (c) (d)

(e) (f) (g)

Fig. 8. Evolution of the edge strength function of the hand image given in Fig. 7(a)
throughout iterations. (a) t = 0. (b) t = 32. (c) t = 36. (d) t = 40. (e) t = 44. (f)
t = 48. (g) t = 52.

To demonstrate that our algorithm can handle shape variability in segmen-
tation process, we have used the set of ‘airplane’ shapes shown in Fig. 4. After
extracting the edge strength functions of each image in this data set, the mean
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(a) (b) (c)

Fig. 9. Segmentation of a noisy hand image. (a) Input image. (b) Initial 1-level curve
of prior edge strength function. (c) Segmentation result.

(a) (b) (c)

Fig. 10. Segmentation of an airplane image. (a) Input image. (b) Initial estimate of
the boundary obtained from the mean edge strength function. (c) Segmentation result.

(a) (b) (c)

Fig. 11. Segmentation of another airplane image. (a) Input image. (b) Initial estimate
of the boundary obtained from the mean edge strength function. (c) Segmentation
result.

edge strength function(see Fig. 3(a)) and the principal components are com-
puted which are used to define the shape prior. For the ‘airplane’ images shown
in Fig. 10(a) and 11(a), initial estimates of the boundary obtained from the
mean edge strength function and segmentation results are shown in 10(b)-(c)
and 11(b)-(c) respectively. For the first ‘airplane’ image the recovered param-
eters are tx = −3.6578, ty = −3.3881, θ = 22.9083◦, h = 0.9522 and coeffi-
cients of the principle components, w = [−0.4094, −0.1463, −0.4080, −0.0919,
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(a) (b) (c)

Fig. 12. (a) Input image. (b) Initial 1-level curve of prior edge strength function. (c)
Segmentation result.

0.1621, 0.0832, 0.1295, 0.2282, 0.0556, 0.0264, 0.0390, 0.0053]. For the second
one tx = 16.8324, ty = −3.7704, θ = 10.7317◦, h = 1.5759 and coefficients of
the principle components, w = [−0.3846, −0.0776, −0.1361, 0.3473, −0.1117,
−0.0737, −0.0053, −0.1174, 0.0958, −0.1269, 0.1143, −0.1388.

Fig. 1(c)-(d) illustrates a case where the prior is given in the form of a line
drawing with junctions. Since the curve Γp is no longer a simple closed curve,
a level set formulation can not be devised. As Fig. 12 illustrates, the algorithm
is able to extract both blobs simultaneously. The recovered transformation pa-
rameters are tx = −1.5529, ty = 6.3731, θ = −30.6071◦, h = 1.1079.

6 Summary

We have demonstrated the potential use of Ambrosio-Tortorelli edge strength
function as an aid for incorporating shape priors into image segmentation. For
large ρ values the edge strength function v provides a representation equivalent to
level set representation without explicitly requiring 2 phases(inside and outside).
Differential properties such as the cross derivative d

ds‖∇v‖ captures the local
symmetry information and 1 −

∣∣ d
ds‖∇v‖

∣∣ may be interpreted as the symmetry
strength and may be used as a weight to force the equivalence of the evolving
v and transformed prior more on local symmetry points. These issues will be
studied further.

Acknowledgments. This work is partially funded by TUBITAK-BAYG
through PhD scholarships to Erkut Erdem and Aykut Erdem. The authors would
like to thank Kemal Leblebicioglu and Cagri Aslan for their helpful discussions.

A Gradient Descent Equations

The piecewise smooth image u, the edge strength function v, the translation pa-
rameters tx, ty, rotation angle θ, scale factor h, and shape variability parameters
w are to be recovered as the minimizers of equation (9) by applying gradient
descent:

∂ui,j

∂t
=

α

2
[
(1 − vi−1,j)2(ui,j − ui−2,j) − (1 − vi+1,j)2(ui+2,j − ui,j)
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+ (1 − vi,j−1)2(ui,j − ui,j−2) − (1 − vi,j+1)2(ui,j+2 − ui,j)
]

+ 2β(ui,j − gi,j) (10)

∂vi,j

∂t
= −2α(1 − vi,j)(ux

2 + uy
2) +

vi,j

ρ

+
ρ

4
[(vi,j − vi−2,j) − (vi+2,j − vi,j) + (vi,j − vi,j−2) − (vi,j+2 − vi,j)]

+ 2µ

[
(vi,j − T (Φw)i,j)

S
− D(vi,j + T (Φw)i,j)

S2

]
(11)

∂tx
∂t

= 2µ

[∑ width
i=1

∑ height
j=1 (vi,j−T (Φw)i,j)(− ∂T (Φw)

∂x′ )
i,j

S

−
D

∑width
i=1

∑ height
j=1 (vi,j+T (Φw)i,j)( ∂T(Φw)

∂x′ )
i,j

S2

]
(12)

∂ty
∂t

= 2µ

[∑width
i=1

∑ height
j=1 (vi,j−T (Φw)i,j)

(
− ∂T (Φw)

∂y′

)
i,j

S

−
D

∑ width
i=1

∑ height
j=1 (vi,j+T (Φw)i,j)

(
∂T (Φw)

∂y′

)
i,j

S2

]
(13)

∂h

∂t
= 2µ

[∑ width
i=1

∑ height
j=1 (vi,j−T (Φw)i,j)

(
− ∂T (Φw)

∂x′
∂x′
∂h − ∂T(Φw)

∂y′
∂y′
∂h

)
i,j

S

−
D

∑ width
i=1

∑ height
j=1 (vi,j+T (Φw)i,j)

(
∂T (Φw)

∂x′
∂x′
∂h + ∂T (Φw)

∂y′
∂y′
∂h

)
i,j

S2

]
(14)

∂θ

∂t
= 2µ

[∑width
i=1

∑height
j=1 (vi,j−T (Φw)i,j)

(
− ∂T(Φw)

∂x′
∂x′
∂θ − ∂T (Φw)

∂y′
∂y′
∂θ

)
i,j

S

−
D

∑ width
i=1

∑ height
j=1 (vi,j+T (Φw)i,j)

(
∂T (Φw)

∂x′
∂x′
∂θ + ∂T (Φw)

∂y′
∂y′
∂θ

)
i,j

S2

]
(15)

∂wl

∂t
= 2µ

[∑ width
i=1

∑ height
j=1 (vi,j−T (Φw)i,j)(−T (Φl)i,j)

S

− D
∑ width

i=1
∑height

j=1 (vi,j+T (Φw)i,j)(T (Φl)i,j)
S2

]
(16)

where

D =
width∑
i=1

height∑
j=1

(vi,j − T (Φw)i,j)
2

S =
width∑
i=1

height∑
j=1

(vi,j + T (Φw)i,j)
2
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Abstract. This paper exposes a novel formulation of prior shape con-
straint incorporation for the level set segmentation of objects from cor-
rupted images. Applicable to variational frameworks, the proposed
scheme consists in weighting the prior shape constraint by a function
of time and space to overcome local minima issues of the energy func-
tional. Pose parameters which make the prior shape constraint invariant
from global transformations are estimated by the downhill simplex algo-
rithm, which is more tractable and robust than the traditional gradient
descent. The proposed scheme is simple, easy to implement and can
be generalized to any variational approach incorporating a single prior
shape. Results illustrated with different kinds of images demonstrate the
efficiency of the method.

1 Introduction

Since the early nineties the incorporation of a priori and geometric high level
information within active contours frameworks has become popular to segment
objects from physically corrupted images. A constraint applied on the shape of
a free form deformable model is a common approach to address the issue of ob-
ject segmentation from altered data. Unlike generic geometric constraints such
as contour regularization, a prior shape constraint is specific and derived from
extrinsic information. It aims at restricting the space of possible shapes embod-
ied by a segmenting curve and therefore enables to overcome image artifacts
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which influence is penalized by the shape prior constraint. The Medical Imaging
community was the first to use shape constrained deformable models as it has to
deal with images frequently distorted by noise, occlusions and poor contrast of
organs to be segmented [1, 2, 3, 4]. The application of these model-based schemes
was later extended to manufactured and natural scenes objects as well as object
tracking from video sequences [5, 6, 7, 8, 9, 10, 11].

The prior shape constraint can be derived from a single or a collection of
reference shapes. In the latter case statistical frameworks take advantage of the
geometric variability across the different instances of the object, which conveys
a larger although restricted space of possible shapes of the active contour. As a
result, the segmenting curve has a globally constrained shape while being able
to include local disparities contained in the training samples. Shape samples
are first aligned to remove pose differences which could bias the retrieval of
intrinsic shape variabilities from the database. Then a statistical prior shape
model is built to determine the variability across the family of shapes. Finally
the shape model is integrated in the segmentation model: the constraint could
be naturally incorporated in the active contour evolution equation, exerted in
the training shapes space or inserted extrinsically as a corrective term. The
shape constraint integration is often invariant from a global transformation which
parameters need to be estimated as the segmenting curve evolves. In [1] shapes
are represented by their projection on an elliptic Fourier basis. Prior probability
distributions are calculated on the representation parameters from the training
samples and are used in a maximum a posteriori (MAP) framework to constrain
the segmenting curve that captures image high gradients. In [2, 5, 3, 12] shape
samples are projected in an orthogonal subspace by principal component analysis
(PCA), which retains the main variations modes from the different instances.
Differences arise among these schemes towards the representation of the shapes
as well as the way the shape constraint is applied. In [2] the active contour is
explicitly represented as a snake [13], and in [5] shapes are projected on a B-spline
basis. The main limitation of the aforementioned works is their inability to make
the evolving contour undergo topological changes which are naturally handled
by the distance level set representation of curves [14, 15]. In [3, 12] shapes are
implicitly represented by their level set functions. In [2, 12] the shape constraint
is directly applied in the PCA subspace whereas it is achieved by a corrective
term to the evolution equation in a MAP approach in [3]. In [5] the shape
constraint incorporation is achieved through the input in an energy functional
of a Mahalanobis distance measuring the discrepancy between the evolving curve
and the statistical prior shape model. In [6] Paragios and Rousson propose a non-
stationary pixel-wise Gaussian model which fully takes advantage of the level set
representation of shapes and preserves the ability to capture local deformations.

In case the different instances of the object reduce to a sole shape prior,
the training shapes space contracts to a singleton set and statistical schemes for
prior shape modeling are no longer valid. As a consequence shape prior incorpo-
ration is achieved in a harder fashion as local variabilities of the contour from
the reference shape are only governed by the balance between image and prior
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shape information. Incorporation of the shape prior can be achieved through the
formulation of a distance measuring the dissimilarity between the segmenting
curve and the reference shape, modulo a global transformation. In [4] shape con-
strained geodesic active contours are used to retrieve boundaries of corrupted
objects from medical images. In this variational framework the shape distance
is formalized as the sum of the squared distances between the evolving con-
tour points and the shape prior. Unlike this edge-to-edge dissimilarity measure,
surface terms comparing the active contour and the shape prior were proposed
for level set segmentation [9, 10, 8]. The dissimilarity energy can be either the
squared difference between the level set functions embedding the contour and the
shape prior [9], or the difference of areas contained by the contour and the refer-
ence shape [8]. In the latter case, the shape energy does not depend on the image
domain Ω. Further works towards shape energy independent from Ω and the ex-
tension to shape prior with multiple components can be found in [10] with the
formulation of a symmetric pseudo-distance. In [7] Foulonneau et al. formulate
a distance between high order geometric moments of the evolving curve and the
shape prior to apply the constraint. The moments are projected on a Legendre
polynomial basis to decrease the redundancy of the shape representation.

In this paper we argue about the sensitivity to local minima of shape con-
strained level segmentation in variational frameworks. We propose to address the
issue of the balance between shape and image information responsible for local
minima occurrence. We tackle this problem while considering a segmenting curve
constrained by a single shape prior. The next section states and details further
the problem we aim at resolving. The present paper formalizes and extends the
work undertaken in [16] and applied to remote sensing imagery.

2 Problem Statement

Assuming the evolving active contour is implicitly represented by a signed Eu-
clidean distance level set function φ [14, 15], the shape prior incorporation in
variational frameworks can be generally formalized as follows:

J (φ, ψ) = Jimage (φ) + λJshape (φ, ψ) (1)

where J is the energy functional, Jimage is the image-based energy which aims
at driving the segmenting curve to the object boundaries and Jshape is the shape
constraint energy that restricts possible shapes embodied by the contour. Jshape

measures the dissimilarity between the evolving contour and a shape reference
ψ. The higher the discrepancy, the higher Jshape:

Jshape (φ, ψ) =
∫

Ω

D (φ (x) , ψ (x)) dx (2)

where D is a function measuring the distance over the image domain Ω between
the active contour embedded in φ and the shape prior represented by the level set
function ψ. The constant λ∈ R

+ balances the influence of the shape constraint



506 T. Bailloeul et al.

with respect to the image information. A first issue referring to the value of the
constant λ arises from equation (1). On the one hand, a too low value of λ will
not enable to overcome image artifacts, i.e. the local minima of J corresponding
to wrong segmentations will be numerous (in the rest of the paper these minima
will be denoted as local minima of the first kind). On the other hand, a high
value of λ will restrict too much the freedom of movement of the contour, thus
drastically limiting the ways it can escape from local minima (second kind).
To find an optimal value for λ, which could fairly balance shape and image
information is not trivial since this optimum may depend on the image to be
analyzed as well as the type and level of corruption of image data, which are not
always known in advance. The tuning of the constant λ is a difficult task which
is even more intractable when the target object to be retrieved in the image is
surrounded by peripheral objects with similar statistical properties or when it
is poorly discriminated from the background. Indeed in such case image infor-
mation which drives the contour to the object boundaries is weakened regarding
to the shape constraint which therefore becomes predominant. The shape infor-
mation is then over-weighted, which leads to the second aforementioned local
minima problem. This unwelcome effect is even more severe when the segment-
ing curve initialization is distant from the target as the convergence to the right
solution become hazardous. The issue of local minima inherent to the unsuitable
balance between the shape constraint and the image information is addressed in
this paper. To alleviate this problem we propose to embed the shape prior in a
soften fashion while spatially and temporally relaxing and reinforcing the shape
constraint during the convergence process. Such flexible incorporation that we
will describe in section three conveys a better control of the degrees of freedom
of the segmenting curve to overcome local minima obstacles.

The distance D in (2) is made invariant from a global transformation which
best maps the prior shape to the evolving active contour:

ψ = ψ0 ◦ Tξ (3)

where T is a global transformation which parameters are ξ = {ξ1, . . . , ξn}; ψ0 is
the static shape prior level set. Invariance from global transformation is achieved
while finding the optimal parameters ξopt which minimize Jshape:

ξopt = arg min
ξ

Jshape(φ, ψ0 ◦ Tξ) (4)

The second problem we address in this paper relates to the estimation of the
optimum parameters ξopt which minimize Jshape. According to the expression of
Jshape it may not always be possible to analytically deduce ξopt from:

(
∂Jshape

∂ξi

)
i=1,...,n

= 0 (5)

As a consequence numerical schemes have to be used to retrieve ξopt. A commonly
adopted method is a gradient descent scheme which sequentially estimates ξi by
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n iterative descents [2, 17, 12, 4, 6, 8]. Practical implementation of such scheme
is challenging as a wrong estimation in the ith descent may bias the estima-
tion of the n − 1 remaining parameters, preventing in the end to retrieve T .
Cremers et. al touched on the problem of tuning such gradient-descent scheme
for parameters optimization in [11]. They proposed an alternative way avoid-
ing numerical optimization: invariance from translation and isotropic scaling is
achieved in projecting the level set functions φ and ψ in their intrinsic reference
systems. In his approach the scale and translation parameters are not derived
from (5) but are equal to the first and second order moments of the shape. In-
variance from rotation with such scheme is more challenging and not achieved
yet. In this article we propose an alternative to the gradient descent scheme
for pose parameters estimation during the segmentation process. The section
four details our alternative based on the downhill simplex optimization method,
which is parameter free and estimates the pose parameters simultaneously and
more robustly. The combination of the soften shape constraint with the simplex
pose parameters estimation yields some promising experimental results that are
showed in section five with different kinds of images. We compare our proposed
scheme with constant and simpler spatio-temporal prior shape incorporations.
The performances difference between the simplex and gradient descent schemes
is also investigated. Finally we discuss the proposed approach and the results
illustrated in this paper and conclude in section six.

3 Spatio-temporal Shape Constraint Weight

To address the practical problem of local minima, we first turn the shape prior
weight λ in equation (1) into a function of space. It is meant to relax the shape
prior influence within a restricted area close to the 0-level set of the reference
template ψ while preserving the original uniform shape constraint far from it.
Such spatially restricted relaxation will convey a limited freedom to the evolving
active contour which shape space is therefore enlarged. Consequently, the contour
may globally keep the reference template shape while allowing local variations,
which may be a desirable property to avoid local minima of the second kind.
We propose to formalize this spatial relaxation by a symmetric function of the
distance to the shape prior:

λ (ψ (x)) = 1 − e−(ψ(x)
d )2

(6)

This one-parameter function has a minimum value at the 0-level set of the
prior template while it increases and asymptotically tends to a constant farther.
d is the parameter controlling the size of the area where the prior shape is spa-
tially relaxed. Simpler or more intuitive formulations than (6) such as piecewise
linear functions of ψ (x) would fulfill the same relaxation requirements. However
as we may empirically demonstrate and discuss further in section 5.3, the deriv-
ability and the presence of a stationary point at ψ (x) = 0 is a property which
improves the present method.
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The existence of the freedom space is intended to prevent the segmenting
curve from being trapped by local minima of the second kind, nevertheless it
would not enable to deal with corrupted images as allowed local variations may
correspond to artifacts we aim at overcoming (local minima of the first kind).
We propose to temporally decrease the freedom space to {∅} in the iterative con-
vergence process starting from time t1. As the freedom space narrows the active
contour shape space decreases, which augments the shape constraint efficiency
uniformly all over the image domain. The underlying idea is to reach a rough
segmentation while the prior shape constraint is spatially relaxed (t < t1) and
to enhance the shape penalty in a second time to overcome image alterations
(t ≥ t1). As a result, the prior shape weight function depends on space and on
time as well. The decrease of the freedom space is to be achieved in turning the
parameter d into a decreasing linear function of time:

d (t) =

⎧⎨
⎩

d0 if t < t1
(ε − d0) t−t1

t2−t1
+ d0 if t1 ≤ t < t2

ε if t2 ≤ t
(7)

where (d0, ε) ∈ R
∗+ with d0 > ε and ε � 1.

Finally, we enhance prior shape relaxation and reinforcement in multiplying
(6) by an increasing function λa (t) of the convergence time t and which will
globally rule the amplitude of the prior shape weight function. At the beginning
of the iterative process, the amplitude of the prior shape weight is low to convey
more flexibility to the evolving active contour. Starting from t1, the amplitude
increases to reach a maximum value which supports the shape constraint and
enables the segmentation of corrupted objects in the image. In the end, the
spatio-temporal prior shape weight function λ : R × R → R

+ can be formalized
as follows:

λ (t, ψ (x)) = λa (t)λspace (ψ (x)) (8)

where λa (t) is ranging from λmin and λmax and is akin to the opposite function of

(7) and λspace (ψ (x)) = 1−e−(ψ(x)
d(t) )2

. The shape energy is then reformulated as:

Jshape (φ, ψ, t) =
∫

Ω

λ (t, ψ (x))D (φ (x) , ψ (x)) dx (9)

A spatio-temporal variation of the shape prior constraint has already been
carried out in [9] for a different purpose. The authors introduced a labelling
function which defines where the shape constraint is applied and which evolves in
space and time. As a result the segmentation scheme is able to segment familiar
and corrupted objects as well as unfamiliar ones. This method was extended
in [8] to similarity transformation invariance and with a different formulation
of the dynamic labelling function. Satisfying results are showed for segmenting
object lacking discrimination from the background, which is the point we also
address here. However our approach does not make use of extrinsic labelling
function, which makes our scheme simpler and more self-consistent. The figure 1
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Fig. 1. Spatio-temporal shape prior weight function with d0 = 3, t1 = 100, t2 = 400,
λmin = 1.25 and λmax = 2

illustrates the spatio-temporal profile in three dimensions. Two questions arise
from the definition of the proposed spatio-temporal shape constraint. The first
deals with the choice of t1 which should depend on the image features. As we
already mentioned, a solution would be to reach a rough segmentation with a
low and spatially constrained shape prior and subsequently increase the shape
constraint efficiency. In that case t1 is the time needed to reach the convergence
of the coarse segmentation. The second issue applies to the influence on pose
parameters estimation of discrepancies between the contour and the shape prior.
Since variations from the reference template are allowed within the freedom
space, it might be crucial to robustly retrieve pose parameters in spite of local
discrepancies. We address the latter issue in the next section.

4 Shape Prior Invariance: A Simplex Optimization
Scheme for Parameters Estimation

The sequential estimation of pose parameters by gradient descent as well as the
tuning of the time step for each descent make the use of this scheme unsuitable.
As the descents estimate parameters with different geometric meanings (e.g. ro-
tation, scaling, translation, etc...), it is not clear how fast should one descent be
with respect to the others. Since the n gradient descents are dependent, a slightly
wrong parameter estimation in one descent might impact the n − 1 remaining
ones to finally make the pose parameters retrieval diverge. We propose to use the
downhill simplex method [18] to solve the optimization problem stated in equa-
tion (4). The simplex method is an efficient zero-order iterative scheme designed
to minimize non-linear cost functions. Unlike the gradient descent technique, the



510 T. Bailloeul et al.

simplex does not use derivatives and it estimates robustly the optimal parame-
ters. A simplex is a n-dimensional convex polyhedron defined in the parameters
space by n + 1 vertices which evaluate the cost function with different sets of
parameters ξ. Initially, the first vertex of the simplex is derived from some given
initial parameters ξ0 and the rest of the polyhedron is built in the same way
while adding an individual variation δi to each component of ξ0. The subsequent
iterative algorithm is as follows:

1. The simplex vertices are sorted according to their corresponding cost func-
tion values. Let be b the best vertex among them (minimum cost function
value), w the worst and a the best after b. As the method intends to find a
minimum of the cost function, it attempts to build a new simplex far from
the worst vertex w. To do so, one tries to replace w by a vertex c better
than b:

2. A better candidate c is tested as the reflexion of w with respect to the
hyperplane H opposite to w (reflexion of the simplex). If such c is better than
b it is possible to look farther in this direction (expansion of the simplex).
The best candidate among the reflexion and expansion results is chosen to
replace w.

3. If none of the previous attempts is better than b, one tries two candidates
c1 and c2 laying on each side of H and belonging to the hyper-line normal
to H which goes through w. The best candidate will replace w if it is better
than a (contraction of the simplex).

4. If neither c1 nor c2 is better than a, it means b is already close to the
expected solution. In that case the best vertex b is kept and each remaining
vertex is replaced by the middle point of the segment connecting it to b.

5. Once the new simplex is built, the algorithm loops from steps 1 to 5 until
the score difference between two consecutive best vertices is below a given
threshold εsimplex. The estimated optimal parameters ξ̂opt are the ones cor-
responding to the last best vertex b.

The main advantage of the simplex algorithm over the gradient descent scheme
is the simultaneous estimation of the parameters. In that way the uneasy and
intricate tuning of the n dependent gradient descents is avoided. Besides, the
simplex is known to estimate more robustly parameters which values are far from
ξ0. Indeed the simplex does not need to follow gradient descent curves in the
cost function space, which makes it less sensitive to local minima. However one
limitation of the simplex method is its computational cost as it needs numerous
evaluations of the cost function to be minimized. We will see in section 5.2 how
to decrease the computational load for evaluating the cost function by using the
narrow band technique. A too high number of parameters to be estimated might
also increase the complexity of the simplex method. However in two dimensions,
affine and projective transformations have less than ten parameters, which is
manageable by the simplex. Finally, the performances of the simplex algorithm
also depend on the size of the initial simplex as well as the value of εsimplex:
a large initial simplex might enable to retrieve optimal parameters far from ξ0
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at the cost of a higher computational load; a smaller εsimplex would yield finer
estimates ξ̂opt with longer convergence times. In the experiments detailed in the
next section, we chose to estimate pose parameters after each evolution of the
active contour and with εsimplex = 10−4.

5 Experiments

5.1 Image-Based and Shape Constraint Models

In our experiments we make use of the region-based formulation of the Bayesian
MAP deformable model formerly proposed in [19] in order to drive the active
contour to the target object in the image. This approach best befits segmentation
of piecewise smooth components of an image I:

Jimage (φ) =
∫

Ω

((
I (x) − Īin(φ(x, t))

)2

2σ2
in(φ(x, t))

+ ln
√

2πσ2
in(φ(x, t))

)
Ha (φ (x, t)) dx

+
∫

Ω

((
I (x) − Īout(φ(x, t))

)2

2σ2
out(φ(x, t))

+ ln
√

2πσ2
out(φ(x, t))

)
(1 − Ha (φ (x, t))) dx

(10)
where Ī and σ2 respectively denote the image mean and variance grey level.
Subscripts in and out refer to the computation of these statistical quantities
inside and outside the evolving active contour:

Īin (φ (x, t)) =

∫
Ω I (x) Ha (φ (x, t)) dx∫

Ω
Ha (φ (x, t)) dx

(11)

Īout (φ (x, t)) =

∫
Ω

I (x) (1 − Ha (φ (x, t))) dx∫
Ω (1 − Ha (φ (x, t))) dx

(12)

σ2
in (φ (x, t)) =

∫
Ω

(
I (x) − Īin (φ (x, t))

)2
Ha (φ (x, t)) dx∫

Ω
Ha (φ (x, t)) dx

(13)

σ2
out (φ (x, t)) =

∫
Ω

(
I (x) − Īout (φ (x, t))

)2 (1 − Ha (φ (x, t))) dx∫
Ω

(1 − Ha (φ (x, t))) dx
(14)

The active contour is embedded as a level set function φ, which is assumed
to be positive inside the contour. Ha represents a regularized approximation
of the Heaviside function. Edge-based and contour regularization terms have
been intentionally omitted in (10) since we only investigate region-based active
contours. Besides, the shape constraint to be introduced will act as a contour
regularizer. We chose the shape constraint energy independent from the domain
Ω and proposed in [8]. It measures the discrepancy between areas included in
the evolving active contour and the shape prior:

D (φ (x) , ψ (x)) = (Ha (φ (x)) − Ha (ψ (x)))2 (15)
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The gradient of the overall energy functional J with respect to the level set
function φ yields the following active contour evolution equation:

φ (x, t)t = δa (φ (x, t))

{
−

(
I (x) − Īin (φ (x, t))

)2

2σ2
in (φ (x, t))

+

(
I (x) − Īout (φ (x, t))

)2

2σ2
out (φ (x, t))

+ ln
(

σ2
out (φ (x, t))

σ2
in (φ (x, t))

)
+ 2λ (t, ψ (x)) [Ha (φ (x, t)) − Ha (ψ (x, t))]

}
(16)

5.2 Invariance from Similarity Transformation and Algorithm

In these experiments we propose to consider invariance from a similarity trans-
formation which includes isotropic scaling, rotation and translation:

Tx = s

[
cos θ − sin θ
sin θ cos θ

]
x +

[
µx

µy

]
(17)

with the scaling factor noted as s (s ∈ R
∗+), θ refers to the rotation angle and

µ to the translation. As demonstrated in [20], the relationship between a level
set function and its transformed by similarity is solved analytically, which eases
the computation of ψ (x, t). We use the narrow banding technique to decrease
the computational cost of our algorithm. The reason for using such technique
is twofold. First it decreases the cost for evolving the active contour and re-
distancing the level set function φ. Second, it can also decrease the computational
cost of the simplex-based pose parameters estimation. Indeed the evaluation of
the cost function Jshape using equation (9), which is needed to build the simplex
vertices, can be reduced by computing shape discrepancies within a narrow band
around the 0-level set of φ:

Jshape (φ, ψ) =
∫

Ω

N (φ (x) , εb)λ (t, ψ (x))D (φ (x) , ψ (x)) dx (18)

where the function N (φ (x) , εb) is equal to 1 if |φ (x)| ≤ εb, otherwise it is
equal to 0. The band half size εb is then a compromise between computational
efficiency and the pose parameters accuracy: a too narrow band will not yield a
discriminative measure of discrepancy, which may lead the simplex optimization
to erroneous results. A systematic re-initialization of the level set function φ is
also needed to provide a good measure of dissimilarity with the shape prior and
therefore an accurate pose parameters estimation. The segmentation algorithm
can be expressed as follows:

1. For a given prior shape, initialize pose parameters: s (t = 0) = 1, θ (t = 0) =
0, µ (t = 0) = 0 and build ψ (x, t = 0). Initialize φ (x, t = 0) within a narrow
band.

2. Evolve the active contour according to (16).
3. Re-initialize φ (x, t) within a narrow band.
4. Retrieve and update pose parameters (s (t), θ (t), µ (t)) using the simplex.
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5. While the contour has not converged loop steps 2 to 5. Otherwise trigger the
shape constraint weight function increase (t = t1).

6. Repeat steps 2 to 4 until final convergence.

In our experiments a narrow band half size of three pixels yields satisfying results
and re-initialization is achieved in using the fast scheme presented in [21]. We
adapted the latter method to preserve sub-pixel accuracy of the segmenting
curve.

5.3 Results and Discussion

We show experimental results with three different kinds of 2D grey-level images.
The first image depicts a manufactured toy extracted from the Amsterdam Li-
brary of Object Images (ALOI). The second and third apply to remote sensing
and medical imaging respectively. Prior shapes used in experiments represent
the exact boundaries of the object we aim at segmenting. In the case of remote
sensing imagery, prior shape knowledge might come from cartographic data as
we showed in [16]. A perfect single prior shape is however not realistic in the
case of medical imaging since shape variabilities of organs across patients, views
and acquisition means compel to use statistical frameworks. Nevertheless, we
performed experiments with the brain image in order to demonstrate the ro-
bustness our scheme on a wider range of images which exhibit a lack of dis-
crimination of the target from the background. In the following experiments,
the initial contour is similar to the shape prior and transformed by a similarity
transformation which parameters are called ξini = (sini, θini, µini) in the rest of
the paper. We propose to quantify and compare the performances of the simplex
and gradient descent schemes in computing the absolute error between ξini and
their estimates ξ̂opt retrieved by each method (table 1). We refer the reader to [8]
for implementation details about the gradient descent technique. As the shape
priors perfectly match the objects to be segmented in the images, the quantita-
tive results of table 1 also measure the accuracy of the segmentation achieved

Table 1. Absolute errors between the initial similarity transformation parameters ξini

and their estimates ξ̂opt by the simplex and gradient descent schemes

Absolute error
Experiments ∆θ in degrees ∆s ∆µ in pixels

1. Spatio-temporal λ + simplex, fig. 2.c -0.6 0.05 (−0.2, −0.05)
2. Spatio-temporal λ + simplex, fig. 3.a -0.1 -0.01 (−0.04, −0.60)
3. Spatio-temporal λ + simplex, fig. 3.b 1.0 0.00 (0.65, −0.15)
4. Spatio-temporal λ + simplex, fig. 3.c -0.2 0.00 (0.25, −0.02)
5. λ = cst + simplex, fig. 5.a 0.9 0.05 (−0.12, −0.20)
6. λ = cst + grad. desc, fig. 5.b 0.9 0.05 (−0.15, −0.20)
7. Spatio-temporal λ + grad. desc, fig. 5.c -4.0 -0.08 (0.65, −3.30)
8. Spatio-temporal λ + grad. desc, fig. 5.d 122.6 -0.20 (0.50, −3.70)
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by the spatio-temporal weighting technique.The first experiment illustrates the
efficiency of the proposed scheme with a simple case and sini = 2, θini = π,
µini = (10, −10) (fig. 2). We compare the results obtained with a constant prior
shape weight (λ = 100, λ = 10) and our scheme. The case (λ = 100) illustrates
the lack of flexibility of the active contour because of a predominant shape con-
straint (fig. 2.a where λ is intentionally high). The constraint prevents and
penalizes the motion of the active contour which image-based force is not sig-
nificant enough to segment accurately the border of the object. In that case the
correct pose parameters can not be estimated and the contour finally reached a
local minimum of the functional corresponding to an unsatisfying segmentation
result. In the second case (λ = 10), the shape constraint is not strong enough to
cope with the erasure which corrupts the object in the image (fig. 2.b), which
also corresponds to a local minimum of the energy. Finally the spatio-temporal
scheme shows how a low and spatially constrained shape prior weight enables to
reach a rough segmentation which is at the end improved when the constraint
is reinforced. The resulting segmentation is satisfying (fig. 2.c) and the pose pa-
rameters are estimated with a good accuracy (table 1, row 1). The second set
of experiments is performed with images which exhibit lack of discrimination of
the target object from the background and the proposed spatio-temporal scheme
(fig. 3). In the first case the toy pattern was flipped, resized and duplicated to
make a background with similar local radiometric properties to the target. In
the first experiment (fig. 3.a), the initial contour is transformed according to
sini = 0.75, θini = π/4, µini = (10, −10). We can see that peripheral patterns

(a)

(b)

(c)

Fig. 2. Segmenting curve evolution from left to right: comparison between constant
and spatio-temporal shape prior weight. (a) λ = 100, (b) λ = 10 (c) spatio-temporal
function with d0 = 10, λmin = 20 and λmax = 100.
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(a)

(b)

(c)

Fig. 3. Segmenting curve evolution (from left to right) with spatio-temporal shape
prior weight function and lack of discrimination of the target from the background. (a)
d0 = 15, λmin = 15 and λmax = 100 (b) d0 = 7, λmin = 27 and λmax = 70 (c) d0 = 10,
λmin = 50 and λmax = 100.

(a) (b) (c)

Fig. 4. Failed segmentations with constant shape prior weight and lack of discrimina-
tion from background. (a) λ = 20 (b) λ = 50 (c) λ = 70.

similar to the target do not affect the final segmentation result. Indeed, during
the convergence process the prior shape is flexible enough to allow segmentation
of the patterns and topology changes. At the end of the process, the target is
correctly segmented as the erasure artifact is overcome by constraint enhance-
ment. The effect of the freedom space is visible in figure 3.a as small toy patterns
are segmented within a neighborhood of the main segmenting curve. The figure
4.a shows the unsuccessful segmentation result obtained with a constant shape
constraint (λ = 20). The over-estimated shape weight restricts the motion of
the active contour which is trapped by a local minimum. The second case ap-
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plies to a remote sensing image depicting two buildings with similar radiometric
properties (fig. 3.b, fig. 4.b). In this case we expect to segment the L-shaped
building in the center of the image. The initial contour is transformed according
to sini = 1.0, θini = 0.3, µini = (7, −5). The segmentation process in figure
3.b shows how the spatio-temporal scheme conveys flexibility to the segmenting
curve while avoiding to segment the squared building nearby the target. A hard
and constant shape prior incorporation yields the unsuccessful segmentation of
parts of both buildings (fig. 4.b). The main reason of such result is the inability
of the segmenting curve to split at the border between the two buildings because
of a two high shape constraint. As a result, a part of the second building is also
segmented as it shares similar image statistical properties to the target. Finally
the ability of the segmenting curve to undergo topological changes is yet illus-
trated with the medical image in figure 3.c (sini = 1.1, θini = 0.7, µini = (3, 3)).
The spatially constrained active contour prevents from spreading all over the
image while retaining local flexibility within the freedom space and yields the
correct solution opposed to the constant shape constraint (fig. 4.c). The quanti-
tative results of these three cases (table 1, rows 2 to 4) validate the performances
of the simplex algorithm as well as our spatio-temporal scheme. Indeed, the ab-
solute error between the initial transform and its estimate is less than one degree
for the angle, less than one pixel for the translation and less than 0.05 for the
scale factor. Results displayed in figure 5 compare the simplex and gradient de-
scent schemes for the estimation of the similarity transformation parameters.
The two first experiments carried out with a simple case (sini = 1.5, θini = π/4,
µini = (2, 0)) show comparable good results with a constant prior shape weight,
which is confirmed by the parameter estimate errors (table 1, rows 5-6). However
the two last results are wrong segmentations with the spatio-temporal schemes
and the gradient descent (fig. 5.c-d) whereas they were successful with the sim-
plex algorithm (fig. 3.a, fig. 2.c). Sensitivity to local minima of the gradient
descent scheme might explain these incorrect segmentations. The comparison of
the parameters estimations (table 1, rows 2&7 and 1&8) also demonstrates that
the simplex outperforms the gradient descent in these cases. In the end, we com-

(a) (b) (c) (d)

Fig. 5. Segmentation results comparison with the simplex and the gradient descent
schemes. (a-b) successful results with λ = 75: (a) simplex method (b) gradient descent.
(c-d) unsuccessful results of the grad. desc method with the spatio-temporal scheme:
(c) d0 = 15, λmin = 15 and λmax = 100 (d) d0 = 10, λmin = 20 and λmax = 100.
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(a) (b) (c)

Fig. 6. Failed segmentations with: (a) sole temporal variation of the shape prior weight
amplitude between λmin = 30 and λmax = 70 (no spatial relaxation). (b) spatio-
temporal model with ramp-like spatial profile. (c) spatio-temporal model with no time
transition (Heaviside step function for λa(t) and d(t)).

pare our spatio-temporal shape constraint scheme exposed in (8) with simpler
temporal and spatial profiles functions. In figure 6.a is displayed the segmenta-
tion result with a sole temporal weight variation (no spatial relaxation) using
the same (λmin, λmax) values as the experiment carried out in figure 3.b. This
result is unsuccessful unlike the spatio-temporal case. With the purely temporal
method, the low shape constraint applied at the beginning of the convergence
process does not allow to overcome image artifacts because of the lack of spatial
flexibility. As a consequence, the segmenting curve diverges from the target and
biases pose parameters estimation. When the shape constraint is reinforced at
the end, the curve is far from the target with a significant shape weight, which
makes the segmentation process very sensitive to local minima and explain the
erroneous result. The second experiment similar to the one in figure (3.c) was
carried out with the proposed spatio-temporal technique but with a different
spatial profile. Instead of the exponential formulation, a simpler piecewise lin-
ear function was used: λspace (ψ (x)) = |ψ (x)| / (2d (t)) if |ψ (x)| < 2d (t), else
λspace (ψ (x)) = 1. With this more intuitive ramp-like spatial profile, the re-
sult is incorrect (fig. 6.b). Such profile reinforces too much the weight in a very
close neighborhood of the prior shape. As a result, the segmenting curve is not
flexible enough to roughly capture the object in the image and prevents from
a good result when the shape constraint is enhanced. Attempts with a larger
freedom space to cope with this drawback would not yield better results as the
shape constraint would be too loose in space. The proposed spatial profile in
(8) alleviates this problem since it enables a low weight close to the reference
template while retaining a strong constraint farther. Finally, we repeat the ex-
periment of figure 3.b while replacing the temporal profiles λa(t) and d(t) by
two Heaviside step functions. The shape constraint is then suddenly enhanced
instead of progressively. The unsuccessful result of figure 6.c shows that the
spatio-temporal scheme proposed originally performs better. Before shape con-
straint reinforcement, the pose parameters estimation can be slightly biased as
the contour roughly segments the object in the image. A progressive reduction of
the freedom space and increase of the constraint amplitude is therefore needed
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for the parameters estimation scheme to catch up with the evolving curve which
converges to the target because of its gradually enhanced regularization. Such
adjusting procedure is not possible with a sudden constraint application as the
active contour directly embodies the prior shape with inaccurate pose param-
eters. As a consequence, the evolving curve might be far from the target with
a high and uniform shape constraint, which makes it sensitive to local minima
and prevents from satisfying segmentation (fig. 6.c).

6 Conclusion

We have presented a soften single shape prior incorporation for model-based
level set segmentation of objects from corrupted data in variational frameworks.
The proposed scheme is intended to circumvent the difficult tuning of the weight
balancing shape and image information. Most of the time this constant param-
eter is under or over-estimated, which yields unsuccessful segmentation results
corresponding to local minima of the energy functional. The proposed shape
constraint is spatially relaxed in a neighborhood of the prior shape to over-
come the issue of local minima. The constraint is later enhanced to overcome
image data corruptions. Experiments carried out with different kinds of images
demonstrated the efficiency of our spatio-temporal approach compared to the
shape prior integration achieved by a constant constraint. We also empirically
demonstrated the good performances of our approach with respect to simpler
temporal and spatial profile functions. Future works may be dedicated to the
building up of a theoretical basis enabling to retrieve such profile functions from
the image and shape prior information instead of the exposed ad hoc definitions.
Besides, we have proposed an alternative to the gradient descent scheme for
pose parameters estimation by using the downhill simplex method. The simplex
algorithm is easier to tune and estimates more robustly pose parameters than
the gradient descent scheme. Practically more tractable, the proposed method
is simple, easy to implement and can be applied to any segmentation problem
incorporating single prior shape constraints.

References

1. Staib, L.H., Duncan, J.S.: Boundary finding with parametrically deformable mod-
els. IEEE Transactions on Pattern Analysis and Machine Intelligence 14 (1992)
1061–1075

2. Cootes, T., Cooper, D., Taylor, C., Graham, J.: Active shape models - their training
and application. Computer Vision and Image Understanding. 61 (1995) 38–59

3. Leventon, M., Grimson, E., Faugeras., O.: Statistical shape influence in geodesic
active contours. Comp. Vision and Patt. Recon. (CVPR) (2000)

4. Chen, Y., Tagare, H., Thiruvenkadam, S., Huang, F., Wilson, D., Gopinath, K.,
Briggs, R., Geiser, E.: Using prior shapes in geometric active contours in a varia-
tional framework. International Journal of Computer Vision 50(3): 315-328 (2002)

5. Cremers, D., Tischhauser, F., Weickert, J., Schnorr, C.: Diffusion snakes : in-
troducing statistical shape knowledge into the mumford-shah functional. ICCV
(2002)



Spatio-temporal Prior Shape Constraint for Level Set Segmentation 519

6. Paragios, N., Rousson, M.: Shape priors for level set representations. European
Conference in Computer Vision 2 (2002) 78–92

7. Foulonneau, A., Charbonnier, P., Heitz, F.: Geometric shape priors for region-
based active contours. IEEE Int. Conf. Image Processing, ICIP 2003 (2003)

8. Chan, T., Zhu, W.: Level set based shape prior segmentation. Technical report,
UCLA (2003)
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Abstract. We introduce a novel implicit approach for single object segmenta-
tion in 3D images. The boundary surface of this object is assumed to contain
two known curves (the constraining curves), given by an expert. The aim of our
method is to find this surface by exploiting as much as possible the informa-
tion given in the supplied curves. As for active surfaces, we use a cost potential
which penalizes image regions of low interest (most likely areas of low gradient
or away from the surface to be extracted). In order to avoid local minima, we in-
troduce a new partial differential equation and use its solution for segmentation.
We show that the zero level set of this solution contains the constraining curves
as well as a set of paths joining them. These paths globally minimize an energy
which is defined from the cost potential. Our approach is in fact an elegant, im-
plicit extension to surfaces of the minimal path framework already known for 2D
image segmentation. As for this previous approach, and unlike other variational
methods, our method is not prone to local minima traps of the energy. We present
a fast implementation which has been successfully applied to 3D medical and
synthetic images.

Keywords: Image segmentation, Active contours, Minimal Paths, Level Set
method, Object Extraction, Stationary Transport Equation.

1 Introduction

Since their introduction by Kass et al. [15], deformable models have been extensively
used to find single and multiple objects in 2D and 3D images. The common use of these
models consists in introducing an initial object in the image and deforming it until it
reaches a desired target. In most applications, the evolution of the object is chosen
in order to most rapidly reduce an energy involving the image data, until a steady
state is reached. One of the main drawbacks of this approach is that it suffers from local
minima ‘traps’. This is the case when the steady state, reached by the active object, does
not correspond to the target but to another local minimum of the energy. An immediate
consequence of this behavior is that the active object’s initialization is a crucial step,
since the final result depends strongly upon it. Since the publication of [15], much
work has been done in order to free active models from the problem of local minima.
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Fig. 1. 3D ultrasound volume of a left ventricle: (a) and (b) show the two parallel slices where
the user given curves Γ1 and Γ2 are drawn. (c) shows a slice perpendicular to the curves in order
to show their position with respect to the ventricle. Finally (d) shows the surface containing the
constraint curves obtained with our approach. In the upper position we have shown the intersec-
tion of the zero level set of Ψ with a vertical plane. In the lower position we have traced some
minimal paths between the two constraining curves and a 3D representation of the zero level set,
the minimal paths are traced on this surface.

A balloon force was early proposed in [8] to make the model more active and to cope
with the shrinking problem, but this force assumes a known direction in the evolution.
The introduction of region dependent energies [9, 27, 19] and the use of shape priors
approaches [26], contributed to create a more robust framework. In order to avoid local
minima of the active contours, [10] proposed an approach to find a global minimum of
the energy. However their approach cannot be extended to find the global minimum for
an active surface in a 3D image.

In this work, we focus on a novel approach for 3D single object segmentation where
the resulting surface globally minimizes a given energy. Our aim is to generate a sur-
face that contains a couple of ‘constraining’ curves (Γ1 and Γ2) and which is also a
segmentation of an object. Γ1 and Γ2 are supposed to be traced by an expert1 on the
surface to be segmented. Our approach is based on implicitly generating a surface that
contains the set of paths globally minimizing an image energy and connecting Γ1 and
Γ2. Moreover, the constraining curves are the only input for the initialization of our
model. The paths linking Γ1 and Γ2 are globally minimal with respect to an energy of
the form

∫
Γ

P̃ . If the incremental cost P̃ is chosen to take lower values on the contours
of the 3D image, in particular on the surface of the object to be extracted, global min-

1 Notice that the expert may obtain these curves with a 2D active contour or interactive tool like
with the minimal path approach in [13].
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imal paths will help finding the boundary of the object (see section 2 and [10]). This
fact has been exploited in previous work [2, 3], where a network of a finite number of
minimal paths was computed between the two constraining curves and then extended,
by means of interpolation, to a segmentation surface of the object.
Although this approach gave good results, particularly in ultrasound 3D images, the
topology of the network was often problematic (paths tend to merge and only few points
of Γ1 are to be reached, see figure 1.d) considerably complicating the generation of the
segmenting surface and, in the worst cases, leading to bad segmentations (figure 3.b).

Our work presented herein, although based on similar ideas, is much more than an
implicit extension of the network approach. The surface generated by our algorithm
is completely composed of globally minimal paths, and in particular, it contains all the
minimal paths of the network introduced in [3]. Indeed, by solving a stationary transport
equation of the form: ∇Ψ.∇U = 0, where U is the action map (defined in section 3)
and Ψ is the unknown, we show in section 4 that Ψ is such that: any minimal path
between the constraining curves is contained in its zero level set Ψ−1({0}). We also
prove that for almost any point of this level set, the minimal path between this point
and Γ1 is contained as well in Ψ−1({0}). This property is the key point explaining the
good performance of our algorithm. In section 5 we give some results obtained by our
method on synthetic and real data.

As an illustration of our problem, we give in figures 1.a, 1.b and 1.c an example
of the user input to our algorithm. We perform the segmentation of a 3D ultrasound
volume of the left ventricle. In figure 1.d we show the output of our method, which is
the zero level set of function Ψ . We have also traced, for demonstration purposes, some
minimal paths joining points of Γ2 to Γ1, which are clearly displayed on the segmented
surface.

2 Minimal Paths in 2D Images

2.1 Active Contour Model

The first active contour model was introduced by Kass et al. in the seminal paper [15].
Their model, the well known ’snakes’, consists in finding a curve C (parametrized on
interval [0, 1] and traced on the image) that minimizes the energy,

Es(C) =
∫ 1

0

{
α ‖C′(x)‖2 + β ‖C′′(x)‖2 + P(C(x))dx

}
, (1)

where α and β are positive constants. The minimization of the first two terms of Es

induces the curve C to have a relatively high regularity, while the minimization of the
latter is intended to drive the curve toward significant edges of the image. In fact, Find-
ing a curve that minimizes energy E is not a simple task; this functional is defined on
the infinitely dimensioned space of regular curves and, generally, it is non-convex. The
potential function P usually represents an edge detector that has lower values along
edges. A common choice for this function is P = (1 + |∇I |2)−1, if I is the image.
Finding a curve that minimizes the energy Es is not a simple task; this functional is
defined on an infinite dimensional space and, generally, it is non-convex. The usual
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approach is based on finding a local minimum of Esnake by evolving an initial curve

C0 under the time dependent equation:
∂C(x, t)

∂t
− α

∂2C(x, t)
∂x2 + β

∂4C(x, t)
∂x4 = −∇P(C),

with C(·, 0) = C0. By this approach, the final curve C is strongly dependent on the
initialization C0. Since the method was originally intended to interactively segment a
single object in the image, this behavior is rather natural. Nonetheless, if C0 is too far
from the object to extract, the evolving curve can be trapped in another local minimum,
thus giving an unsatisfactory result.

2.2 Active Contours and Minimal Paths

In order to obtain global minimization in the active contours framework, Cohen and
Kimmel [10] simplified the energy by choosing β = 0 in the expression (1) of Es.
Additionally, they propose to use arclength parameterization (here noted s). Thus, they
look for the curve minimizing energy

E(C) =
∫ L

0

{
α + P

(
C(s)

)}
ds (2)

where L is the length of curve C and s its arclength parameterization (in the rest of this
paper we shall note P̃ = α + P). Even though this is the same energy proposed by
Caselles et al.[6] and Yezzi et al. [24], used in the well-known geodesic active contour
model, Cohen and Kimmel choose a completely different approach for the minimization
of E. Instead of using an evolution equation as in [6, 15, 24], they exploit a method
capable of building a curve between two points (p1 and p2) which is the global minimum
of E among all the curves joining these points. This minimum is called a minimal
path. Their approach is based on the fact that a minimal path between p2 and p1 can
be obtained by ‘back propagation’, solving : dC

dx
(x) = −∇Up1

(
C(x)

)
with C(0) = p2.

Where the real function Up1 , called the minimal action map, is defined at each point

q of the image domain by: Up1(q) = inf
{∫ L

0 P̃
(
C(s)

)
ds

}
. Where the inf is taken

among all curves such that C(0) = p1 and C(L) = q. In order to compute Up1 , Cohen
and Kimmel [10] use the fact (a proof of this fact can be found in [5]) that this map is
solution to the well known Eikonal equation :

‖∇Up1‖ = P̃ and Up1(p1) = 0. (3)

This equation is numerically solved by Cohen and Kimmel using the ‘Fast marching’
algorithm in order to compute a minimal path ([10]).

3 From Global Minimal Paths to 3D Surface Extraction

The method introduced in [10] can easily be extended for the construction of minimal
paths between two points in a 3D image [12]. In that case, the formalism given in the
previous section is unchanged, except for the fact that the functions P̃, Up1 are defined
(and C takes its values) on a 3D domain. The authors of [12] used it to find centerlines
in 3D tubular structures. As in the previous section, the cost function P̃ is supposed to
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have lower values on a surface to be extracted from the 3D image. Before reviewing
ideas in [2, 3], where the minimal path framework was extended to the extraction of
surfaces between two given curves Γ1 and Γ2, we give for comparison purposes a brief
description of the (now classical) geodesic active surface approach.

3.1 Background on Active Surfaces

The active surface model, introduced in [7], is a variational approach for the segmenta-
tion of objects in 3D images. In the same spirit as geodesic active contours, it is based
on finding a surface which minimizes an energy of the form:

ES(S) =
∫

O

P(S)
∥
∥
∥
∥

∂S

∂u
∧ ∂S

∂v

∥
∥
∥
∥ dudv, (4)

where (u, v) are the parameters of S, defined on the open set O ⊂ IR2. The most
common procedure for finding a local minimum of this energy is to deform, until con-
vergence, an initial surface S0, according to the evolution equation:

∂S

∂t
= PHNS − (∇P .NS)NS with S(·, ·, 0) = S0, (5)

H being the mean curvature of S and NS its normal. This implies that the final surface
is the local minimum of ES which is ”closest” to S0. As with geodesic active contours,
this method lacks robustness with respect to S0. In [2] a method was suggested, based
on minimal paths, that provided this model with a convenient initialization. This was
done by incorporating the information given by the user through the two constraining
curves, Γ1, Γ2. We give a description of this approach in the next section since our
algorithm, further proposed, elaborates on ideas that are related.

3.2 Minimal Path Set Between Two Curves

Active surfaces are usually initialized with simple geometric structures like ellipsoids or
cylinders which do not always lead to a good segmentation after evolution to a steady
state. Here, instead, the user is asked to introduce into the 3D image a couple of curves
(not necessarily planar) drawn on the surface to be extracted. These curves, Γ1 and Γ2,
are exploited as the initialization of the model and as incorporated user information. The
approach is based on considering a network of paths that globally minimizes an energy
associated to the image. This network is used to generate a surface that contains the con-
straining curves and which provides a segmentation of the object lying between them.

We say that a curve γq
Γ1

is a path between a point q and curve Γ1 if γq
Γ1

(0) = q and

γq
Γ1

(L) ∈ Γ1. A path network N Γ2
Γ1

, between the points of Γ2 and curve Γ1, is the set

N Γ2
Γ1

=
{
γq

Γ1

}
q∈Γ2

,

where it is supposed that every point q of Γ2 is visited only once. Using the geodesic
energy of each path composing the network, we define the following energy on the set
of all possibles networks:
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ENet

(
N Γ2

Γ1

)
=

∫

q∈Γ2

∫ L(q)

0
P̃

(
γΓ1

q (s)
)
dsdq. (6)

Since the potential function P̃ is positive, the minimization of ENet can be obtained by
finding every globally minimal path between the points of Γ2 and curve Γ1. Moreover,
these minimal paths are easily found. Indeed, similar to section 2.2, the minimal path
between Γ1 and a point q (further noted Cq

Γ1
), with respect to the energy E (defined by

(2)), is solution of the ordinary differential equation:

dCq
Γ1

dx
(x) = −∇UΓ1

(
Cq

Γ1
(x)

)
with Cq

Γ1
(0) = q. (7)

UΓ1 is the action map defined on each point q ∈ Ω by :

UΓ1(q) = inf

{∫ L

0
P̃(C(s))ds

}

,

where the inf is taken among all curves such that C(0) = q and C(L) ∈ Γ1. Fur-
thermore, it follows that UΓ1(q) = inf

p∈Γ1
{Up(q)} . This implies, as a consequence of

relation (3), that UΓ1 is also a solution to the Eikonal equation but with a different
initial condition :

‖∇UΓ1‖ = P̃, and ∀p ∈ Γ1, UΓ1(p) = 0. (8)

By solving equation (7), using each point of Γ2 as part of the initial condition, we
globally minimize the energy ENet, producing the minimal energy network:

SΓ2
Γ1

=
⋃

q∈Γ2

{
Cq

Γ1

}
.

The minimal network is thus the set of all solutions of the ordinary differential equation
(7) when varying its initial condition along Γ2. Up to a reparameterization, assume ev-
ery minimal path (respectively curve Γ2) is parameterized on an interval J (respectively
I). SΓ2

Γ1
can then be considered as a mapping (since minimal paths cannot cross without

merging) from I × J to Ω, such that for all pair (u, v) ∈ I × J SΓ2
Γ1

(u, v) = CΓ2(u)
Γ1

(v).
Using this map for segmentation follows the same intuition as in [2, 3], where the hy-
pothesis is made that each path of SΓ2

Γ1
is within a small distance from the surface to

extract. Unfortunately, as can be understood from [18], in the general case the map
SΓ2

Γ1
(·, ·) lacks the fundamental property of continuity. For that reason, it is insufficient

for segmentation. In order to cope with this difficulty, Ardon and Cohen [2, 3], proposed
two different solutions :

– An analytical interpolation method was used to generate a surface from a finite
number of paths belonging to SΓ2

Γ1
. This approach gave satisfactory segmentation

results only in very particular cases (the topology of the surface being such that the
gaps created by the discontinuities uncover relatively small areas of the surface),
and was thus preferred as an initialization of other active object methods [2].
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– A different network was generated by solving a projected version of the ordinary
differential equation (7) [3]. The projection was made on planes whose definition
depended on Γ1 and Γ2. Even though satisfactory results were obtained in medical
images under some restrictions applied to the two constraining curves (they should
neither intersect nor be open), with this approach the network is no longer minimal
for energy ENet. Furthermore, paths can cross without merging thus no mapping
can be defined. Last but not least, this approach can only extract surfaces of objects
whose topology is cylindrical.

In order to solve the problems mentioned above, we introduce in the next section
a novel approach for the generation of a surface using the minimal path network. This
surface shall be defined as the zero level set of a function Ψ which solves a certain
transport equation.

4 Implicit Definition of a Surface Containing the Minimal Paths Set

In order to simplify our description, Γ1 and Γ2 are assumed to be two non-intersecting
planar, closed curves. We look for a real function Ψ , defined on the image domain
Ω, such that SΓ2

Γ1
is contained in its zero level set (further noted Ψ−1({0})). Having

no a priori knowledge on the properties Ψ should satisfy, we shall suppose that Ψ is
continuously differentiable and we first look for a necessary condition based on our
knowledge of the minimal path network. Further, this condition is exploited to formulate
a sufficient condition and finally give a consistent description of function Ψ .

4.1 Searching for an Implicit Function

As in section 3.2, we denote by Cq
Γ1

a minimal path from a point q ∈ Ω to curve Γ1,

and we suppose that J is its parameterization interval. The minimal paths set SΓ2
Γ1

can

also be considered as a subset of Ω, p ∈ SΓ2
Γ1

means that p is a point belonging to a
minimal path. Let us first assume that a continuously differentiable function Ψ , defined
in Ω is such that SΓ2

Γ1
⊂ Ψ−1({0}). This means that for all minimal path Cq

Γ1
we have

∀x ∈ J, Ψ
(
Cq

Γ1
(x)

)
= 0. From the derivative with respect to x of this relation we obtain

∀x ∈ J, ∇Ψ
(
Cq

Γ1
(x)

)
.
dCq

Γ1

dx
(x) = 0.

Using relation (7) we deduce the following proposition:

Proposition 4.11 (Necessary condition). For any real differential function Ψ defined
on Ω such that SΓ2

Γ1
⊂ Ψ−1({0}), we have for every point p of SΓ2

Γ1
:

∇Ψ(p).∇UΓ1 (p) = 0. (9)

The perpendicularity of the two gradient vector fields is only necessary on the points
of the minimal path network. Hardening this condition and demanding that Ψ satisfies
relation (9) everywhere in Ω, should lead to a sufficient relation for the minimal paths
to be contained in Ψ−1({0}).
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Proposition 4.12 (Sufficient condition). If Ψ is a C1 function satisfying :
⎧
⎨

⎩

(C1) ∀p ∈ Ω, ∇Ψ(p).∇UΓ1 (p) = 0

(C2) ∀q ∈ Γ2, Ψ(q) = 0
then SΓ2

Γ1
⊂ Ψ−1({0}).

Proof: for every point q ∈ Γ2, the values taken by function Ψ along the minimal path
Cq

Γ1
are given by function fq = Ψ ◦ Cq

Γ1
. The derivative of fq, for all x ∈ J , gives:

dfq

dx
(x) = ∇Ψ

(
Cq

Γ1
(x)

)
.
dCq

Γ1

dx
(x)

=︸︷︷︸
from (7)

−∇Ψ
(
Cq

Γ1
(x)

)
.∇UΓ1

(
Cq

Γ1
(x)

)
=︸︷︷︸

from (C1)

0.

Thus, function fq is constant on J . Furthermore, recall that Cq
Γ1

(0) = q and q ∈ Γ2.
Condition (C2) establishes then that fq(0) = 0 and finally that fq is zero on J , which
means that Ψ is zero along any minimal path.
In the previous reasoning, the fact that point q belongs to Γ2 is not relevant for estab-
lishing that fq is a constant function. As a matter of fact, for every point p ∈ Ψ−1({0})
(not necessary on Γ2), along the minimal path between this point and curve Γ1, function
Ψ also has zero values (since fp = 0). This means that the set Ψ−1({0}) contains a set
of minimal paths which is much larger than SΓ2

Γ1
. More interestingly, we have:

Proposition 4.13 (Ψ−1({0}) structure). If Ψ satisfies the same conditions as in prop-
erty 4.12, then for all p ∈ Ψ−1({0}), the minimal path Cp

Γ1
joining p to Γ1 satisfies

Cp
Γ1

⊂ Ψ−1({0}).

This establishes that the zero level set of the function Ψ is in fact a set of minimal paths
joining Γ1. Being minimal with respect to the geodesic energy E (see section 2.2), these
paths tend to be traced on the object to extract (as Γ1 and Γ2). This explains the better
results, compared to [3], obtained with our method, more information is injected into the
model. A good example is given in figure 3, which demonstrates, on a synthetic image,
how this approach gives good results where clearly SΓ2

Γ1
is insufficient for segmentation.

In the next sections we outline two different manners to derive advantages from these
propositions. The first one, is a direct implementation of the transport problem, the
second is a combination with other active object approaches such as the active surface
model.

4.2 Segmenting with the Transport Equation

We further denote by Π1, Π2 the intersection of the planes containing Γ1 and Γ2 with
the image domain. The functions d1, d2 are the signed distance functions to these
curves, positive in their interior and defined on Π1 and Π2 respectively. Notice that
at each point q ∈ Γ2, d2(q) = 0.
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ΠΠ
Γ

Γ₁

ν²η

Fig. 2. Boundary conditions for the transport
problem

Consider now the closed set

V2
η = {p ∈ Π2 such that |d2(p)| � η} ,

where η is a real positive value (see fig-
ure 2). Inspired by proposition 4.12, we
consider the open set O = int(Ω) − V2

η ,
where int(Ω) is the interior of the image
domain, and search for Ψ as the solution
to the Cauchy problem defined on Ω:

⎧
⎪⎨

⎪⎩

∇Ψ(p).∇UΓ1(p) = 0 if p ∈ O,
Ψ(p) = d2(p) if p ∈ V2

η ,
Ψ(p) = min

p∈Π2

(
d2(p)

)
if p ∈ δΩ.

(10)
δΩ is the boundary of the image domain
Ω. Problem (10) is known as a stationary

transport problem: its solution Ψ , being constant along minimal path, ”transports” the
values taken along the boundary V2

η ∪ δΩ.
The transport problem (10) has been studied from a theoretical point of view (see

for example [1] and references within), and results of existence and uniqueness have
been given by Bouchut et. al. in [4] and L. Ambrosio in [1]. It is beyond the scope of
this paper to present the theoretical details. As a matter of fact, numerical approaches
(see section 4.4) that take in consideration the presence of possible discontinuities of
the function Ψ were proposed before a theoretical framework was established. Section
4.4 describes a fast algorithm for solving this problem.

4.3 A New Force for Active Models

Another approach for solving the stationary transport problem is to look for the steady
state of the time dependent equation: ∂Ψ

∂t = ∇Ψ.∇UΓ1 . In the level set formulation
of the active surface model (see section 3.1 and [7]), the time dependent equation to
solve, in the Level Set formulation [21], is: ∂Φ

∂t
= ∇Φ.∇P̃ + P̃ ‖∇Φ‖ div

(
∇Φ

‖∇Φ‖

)
. The

first term of the right hand side is a transport term that drives the level sets of Φ to the
minima of P̃. The second induces a regularization of Φ, which is dominant in areas
where P̃ is strong. It is thus natural to introduce the same regularization in our problem
and solve

∂Ψ

∂t
= ∇Ψ.∇UΓ1 + UΓ1 ‖∇Ψ‖ div

(
∇Ψ

‖∇Ψ‖

)

(because Ψ would minimize a geodesic energy where UΓ1 plays the role of the poten-
tial). A small inconvenience arises near Γ2 since UΓ1 can be strong in that area, thereby
enforcing too much smoothing. The final surface may not strictly contain the constrain-
ing curves.

A different option is to consider our transport term as a new external force that drives
the model toward the minimal path network, thus introducing the information given by
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the user through the constraining curves as well as the global information contained in
the function U . The dynamic equation to solve is then of the form:

∂Ψ

∂t
= ∇Ψ.∇P̃ + P̃ ‖∇Ψ‖ div

(
∇Ψ

‖∇Ψ‖

)

+ ∇Ψ.
∇UΓ1

‖∇UΓ1‖︸ ︷︷ ︸
normalized force

.

We have here considered the active surface model but our ‘minimal path’ force can be
added to other active surface models as well. Of course, unlike the direct segmenta-
tion with the transport equation, while this new force contributes to avoiding unwanted
local minima of the energy, it does not ensure the reaching of a global minimum. In
what follows we will concentrate on the numerical solution to the transport problem
and will leave further development of the method presented in this section to future
papers.

4.4 Implementation of the Transport Problem

We now describe an efficient algorithm for the numerical implementation of the trans-
port problem (10). Unlike [3], minimal paths are not to be computed directly in this
implicit approach. We only numerically calculate solutions to the Eikonal and to the
stationary transport equations.

To numerically solve the Eikonal equation (8) classic finite difference schemes tend
to be unstable. Generally it is preferable to use consistent algorithms using upwind
differences (derivative approximations are chosen looking in the direction from which
the information is flowing) as fast marching [23, 20] or fast sweeping [14]. Numerical
complexity of O(N) (N being the number of grid points) can then be achieved and only
one grid pass is needed to obtain a first order approximation of the solution UΓ1 .

The stationary transport equation, as with most first order partial differential equa-
tions whose characteristics intersect, is difficult to solve numerically. In fact, in the gen-
eral case (P̃ is supposed to be a bounded and continuous function), there is no classical
solution defined in all Ω, and the weak solution Ψ can present discontinuities. Many im-
plementations of the transport equation in its non-static expression have been proposed
in the modeling of geophysical phenomena. In 1964, Lax and Wendorff proposed in
[16] a scheme using centered finite differences for the approximation of derivatives.
Then, in 1968, Crowley suggested in [11] a scheme that achieved second order preci-
sion in time and space, and which inspired other numerous publications. In particular,
a generalization to multiple dimensions was proposed by Smolarkiewicz in [22]. These
are only some early publications from a long list of papers treating this topic. Here we
will concentrate on a first order, fast algorithm which is less constrained since only the
zero level set of the solution matters in our approach.

In order to simplify notation, the symbol V shall be used to refer to the gradi-
ent ∇UΓ1 . One of the first numerical approaches for solving the transport equation
proposes a first order approximation of the gradient ∇Ψ that follows the direction
in which information propagates. This discretization is the upwind approach and
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consists in choosing the approximation of ∂Ψ
∂α following the sign of the components Vα

(where α = x, y ou z) of V . Recently, A. Yezzi and J. L. Prince used this scheme in [25]
for the numerical solution of equation ∇Ψ.T = 1 (where T was a known vector field).
Lastly, although this scheme is of relatively low precision and dissipative [17], it gives
satisfactory results in our experiments with an acceptable convergence speed.

If Ψ i,j,k is the value of the numerical approximation of Ψ at point [i; j; k] of the
discrete square grid, we shall denote the left and right approximations of the partial
derivatives by:

D−xΨ = Ψ i,j,k−Ψ i−1,j,k

h , D+xΨ = Ψ i+1,j,k−Ψ i,j,k

h

(similarly in the y and z directions) where h is the discretization step, identical in
all three spatial directions. Our scheme for solving the stationary transport problem
V.∇Ψ = 0 is then

V i,j,k
x .

(
D−xΨ i,j,k or D+xΨ i,j,k

)
+ V i,j,k

y .
(
D−yΨ i,j,k or D+yΨ i,j,k

)
+

V i,j,k
z .

(
D−zΨ i,j,k or D+zΨ i,j,k

)
= 0.

In our problem, the direction in which information propagates is given by the vector

−V . Therefore, denoting by H the heaviside function defined by H(x)=
{

1, if x � 0
0, else.

,

ΓΓ

Γ₂
Γ₂

Γ₁

(a) (b)

SΓ
Γ

Γ Γ

(c) (d)

Fig. 3. (a) represents a half-sphere blended with a plane (transparent visualization) and Γ1 and

Γ2 (black segments). (b) shows some minimal paths of SΓ2
Γ1

taking a short cut around the sphere.
(c) shows the values taken by Ψ on three perpendicular planes. (d) shows the superposition of
Ψ−1(0) and the set SΓ2

Γ1
(see please the electronic color version).
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the upwind approximation is:

V i,j,k
x .

(
D−xΨ i,j,kH(−V i,j,k

x ) + D+xΨ i,j,kH(V i,j,k
x )

)
+

V i,j,k
y .

(
D−yΨ i,j,kH(−V i,j,k

y ) + D+yΨ i,j,kH(V i,j,k
y )

)
+

V i,j,k
z .

(
D−zΨ i,j,kH(−V i,j,k

z ) + D+zΨ i,j,kH(V i,j,k
z )

)
= 0.

Then, if I = (i + 1) if Vx > 0, i − 1 otherwise, and similarly for J and K , we have
∣
∣V i,j,k

x

∣
∣
[
Ψ I,j,k − Ψ i,j,k

]
+

∣
∣V i,j,k

y

∣
∣
[
Ψ i,J,k − Ψ i,j,k

]

+
∣
∣V i,j,k

z

∣
∣[Ψ i,j,K − Ψ i,j,k

]
= 0,

which, by grouping terms with Ψ i,j,k, finally leads to the update expression of our
algorithm:

Ψ i,j,k =
|V i,j,k

x |Ψ I,j,k + |V i,j,k
y |Ψ i,J,k + |V i,j,k

z |Ψ i,j,K

|V i,j,k
x | + |V i,j,k

y | + |V i,j,k
z |

. (11)

This equality can be exploited, as presented in [25], in a fast marching type scheme
that achieves a first order approximation of the solution to our problem in only one grid

Γ

Γ

(a) (b)

(c) (d)

Fig. 4. (a) shows the intersection of a plain with a binary image where three ‘S’ shaped tubes
are one inside the other, Γ1 and Γ2 are shown in red. (b) shows the values taken by Ψ on three
perpendicular planes (see please the electronic color version). (c) shows the superposition of
Ψ−1(0) and the original image and (d) the intersection of this surface with a plane of the image.
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pass and with a N log(N) complexity. In the end, our algorithm consists in solving the
Eikonal equation first, then the transport equation by means of the same implementa-
tion. We thus can achieve very rapid computing times. In the next section we give some
results.

5 Applications

We apply our method to some synthetic and real 3D images. In all our examples we
used a potential of the form: P̃ = α.h(|∇Iσ|) + (1 − α).hgap(∆Iσ), where h and hgap

are two functions bounded between 0 and 1 and where Iσ is the convolution of the given
image with a Gaussian kernel of variance σ. Typically, h(x) = 1

1+x2/λ2 , where λ is a
user defined contrast factor that can be computed as an average gradient value, and hgap

is chosen to be a zero crossing detector.
Figure 3 represents a sphere blended with a plane. This surface is to be extracted

between two curves which are parallel lines (see figure 3.a). This configuration does
not exactly satisfy the hypothesis taken in section 3 (we are not dealing with closed
curves) but the extension is straightforward (the boundary conditions have to be slightly
modified). The set of minimal paths SΓ2

Γ1
is unable to provide enough information for
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(a) (b) (c)

Γ

Γ

Ψ-¹({0})

Γ

Γ

Ψ-¹({0})

SΓ

Γ

(d) (e)

Fig. 5. Left ventricle segmentation : (a),(b) and (c) display some level sets of our solution Ψ
on three orthogonal planes. (d) shows the intersection of the zero level set of Ψ with a slice of
the image and (e) shows a volume representation of Ψ−1({0}) (see please the electronic color
version).
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the extraction of the surface, since no minimal path ‘climbs’ on the sphere surface.
Nonetheless, the zero level set of the corresponding Ψ function reconstructs perfectly
the surface. Our implicit method recovers more information than the minimal paths and
we obtain the complete surface.

Figure 4 illustrates with a synthetic binary volume the behavior of our algorithm
when various local minima of energy ES (4) are present. In this volume three ‘S’ shaped
tubes are displayed one inside the other. The constraining curves are traced on the sec-
ond tube, without the information they bring, segmenting this tube is a hard task.

In figure 5 we show the extraction of the surface of the left ventricle from the 3D
ultrasound image shown in figure 1. For this ultrasound image of size 256 × 256 ×

Γ

Γ

(a) (b)

Ψ-¹({0})

(c)

Fig. 6. (a) shows a plane of a 3D ultrasound volume obtained from a patient whose echogenicity is
low. This image is difficult to segment. (b) shows some level sets of our solution Ψ and a volume
representation of the zero level set. (c) displays the segmentation obtained with our method(see
please the electronic color version).
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256 we used a personal computer with a 1.4Ghz processor and 512 Mb of RAM. The
segmentation is obtained in less than 15 seconds.

In our last example, shown in figure 6, we display the segmentation of a left ven-
tricle. In this case the information given by the two constraining curves is crucially
important, since the echogenicity of the patient generates a very low visibility.

6 Conclusion

In this paper we have presented a method that generalizes globally minimal paths for
curve segmentation in 2D to surface segmentation in 3D. Our model is initialized by
two user-supplied curves which we maximally exploit partly by the fact that the sur-
face we generate is constrained to contain them. We have developed a novel implicit
approach that, through a linear partial differential equation, exploits the solution to the
Eikonal equation and generates a function whose zero level set contains all the globally
minimal paths between the constraining curves. Hence, our approach is not prone to
local minima traps as are other active surface approaches. It is especially well suited
for medical image segmentation, in particular for ultrasound images segmentation. In
cases where the image quality is very poor, our approach handles the introduction of
additional information coming from the practitioner in a very natural manner: a few 2D
segmentations can be enough to generate a coherent, complete surface.
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Abstract. In this paper, a novel training method is proposed to increase the 
classification efficiency of support vector machine (SVM). The efficiency of 
the SVM is determined by the number of support vectors, which is usually large 
for representing a highly convoluted separation hypersurface. We noted that the 
separation hypersurface is made unnecessarily over-convoluted around extreme 
outliers, which dominate the objective function of SVM. To suppress the domi-
nation from extreme outliers and thus relatively simplify the shape of separation 
hypersurface, we propose a method of adaptively penalizing the outliers in the 
objective function. Since our reformulated objective function has the similar 
format of the standard SVM, the idea of the existing SVM training algorithms is 
borrowed for training the proposed SVM. Our proposed method has been tested 
on the UCI machine learning repository, as well as a real clinical problem, i.e., 
tissue classification in prostate ultrasound images. Experimental results show 
that our method is able to dramatically increase the classification efficiency of 
the SVM, without losing its generalization ability. 

1   Introduction 

Support vector machine (SVM), proposed by Vapnik in 1995 [1], is a new generation 
of learning systems, based on statistical learning theory. Considering a two-class 
classification problem with m labeled training samples,  

}1},1,1{,|),{( miyRxyx i
n

iii L
vv =−∈∈ , 

SVM is able to generate a hypersurface that has maximum margin to separate these 
two classes. During the applications, a testing sample x

v  is classified by calculating its 
distance to the hypersurface:  

bxxKyxd
m

i
iii += ∑

=

),()(
1

vvv α  (1) 

where iα  and b are the parameters determined by SVM’s learning algorithm, and 

),( xxK i

vv  is the kernel function. Samples ix
v

 with nonzero parameters iα  are called 

“support vectors”.  
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SVM has several striking properties. First, SVM is developed based on the idea of 
structural risk minimization [1]. It can achieve high generalization ability by minimiz-
ing the Vapnik-Chervonenkis dimension. Second, by using the kernel trick [2], the 
samples are implicitly mapped to a higher dimensional space. Therefore, SVM can 
generate a convoluted hypersurface to non-linearly separate different classes. Finally, 
the training procedure of SVM can be eventually formulated as a constraint quadratic 
optimization problem, which has a unique global minimum.  

Accordingly, SVM shows superior performances in pattern recognition problems 
and has drawn considerable attentions in various research areas [3-8]. However, while 
confronting large data classification problem, SVM usually needs a huge number of 
support vectors to parameterize the separation hypersurface. Since it is computationally 
expensive to calculate the decision function with many non-zero parameters iα  in Eq. 
(1), SVM exhibits substantially slower classification speed than that of neural network 
[9]. This disadvantage unavoidably limits the capability of SVM in the applications 
that require a massive number of classifications [5] or real-time classification [11].  

In this paper, we will propose a novel training method to increase the classification 
efficiency of SVM. The basic idea of our method is to prevent the separation hyper-
surface from being locally over-convoluted, usually incurred by extreme outliers in 
the training set. To achieve this goal, we reformulate the objective function of the 
standard soft-margin SVM by designing an adaptive penalty term to outliers. There-
fore, the objective function will be no longer dominated by extreme outliers and the 
separation surface can be simplified without losing its generalization ability. We will 
further show that the reformulated objective function can be eventually transformed to 
a quadratic optimization problem with adaptive constraints, which has similar format 
as the dual problem of the standard soft-margin SVM. In this way, our training 
method can be easily implemented in an iterative framework, which can be embedded 
by any existing SVM training methods. 

The remaining of this paper is organized as following. In Section 2, we will first 
analyze the problem in details, and then reformulate SVM by an adaptive penalty 
term to outliers. The training method of reformulated SVM will also be provided. 
Section 3 will present the experimental results of our method on the UCI machine 
learning repository, as well as a real clinical problem, i.e., tissue classification in a set 
of prostate ultrasound images. This paper concludes in Section 4. 

2   Methods 

2.1   Problem Description 

As indicated in Eq. (1), the computational cost of SVM is directly related to the num-
ber of the support vectors, i.e. training samples with non-zero parameters iα . Accord-
ing to their relative positions to the separation hypersurface, support vectors can be 
categorized into two types. The first type of support vectors are the training samples 
that exactly locate on the margins of the separation hypersurface, i.e., 1)( ±=ixd

v , 

such as red circles/crosses shown in Fig 1. The second type of support vectors are the 
training samples that locate beyond their corresponding margins, i.e., 1)( <ii xdy

v , 

such  as blue and green circles/crosses shown in Fig 1. For a SVM, the second type of  
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Fig. 1. Schematic explanation of the separation hypersurface (solid curves), margins (dashed 
curves), and support vectors of SVM (colored circles/crosses). The positive and the negative 
training samples are indicated by circles and crosses, respectively. 

support vectors are regarded as misclassified samples, although some of them still 
locate at the correct side of the hypersurface (shown as blue circles/crosses). 

SVM usually has a huge number of support vectors, when the distributions of the 
positive and the negative training samples from a large dataset highly overlap with 
each other. This unfavorable situation can be contributed to two reasons: (1) a large 
number of the first-type support vectors are needed to construct a highly convoluted 
hypersurface, in order to separate two classes; (2) even the highly convoluted separa-
tion hypersurface has been constructed, a lot of confounding samples will be misclas-
sified, thus selected as the second type of support vectors. 

 
(a)                                                                        (b) 

Fig. 2. Schematic explanation of the over-convoluted separation hypersurface incurred by an 
outlier. The solid and dashed curves denote the separation hypersurface and margins, respec-
tively. Circles and crosses denote the positive and the negative training samples, respectively. 
The blue ones denote the support vectors. The red circle in (b) is an outlier that incurs the hy-
persurface over-convoluted. Notably, except the red circle in (b), other samples in (a) and (b) 
are identical. 

Margin Margin Margin Margin 

Margin Margin 
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Some support vectors might be redundant to parameterize the separation hypersur-
face. Based on this hypothesis, researchers have proposed efficient SVM training 
methods [11][13]. Compared to [13], the method proposed by Osuna et al in [11] is 
more feasible, and it offered a principle for controlling the accuracy of approximation. 
This method approximates the separation hypersurface with a subset of the support 
vectors by using a Support Vector Regression Machine (SVRM). If the separation 
hypersurface is relatively simple, Osuan’s method is quite effective to reduce the 
number of support vectors without system degradation. However, in many large data-
set classification problems, SVM usually generates a highly convoluted separation 
hypersurface, which is difficult to be parameterized by a small number of support 
vectors as Osuan’s method did. Therefore, the only way for decreasing the number of 
support vectors is to simplify the over-convoluted separation hypersurface. 

It is widely accepted that the convoluted hypersurface of SVM is critical for 
nonlinear separation of classes, which might overlap with each other in the original 
feature space. However, in certain cases, the hypersurface generated by SVM is un-
necessarily over-convoluted in some local regions without increasing the generaliza-
tion ability of the SVM. Fig 2 presents a toy problem to illustrate those cases. In Fig 
2(a), the separation hypersurface of the SVM is relatively simple and it has 12 support 
vectors (denoted by blue crosses or circles). The distribution of the training samples 
in Fig 2(b) is almost the same as that of Fig 2(a) except an additional positive sample 
(denoted by the red circle). However, the separation hypersurface in Fig 2 (b) became 
much more convoluted, in order to satisfy this additional sample, and the trained 
SVM has 16 support vectors. Notably, since this additional training sample locates in 
an isolated region that is far from samples of the same class, it might be an outlier 
produced by noise or error. Therefore, the over-convoluted hypersurface, used to 
satisfy this sample, will decrease the generalization ability of SVM, but increase its 
computational cost. Obviously, this unfavorable situation should be avoided, in order 
to increase the classification efficiency and generalization of the SVM. In the next 
section, we will investigate this problem in detail, and finally prevent it by reformulat-
ing a new objective function for SVM. 

2.2   Reformulation of Objective Function in SVM 

It is necessary to briefly introduce the objective function of SVM, before investigating 
the reason for over-convoluted separation hypersurface in some classification cases. 
According to the statistical learning theory [1], SVM tries to generate a separation 
hyperplane, 0=+⋅ bxw

vv
, which has the maximum generalization ability. Here, w

v
 is 

the normal of the hyperplane, and b is the distance from the hyperplane to the origin. 

Given m labeled training samples, i.e.  }1},1,1{,|),{( miyRxyx i
n

iii L
vv =−∈∈ , the 

training of SVM can be formulated as solving a quadratic optimal problem:  
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Here, ⋅  is the norm of a vector, and ( )⋅φ  maps samples into a higher dimensional 

space and can be implicitly implemented by the kernel trick [2]. 



 Increasing Efficiency of SVM by Adaptively Penalizing Outliers 543 

In the objective function of Eq. (2), the first term w
v

 measures the inverse of the 

margin distance that should be minimized to obtain the minimum structural risk [2]. 
The second term is a penalty term consisting of a number of non-negative slack vari-
ables i

ξ , used to construct a soft margin hyperplane [12]. By using the relaxed separa-

tion constraints ( ) iii bxwy ξφ −≥+⋅ 1)(
vv , some training samples are allowed to locate 

beyond their corresponding margins, i.e. ( ) 1)( <+⋅ bxwy ii

vv φ . The linear summation of 

all slack variables 
iξ  is constrained by the second term in the objective function, in 

order to avoid the trivial solution that all 
iξ  take large values.  

According to Eq. (2), it is not difficult to understand the reason why the case de-
scribed in Fig 2 happens. The separation hypersurface in Fig 2(b) has to be convo-
luted in order to satisfy that additional red positive sample; otherwise, the correspond-
ing iξ  of that additional sample will be very large, thus dominating the objective 
function. However, as the additional sample locates in an isolated region far from 
samples of the same class, it is an outlier that might be generated by noise or error. 
Therefore, the hypersurface convoluted around the additional sample is unnecessary, 
and it will only decrease the generalization of the trained SVM. To solve this prob-
lem, we introduce a non-linear penalty term, instead of the linear penalty term in Eq. 
(2) that makes the effect of outliers overwhelming over the whole objective function. 
The objective function of SVM is reformulated as following:  
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Fig. 3. A nonlinear error function for suppressing the slack variables with large value, thus 
adaptively penalizing outliers. The curves of different colors denote the error functions with 
respect to different parameter σ  used. The dashed arrow indicates the decrease of σ  with the 
progress of iterative training, i.e., transferring linear penalty to nonlinearly-mapped penalty. 
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where ( )σξ ;erf  is a nonlinear error function, defined by ( ) ∫
−

=
ξ

σ

σπ
σξ
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2
22

; dzeerf
z

, 

to adaptively penalize outliers. As indicated by the function plot in Fig 3, the error 
function erf will suppress the slack variables when they are large. In this way, the 
objective function will be no longer dominated by the large slack variables, and thus 
the resulting separation hypersurface will not be over-convoluted around extreme 
outliers. On the other hand, if there are a considerable number of same-class samples 
clustering in an isolated region that is distant from other samples of this class, the 
generated hypersurface could still be convoluted to satisfy these samples, in order to 
decrease the total error for these samples. In this way, the generalization ability of the 
SVM is preserved.  

2.3   Training of the Reformulated SVM 

In this section, we will discuss the training algorithm for the reformulated SVM. 
Similarly, the Lagrangian theory is employed here to solve the reformulated con-
strained quadratic problem. After introducing Lagrangian multipliers iα  and iη , we 
obtain the primary Lagrangian of Eq. (3) as:  
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According to Kuhn-Tucker condition, we can express Eq. (4) as a dual problem 
given next, by differentiating Eq. (4) with respect to the primary variables w

v  and b, 
setting the derivatives as zero and resubmitting the relations obtained by these equa-
tions.  
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where ( )ifer ξ′  is the derivative of the nonlinear error function, i.e., a Gaussian func-

tion with the standard deviation σ . 
Notably, compared to the dual problem expressed for the standard SVM, the La-

grangian multiplier iα  in Eq. (5) is no longer constrained by a global constant C, but 

( )σξ ;iferC ′⋅ , which is adaptive to each sample according to its corresponding 
iξ . 

Since ( )σξ ;ifer ′  is actually a Gaussian function, the Lagrangian multiplier iα  of a 

training sample with large slack variable 
iξ  is actually restricted by a very low upper 

bound. Therefore, this sample has very little contribution in constructing the separa-
tion hypersurface, even if it is selected as a support vector. Actually, the reformulated 
SVM offers a soft selection mechanism to adaptively determine the importance of 
different training samples, thus the effect of the outliers is suppressed. On the other 
hand, our method can be interpreted as an algorithm of adaptively and softly selecting 
samples for training, which is significantly different from the method proposed by 
Lee et al [14], which randomly selects a subset of training samples in order to speed 
up SVM.  
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Since the objective function in Eq. (5) has a very similar format with respect to the 
standard SVM, we can design an iterative framework to train the reformulated SVM, 
by borrowing any existing SVM training methods. First, iα  are optimized using a 
similar training method for the standard SVM, except using the adaptive constraints 

( )σξα ;0 ii ferC ′⋅≤≤ . Then, 
iξ  can be calculated by the following equation,  

1),(
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−+= ∑
=

bxxKy
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i
iiii
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In the initial iterations, the parameter σ  is set to be a large value, thus the error function 
performs as a linear slack term used in the standard SVM (c.f. Fig 3). With progress of 
the training, the parameter σ  becomes smaller and smaller, thereby the nonlinear error 
function starts to suppress the large slack variables more. After the training procedure 
converges, we thus generate an optimal separation hypersurface for the reformulated 
SVM. Finally, Osuna’s method [11], which employs the SVRM to approximate the 
hypersurface by a subset of support vectors, is employed to further decrease the number 
of support vectors and thus increase the classification efficiency of the SVM.  

3   Experiments 

To validate the effectiveness of our method, we applied it to the UCI Machine Learn-
ing Repository, as well as a real clinical problem, i.e., tissue classification in the pros-
tate ultrasound images. The experimental results are presented next. 

3.1   Experiments on UCI Machine Learning Repository 

UCI Machine Learning Repository contains a set of data that is used by the machine 
learning community for the empirical analysis of machine learning algorithms. From 
the repository, we select the datasets “Adult” (45222 samples, 14 features), “Breast 
Caner” (687 samples, 10 features), “Ionosphere” (351 samples, 34 features), and 
“Monks” (432 samples, 6 features), to test our method.  

For the datasets of “Breast Cancer”, “Ionosphere” and “Monks”, we randomly di-
vided each dataset into several groups, with each group having 50 samples. In the 
training stage, one group is left out as testing samples, and other remaining groups are 
used as training samples. This leave-one-group-out cross validation is repeated. The 
averages on the correct classification rate and the number of support vectors from all 
tests are reported.  

For the “Adult” dataset, we use the standard training and testing sets, which have 
30162 samples and 15606 samples, respectively.  

Table 1 summarizes the average number of support vectors and the average correct 
classification rate, obtained by the standard SVM, Osuna’s method and our method, 
respectively. Compared to the standard SVM, our method is able to dramatically 
reduce the number of support vectors, without losing the generalization ability of the 
classifier. In some cases, the classification rate is even higher, indicating the increased 
generalization of our method. Compared to Osuna’s method, our method is able to 
generate more efficient SVM with similar classification rate, except for the “Breast 
Cancer” dataset that has a relatively simple distribution of samples.  
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Table 1. Comparison on the classification performances obtained by standard SVM, Osuna’s 
method, and our method. SV below denotes ‘support vector’.  

 Standard SVM Osuna’s Method Our Method 
Problem # SV correct rate # SV correct rate # SV correct rate 
Adult 9996 85.80% 1000 84.91% 338 85.38% 
Breast 50.8 96.46% 6.8 96.92% 7.1 97.25% 
Iono-
sphere 

161.3 93.43% 160.4 93.43% 37.5 94.28% 

Monks 96.8 97.51% 53.9 97.50% 25.9 97.00% 

3.2   Experiments on Tissue Classifications in Prostate Ultrasound Images 

In our study of 3D prostate segmentation from ultrasound images [5], SVM is used 
for texture-based tissue classification. The input of SVM is a set of texture features 
extracted by the Gabor filter bank [16], and the output is a soft label denoting the 
likelihood of the voxel belonging to the prostate. In this way, prostate tissues are 
differentiated from the surrounding tissues. In this study, the computational cost of 
SVM for tissue classification is a particularly critical problem to be concerned, as the 
tissue classification is operated for lots of times (i.e., 106) in the segmentation stage 
and also the real-time segmentation is usually required for clinical applications. 
Therefore, the training method proposed in this paper is applied to speeding up the 
SVM for tissue classification.  

Performance of the Intermediate SVMs During the Iterations 
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Fig. 4. Performance of intermediately trained SVMs, by different numbers of iteration 
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In preparing the experimental dataset, we first randomly select prostate and non-
prostate samples from six manually labeled ultrasound images, in which 3621 sam-
ples from one ultrasound image are used as testing samples and 18105 samples from 
other five images are used as training samples. Each sample has 10 texture features, 
extracted by Gabor filters. 

The SVM is used for tissue classification, and it is trained by the proposed iterative 
training method. After each iteration, we record the number of support vectors used 
and the correct classification of the intermediate SVM; the results from all possible 
numbers of iteration are provided in Fig 4. As shown in Fig 4, the number of support 
vectors is reduced quickly with the increase of iterations, while the classification rate 
keeps similar. The finally trained SVM has 898 support vectors, which is only 33.1% 
of those of the original SVM (2711); but its classification rate still reaches 93.45%. 
Compared to 95.66% classification rate achieved by the original SVM, the loss of 
classification rate is relatively trivial, thereby it will not affect the performance of our 
model-based segmentation algorithm [5]. Notably, the intermediate SVM can be se-
lected as a classifier to satisfy different classification requirements, i.e., choosing the 
intermediate SVM generated in 35th iteration, with 1663 support vectors, to obtain a 
more accurate classification. 

  

Fig. 5. Comparison on tissue classification results obtained by (a) the original SVM with 2711 
support vectors, and (b) our trained SVM with 898 support vectors. The tissue classification 
results are shown only in the regions surrounded by dashed ellipsoids. 

To further validate the performance of our trained SVM in tissue classification, 
the SVM with 898 support vectors (denoted by the white triangle in Fig 4) is applied 
to a real ultrasound image for tissue classification. By comparing results in Fig 5(a) 
and Fig 5(b), the result of our trained SVM in Fig 5(b) is not inferior to that of the 
original SVM with 2711 support vectors in Fig 5(a), in terms of differentiating pros-
tate tissues from the surrounding ones. 

We further compare the performances of SVMs generated by different training 
methods. Four methods are implemented for comparison: (1) a method of slackening 
the training criterion by decreasing the linear penalty factor [2]; (2) a heuristic 
method, which assumes the training samples distributing in a multi-variant Gaussian 
way, then excludes the “outliers” distant from the respective distribution centers, and 
finally trains a SVM only by the remaining samples; (3) Osuna’s method [11]; (4) our 
proposed  method. The performances of these four methods are evaluated in Fig 6 (a),  

(a) (b)
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Fig. 6. (a) Comparison on the performances of four training methods in increasing the classifi-
cation efficiency of SVM. (b) The zoomed version of the area surrounded by the dashed rectan-
gle in (a), for clearly illustrating the classification rate and the number of support vectors ob-
tained by the two SVMs under comparison. 
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by the number of support vectors used vs the number of correct classifications 
achieved. In these four methods, our proposed method is most effective in reducing 
the number of support vectors. 

The classification abilities of two SVMs, respectively trained by Osuna’s method 
and our proposed method, are further compared. The SVM trained by Osuna’s 
method, as denoted by the black triangle in Fig 6 (b), needs 901 support vectors and 
its classification rate is 92.81%. The SVM trained by our proposed method, as de-
noted by the black circle in Fig 6 (b), needs only 865 support vectors, while its classi-
fication rate is 93.10%, higher than that produced by Osuna’s method. Moreover, our 
trained SVM actually has much better generalization ability than the SVM trained by 
Osuna’s method, once checking the histograms of their classification outputs. As 
shown in Fig 7, the classification outputs of Osuna’s SVM concentrate around 0, 
which means the margins between the positive and the negative samples are narrow. 
In contrast, most classification outputs of our trained SVM are either larger than 1.0 
or smaller than -1.0. This experiment further proves that our training method is better 
in achieving the generalization ability of the SVM after increasing its efficiency. 
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Fig. 7. Histograms of classification outputs on a testing dataset, respectively from our trained 
SVM (black bars) and Osuna’s SVM (white bars) 

4   Conclusion 

In this paper, we proposed a method to increase the classification efficiency of the 
SVM, by reducing the number of support vectors used. We noted that the optimal 
separation hypersurface generated by the standard training method might be unneces-
sarily over-convoluted around extreme outliers, thus requesting more computational 
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cost without increasing the generalization ability. This situation is actually resulted 
from the slack variables of outliers that dominate over the objective function, since all 
slack variables are linearly summed. To overcome this problem, we introduced a 
nonlinear mapping function to suppress the large slack variables of the outliers. Thus, 
the separation hypersurface can be simplified and the number of support vectors can 
be reduced, while the generalization ability of SVM is not sacrificed. To train our 
reformulated SVM, we modeled it as a dual problem, similar to that of the standard 
SVM. Therefore, we can borrow any existing SVM training algorithms to iteratively 
train the reformulated SVM.  

Our method has been tested on the UCI machine learning repository, as well as a 
real clinical problem, i.e., tissue classification in prostate ultrasound images. Com-
pared to the SVM trained by the standard training method and Osuna’s method, our 
method is able to achieve a much more efficient SVM, without losing its generaliza-
tion ability.  
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Abstract. A general algorithm framework for 3D mesh parametriza-
tion is proposed in this paper. Under this framework, a parametrization
algorithm is divided into three steps. In the first step, the linearly recon-
structing weights of each vertex with respect to its neighbours are com-
puted. These weights are then used to computed a initial parametriza-
tion mesh, and in the third step, this initial mesh is rotated and scaled
to obtain a parametrization mesh with high isometric precision. Four
parametrization algorithms are proposed based on this framework. Ex-
amples show the effectiveness and applicability of the parametrization
algorithms proposed in the paper.

1 Introduction

Triangular mesh parametrization aims to determine a 2D triangular mesh with
its vertices, edges, and triangles corresponding to that of the original 3D trian-
gular mesh, satisfying an optimality criterion. The technique has been applied in
a wide range of problems in computer graphics and image processing, including
texture mapping [13], morphing [9], and remeshing [5]. Extensive research has
been undertaken into the theoretical issues underpinning the method and its
practical application. For a tutorial and survey, the reader is referred to [4].

A well-known parametrization method is that proposed by Floater [2]. It is a
generalization of the basic procedure originally proposed by Tutte [11] which was
used to draw planar graphs. The basic idea underpinning this method is to use
the vertex coordinates of the original 3D triangular mesh to compute reconstruct-
ing weights of each interior vertex with respect to its neighbour vertices.These
weights are subsequently used together with the boundary vertex coordinates
on a plane to compute the interior vertex coordinates of a 2D triangular mesh.
A drawback of Floater’s parametrization method is that the boundary vertex
coordinates must be determined manually beforehand.

Another parametrization method is that proposed by Zigelman et al. [13]. It
first uses the Dijkstra algorithm to compute the geodesic distances between each
pair of the vertices, and then uses multidimensional scaling (MDS) to determine
the vertex coordinates on a 2D plane. This method does not need the boundary
vertex coordinates to be determined manually beforehand. However, it is highly
time-consuming because it needs to compute the geodesic distances between
every pair of vertices.

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 552–567, 2005.
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In fact, the parametrization method proposed by Zigelman et al. [13] is a
special case of a newly emerging nonlinear dimensionality reduction method,
Isomap, proposed by Tenenbaum et al. [10]. Isomap maps high-dimensional data
points into a low dimensional space. Naturally, it can be used to map the 3D
vertices into a 2D plane as is required in the parametrization of 3D triangular
meshes. The only difference between Zigelman’s method and Isomap is that the
former attempts to improve the precision of the geodesic distance computation
by incorporating the geometry of the problem into the solution.

Another important nonlinear dimensionality reduction method is the Locally
Linear Embedding (LLE) method proposed by Roweis and Saul [6]. This method
uses an analytical method to compute the low dimensional embedding, and hence
is more computationally efficient. Like Isomap, it could also potentially be used
for mesh parametrization. Unfortunately, because it rotates and scales the vertex
coordinates, it can not preserve inter-vertex distances, and thus its use for mesh
parametrization is limited.

Motivated by the basic idea of the LLE method, we propose a general al-
gorithm framework of 3D mesh parametrization in this paper. The aim of this
framework is to develop parametrization algorithms which have the properties of
both fast computation and minimization of the distance errors. In addition, the
algorithms should remove the requirement that the boundary vertex coordinates
of the parametrization mesh must by determined beforehand.

The paper is organised as follows. Section 2 describes the general algorithm
framework which consists of three steps. Sections 3 to 5 give some detailed op-
timal criteria and algorithms for each step of this framework. Based on the
framework and the algorithms described in Section 2 to 5, Section 6 gives
four possible algorithms for mesh parametrization and use three examples to
show the properties of these algorithms. Finally, in Section 7 we conclude the
paper.

2 Algorithm Framework

Consider a triangular mesh T = T (V, E, F, X) with vertex set V = {i : i =
1, 2, ..., N} and corresponding coordinate set X = {xi : xi ∈ Rd, i ∈ V } (d =
2 or 3), edge set E = {(i, j) : (i, j) ∈ V × V }, and triangular face set F =
{(i, j, k) : (i, j), (i, k), (j, k) ∈ E}. Here an edge (i, j) is represented by a straight
line segment between vertices i and j, and a triangular face (i, j, k) is a triangular
facet bounded by three edges (i, j), (i, k) and (j, k). When d = 2, T is drawn
on a plane and represents a planar triangular mesh, while d = 3, T is drawn in
a 3-dimensional space and represents a 3D triangular mesh. A triangular mesh
is called valid if the only intersections between edges are at common end points
(vertices) and the only intersections between triangular faces are on the common
edges. Hereafter, when a triangular mesh is referred to without qualification, it
implies that the triangular mesh is valid.

The parametrization here is made on a valid 3D triangular mesh. A
parametrization of a valid 3D triangular mesh T = T (V, E, F, X) is any valid
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planar triangular mesh Tp = Tp(V, E, F, Y ) with Y = {yi : yi ∈ R2, i ∈ V }
being the corresponding coordinates of V .

For each vertex i, let Ti = Ti(Vi, Ei, Fi, Xi) be the sub-mesh of T , whose
vertex set Vi consists of vertex i and its neighbours in V , and whose edge set Ei

consists of edges in E which connect pairs of vertices in Ti. The parametrization
algorithm framework proposed in this paper consists of the following three steps.

– For each 3D sub-mesh Ti, construct a local planar sub-mesh TLi = TLi(Vi,
Ei, Fi, YLi), and then compute weights Wi,j , such that using these weights,
YLi can be best linearly reconstructed from its neighbours’ coordinates YLj ;

– Using all the weights Wi,j obtained in the above step, construct an initial
global planar mesh TI = TI(V, E, F, YI) such that YI give the best linear
reconstruction of their neighbours;

– Make coordinate transformation on YI to obtain the final coordinates Y such
that the total distortion of the planar parametrization Tp = Tp(V, E, F, Y )
with respect to the original 3D triangular mesh T = T (V, E, F, X) is mini-
mized.

Note that the algorithm framework proposed here is very general. One can
have different definitions on the distortion or the quality of the best reconstruc-
tion. In the following sections, we provide detailed explanations about each step
and describe some algorithms based on different definitions on these concepts.

3 Best Linearly Reconstructing Weights

The first step of this algorithm consists of two stages. In the first stage, each 3D
sub-mesh Ti is flattened to yield a local parametrization TLi =TLi(Vi, Ei, Fi, YLi),
and in the second stage, weights Wi,j are computed using YLi.

3.1 Sub-mesh Flattening

There are different ways of mapping Ti into the plane [2]. Some of them are
unstable when there are large angles between the triangular facets in Ti. Others
have poor performance according to some distortion criteria. A potentially good
method is that proposed by Welch and Witkin [12], which was also adopted
by Floater [2]. Although this method preserves the arc length in each radial
direction from the vertex i, there are large errors in the boundary arc lengths.
In this section, we provide a new mapping method that couples the errors in
the radial directions and the boundary arcs. We will apply the classical MDS
method to map the 3D mesh Ti into the 2D plane such that the total distortion
associated with the geometric distances of the edges is minimized.

To use the MDS method, we need to compute the geodesic distances between
each pair of vertices. Let us first consider an interior vertex i of the 3D triangular
mesh (refer to Figure 1(a)). We cut the sub-mesh Ti along any one radial arc
(e.g., the edge (i, jmi) in Figure 1(a)), and then develop it onto the plane (Fig-
ure 1(b)). The geodesic distances d0,k between vertex i and jk (k = 1, ..., mi),



Locally Linear Isometric Parameterization 555

X

Y

Z
ix

1j
x

2j
x

3j
x

imj
x

1a4a
3a

2a

X

Y iy

1j
y

2j
y

3j
y

imj
y

1a4a
3a

2a

imj
y

(a) (b)

Fig. 1. A sub-mesh Ti (a) and its cut and development on a plane (b)

dk,k+1 (k = 1, ..., mi − 1) and d1,mi between adjacent vertices are the same as
their corresponding Euclidean distances l0,k, lk,k+1 and l1,mi . The other required
distances between the two boundary vertices ja and jb can be computed using
the following formula

da,b =
√

l20,a + l20,b − 2l0,al0,b cosαa,b . (1)

Here αa,b is the short path angle between edges (i, ja) and (i, jb), which is com-
puted by (without loss of generality, assuming b > a)

α′
a,b =

∑b
k=a+1 αk, αsum =

∑mi

k=1 αk , (2)

αa,b =
{

α′
a,b , if α′

a,b ≤ αsum/2
αsum − α′

a,b , if α′
a,b > αsum/2 , (3)

where αk (k = 2, · · · , mi) is the angle between edges (i, jk−1) and (i, jk), and
α1 is the angle between edges (i, jmi) and (i, j1). The justification of the above
computations is clear from Figure 1.

If the vertex i is a boundary vertex, then we can directly develop the sub-
mesh Ti on the 2D plane. The computation formula is the same as that for an
interior vertex other than that α1 is equal to the angle between developed edges
(i, jmi) and (i, j1), and thus αsum = 2π.

After all the required geodesic distances have been obtained the classical
MDS method proceeds according to the following steps [1].

– Form the matrix of squared geodesic distances DI . For our case, DI is de-
fined as

DI =

⎡
⎢⎢⎢⎣

d2
0,0 d2

0,1 · · · d2
0,mi

d2
1,0 d2

1,1 · · · d2
1,mi

...
...

. . .
...

d2
mi,0 d2

mi,1 · · · d2
mi,mi

⎤
⎥⎥⎥⎦ . (4)
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Note that because the distance between two vertices is nondirectional, da,b =
db,a, hence the matrix DI is symmetric;

– Apply double centering to DI , to obtain the centred distance matrix

B = −1
2
JDIJ , (5)

where J = I − 1
mi+111T , I is identity matrix, and 1 is a vector of ones of

length mi + 1;
– Compute the eigendecomposition B = QΛQT ;
– Denote the matrix of the first two largest positive eigenvalues as Λ+, and

the corresponding first two columns of Q as Q+. The local parametrization
coordinates are now given by YLi = Q+Λ

1
2
+, where the transpose of the first

row of YLi is the coordinate yLi of vertex i, and the transpose of the second
to the (mi+1)’th rows are the coordinates yLj1 to yLjmi

of vertices j1 to jmi .

Because the classical MDS method minimizes the loss function L(YLi) =
‖ 1

2J [D̂I(YLi) − DI ]J‖, where D̂I(YLi) is the squared Euclidean distances com-
puted by YLi, this local parametrization has the property of minimizing the
distance distortion.

3.2 Computation of the Linearly Reconstructing Weights

The locally linear reconstructing weights Wi,j are those satisfying the condition

yLi =
mi∑
k=1

Wi,jk
yLjk

,

mi∑
k=1

Wi,jk
= 1 . (6)

There are some alternative methods for computing the weights. Floater pro-
posed a shape-preserving scheme [2]. The weights computed using this scheme
can result in a good parametrization in the case that the original 3D triangular
mesh is an embedding on an intrinsic 2D manifold, and that the boundary ver-
tices can be determined properly beforhand. However, these weights do not have
a physically meaningful optimal property when the original 3D triangular mesh
is an embedding on an intrinsic 3D manifold. In addition, since this scheme re-
quires that the boundary vertices be determined beforehand, it does not provide
a method of computing the weights for the boundary vertices.

Roweis and Saul computed the weights using a least-squares method [6].
Because the solution to the least-squares problem is singular for most of the ver-
tices, they introduced a modification on the solution. However, this modification
makes the weights suboptimal.

In this section, we introduce a new method for computing the weights, which
is optimal in the sense that the coordinate errors are minimized.

From (6), it can be seen that when yLjk
has error ∆yLjk

(k = 1, · · · , mi), the
error of yLi will be

∆yLi =
mi∑
k=1

Wi,jk
∆yLjk

= ∆Y T
LjWi , (7)
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where Wi = [Wi,j1 , · · · , Wi,jmi
]T , and ∆YLj = [∆yLj1 , · · · , ∆yLjmi

]T . The
squared magnitude of ∆yLi is

‖∆yLi‖2 = WT
i ∆YLj∆Y T

LjWi ≤ λmax(∆YLj∆Y T
Lj)‖Wi‖2 , (8)

where λmax(·) is the maximum eigenvalue.
Since the distribution of ∆YLj is unknown, we can only deal with the worst

case error of ∆yLi caused by ∆YLj . From (8) it can be seen that when the
magnitude of ∆YLj is given, the worst case squared error is proportional to
‖Wi‖2. Hence, by minimizing ‖Wi‖2 we also minimize the worst case error.
Thus, we need to solve the following minimization problem

min ‖Wi‖2

s.t. yLi =
∑mi

k=1 Wi,jk
yLjk

,
∑mi

k=1 Wi,jk
= 1 . (9)

Let zi =
[

yLi

1

]
, Zj = [YLj 1], then (9) becomes

min WT
i Wi

s.t. zi = ZT
j Wi

. (10)

The solution of this minimisation problem can be easily obtained using the
Lagrange operator method, which yields

Wi = Zj(ZT
j Zj)−1zi . (11)

Note that for any interior vertex i of the triangular mesh, the number of its
neighbours mi ≥ 3, and none of the neighbours are on the same straight line.
Hence, ZT

j Zj is not singular, and (11) has a unique solution. For a boundary
vertex i, however, the number of its neighbours mi may be equal to 2. And even
if mi ≥ 3, its neighbours may occasionally be distributed on the same straight
line. In these cases, ZT

j Zj is singular, and we can not obtain a unique solution of
Wi from (11). The trick to overcome this problem is to introduce a new vertex,
which is itself the neighbour of one of the neighbours of vertex i. This new vertex
combined with the neighbours of vertex i forms the new set of neighbours, and
the new ZT

j Zj is nonsingular. A unique solution of Wi can now be computed.

3.3 Mean Value Coordinates

It is worth mentioning that the two stages of the first step can be merged in some
cases. For example, when the LLE method [6] is used for computing the linear
reconstructing weights, the first stage is actually omitted. We usually directly use
the original 3D coordinates to compute the weights. However, just as suggested
in [8], introducing the first stage may result in linear reconstructing weights with
better optimal property.

Floater [3] also dispensed with the first stage when he used the mean-value
coordinate scheme to compute linearly reconstructing weights, but this does not
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affect the optimal property when the original 3D mesh is an embedding on an
intrinsic 2D manifold. However, Floater did not discuss the computation of the
linear reconstructing weights of the boundary vertices. In this section, we explain
this problem in more detail.

The linear reconstructing weights, or the mean value coordinates as called
by Floater [3], of an interior vertex i can be computed using the formulae

Wi,j =
λi,j∑

(i,k)∈E λi,k
, λi,j =

tan(αi,j−1/2) + tan(αi,j/2)
‖xj − xi‖

, (12)

where αi,j−1 and αi,j are the angles between the edge (i, j) and its two neigh-
bouring edges (i, j − 1) and (i, j + 1) (see Fig. 2(a)).

(a) (b) (c)

Fig. 2. Elements for the computation of mean value coordinates: (a) interior vertex,
(b) general boundary vertex, (c) boundary vertex in case with additional neighbour
vertex

We can use similar formulae to compute the mean value coordinates of a
boundary vertex. However, some special problems must be paid attention to. For
a boundary vertex i, the coefficients λi,k and λi,k′ of its neigbouring boundary
vertices k and k′ are computed using the formulae (refer to Fig. 2(b))

λi,k =
tan(αi,k−1/2) + tan(αi,k/2)

‖xk − xi‖
, λi,k′ =

tan(αi,k/2) + tan(αi,k′/2)
‖xk′ − xi‖

, (13)

Because αi,k is not strictly less than π, two problems arise when (12) and
(13) are used to compute Wi,j . The first problem occurs when αi,k = π, i.e.
tan(αi,k/2) = ∞, which causes a computational overflow. The solution of this
problem is to simply set λi,k = 1/‖xk − xi‖, λi,k′ = 1/‖xk′ − xi‖, and λi,j = 0
for all other j ∈ V . The second problem occurs when

∑
(i,j)∈E λi,j = 0, which

causes a divide-by-zero error when Wi,j is computed. In this case, an additional
vertex l, which is originally not the neighbour vertex of i, but that of one of i’s
neighbouring vertices, is now taken as the neighbour vertex of i in computing
the mean value coordinates (see Fig. 2(c)).
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4 Initial Local Planar Mesh

After the Wi’s have been obtained, we proceed to Step 2. In this step, we compute
an initial parametrization mesh TI = TI(V, E, F, YI). The problem can be solved
by minimizing the cost function

Φ(YI) =
N∑

i=1

‖yIi −
mi∑
k=1

Wi,jk
yIjk

‖2 , (14)

where N is the number of vertices.
Two cases exist in solving this problem. The first case is that when the

boundary vertices are given beforehand. Floater discussed this case and gave
the solution [2]. In this case, the minimum cost of (14) is 0, and the solution of
YI is determined by the linear system of equation

LW YI = 0 , (15)

where LW = I − W is the general normalized Laplacian operator, W = [Wi,j ]
with Wi,j = 0 for j not being a neighbour of i. Let YIB be the known boundary
vertex coordinates, and YII be the unknown interior vertex coordinates, then
after its redundant rows were eliminated, equation (15) becomes

LII
W YII = LIB

W YIB , (16)

where LII
W is the sub-matrix of LW corresponding to the rows and columns of

the interior vertices, and LIB
W is the sub-matrix corresponding to the rows of

the interior vertices and the columns of the boundary vertices. Many numerical
method can be used to solve the linear equation system (16) efficiently.

The second case is that when the boundary vertices are not given beforehand.
The problem is now the same as that in [6], and we can borrow the method from
that paper.

It is clear that all the coordinates, i.e. the YIi’s, can be translated by a
constant displacement and rotated by a constant angle without affecting the
cost. We remove the translational and rotational degrees of freedom by forcing
the following constraints.

∑N
i=1 yIi = 0 , (17)

1
N

∑N
i=1 yIiy

T
Ii = I , (18)

Note that in the second constraint, we have fixed the scale of coordinates to
avoid degenerate solutions.

Let M = LT
W LW . Spectral decomposition of M gives the lowest 3 eigen-

vectors (corresponding to smallest 3 eigenvlues). The lowest eigenvector of M
has eigenvalue 0 and corresponds to the all-ones vector, is discarded here. The
remaining two eigenvectors then form the initial 2D coordinates YI .
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5 Global Parametrization

The initial coordinates YI obtained in the last section have the property that
they are the optimal linear reconstructions of the original 3D triangular mesh
subjecting to scaling the coordinates. When we use YI to construct a 2D trian-
gular mesh, the shape of the mesh can best approach that of the original 3D
triangular mesh. However, because of the scaling, the errors of edge lengths be-
tween the original mesh and the new one may be significant. To obtain a global
optimal parametrization, these errors should be minimized. In this section, we
rotate and re-scale YI to generate new coordinates, such that the errors of edge
lengths are minimized.

Let the rotation matrix be R and the diagonal re-scaling matrix be S, then
for each yIi, we can compute a new coordinate yi by

yi = SRyIi . (19)

To minimize the errors of edge lengths, we use the following cost function

Ψ =
∑

(i,j)∈E

(d2
i,j − l2i,j)

2 , (20)

where di,j and li,j are the lengths of the edge (i, j) in the 2D and 3D triangular
mesh, respectively. From (19), we have

d2
i,j = (yi − yj)T (yi − yj) = (yIi − yIj)T RT S2R(yIi − yIj)

= (yIi − yIj)T A(yIi − yIj) = (yIi1 − yIj1)2A11
+ 2(yIi1 − yIj1)(yIi2 − yIj2)A12 + (yIi2 − yIj2)2A22

, (21)

where we have defined

A =
[
A11 A12
A12 A22

]
= RT S2R . (22)

Substituting (21) into (20), we see that minimizing (20) becomes a least-
squares problem, and we can easily obtain (A11, A12, A22) through solving the
least-squares problem. Then according to (22), S and R can be obtained through
spectral decompotion of the matrix A. After S and R are obtained, yi can be com-
puted through (19). Finally, a parametrization Tp = Tp(V, E, F, Y ) is obtained,
which has the property that the global edge lengths errors are minimized.

6 Examples

In this section, three examples are provided to illustrate some properties of the
algorithms based on the algorithm framework proposed in this paper. Four al-
gorithms are applied, which are different in the main first step, and the same in
the remaining two steps. The first algorithm uses the two-stage optimal method
described in Sections 3.1 and 3.2 as its first step and is called the iso-optimal
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algorithm for short. The second one chooses the enhanced mean value coordi-
nate method described in Section 3.3 as its first step and is called the iso-MVC
algorithm. The third one applies the original LLE method [6] for the computa-
tion of the linear reconstructing weights and is called the iso-LLE-O algorithm.
Finally, the fourth algorithm also applies the LLE method for the computation
of the linear reconstructing weights, but it uses the natural neighbours of the
triangular mesh, not the K-nearest neighbours as in the third algorithm. The
fourth algorithm is called the iso-LLE-N algorithm for short.

We will first compare the parametrization results of the proposed algorithms
with the Isomap method [10] through two synthetic examples using two measures
– the isometric precision and the CPU time cost. Then, we will compare these
algorithms and Floater’s original mean value coordinate method [3] through an
example of texture mapping application. Note that in the first two examples, we
do not compare our method with Floater’s [2, 3] because an apparent advantage
of our method over Floater’s is that Floater’s method requires that the boundary
vertices of the parametrization mesh be determined manually beforehand, while
ours does not. We also do not compare our algorithms with Zigleman’s method
[13] because in our experimental cases, the properties of Zigleman’s method are
not better than that of the Isomap method.

In the first example, we consider an S-shaped manifold [7]. It is an intrinsi-
cally two dimensional manifold. We have performed experiments on this man-
ifold in two different sampling cases. In the first case, we have sampled points
on the manifold regularly, and constructed the Delaunay triangulation of the
sample points. Experiments with different numbers of points show that the iso-
optimal algorithm results in a perfect parametrization. As a matter of fact, in all
the experiments using our algorithm, the residual variances of the edge lengths
are of an order of magnitude less than 10−21, while the residual variances of
other algorithms including the Isomap method are of the order of magnitude
10−3 ∼ 10−5.

Figure 3(a) shows a regular sample of N = 600 data points and its trian-
gulation in 3D. Figures 3(b)∼(f) show its parametrization using our algorithms
method and the Isomap method, respectively. It can be seen that the result
from the iso-optimal algorithm is almost the same as the development of the
original 3D triangular mesh, but obvious errors appear in the result of the other
algorithms. The resulting parametrization mesh obtained using the iso-LLE-N
algorithm even overlaps. It is worth mentioning that the different number of
neighbours K in the iso-LLE-O algorithm may result in greatly different results.
Too large or too small a value of K may result in an overlapping mesh. Figure
3(d) is the best result that we have obtained through carefully choosing K. In
the remainder of this section, whenever the result of the iso-LLE-O algorithm is
given, it is always the best result we have obtained.

In the second case of the first example, we have placed sample points on the S-
shaped manifold randomly, and again constructed the Delaunay triangulation of
the sample points. Figure 4(a) shows a random sample of N = 600 data points on
the S-shaped manifold. Figure 4(b)∼(f) show its parametrization using different
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(a) (b) (c)

(d) (e) (f)

Fig. 3. Parametrization of a regular mesh (a) using iso-optimal (b), iso-MVC (c), iso-
LLE-O (K=8) (d), iso-LLE-N (e), and the Isomap method (f)

(a) (b) (c)

Fig. 4. Parametrization of an irregular mesh (a) using iso-optimal (b), iso-MVC (c),
iso-LLE-O (K=12) (d), iso-LLE-N (e), and the Isomap method (f)

algorithms. It can be seen that the appearance of the parametrization using the
iso-optimal algorithm is closer to the development of the original mesh than that
using the other algorithms.

Figure 5 (a) and (b) give a comparison of the residual variances and CPU
time cost of different algorithms for different numbers of points in the random
sampling case. In order to show the difference clearly, we have divided each
figure into two parts. Note that we have not provided the results of the iso-
LLE-N algorithm because in many cases the iso-LLE-N algorithm yielded an
overlapping mesh, and it almost always performed worse than the iso-LLE-O
algorithm.
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Fig. 5. Comparison of the residual variance (a) and the CPU time (seconds) (b)

(a) (b) (c)

(d) (e) (f)

Fig. 6. Parametrization of an irregular mesh (a) using iso-optimal (b), iso-MVC (c),
iso-LLE-O (K=12) (d), iso-LLE-N (e), and the Isomap method (f)

From Figure 5 (a) it can be seen that the precision of the iso-optimal algo-
rithm is mostly better than that of the other algorithms, while the precision of
the Isomap is mostly worse than the others.

To be fair in the comparison of CPU time cost, we have used Matlab 7.0
to code all algorithms with no special coding optimization for any one. For
the Isomap method, we have used both Floyd’s algorithm and Dijkstra’s algo-
rithm to compute the geodesic distances. The times shown in the figure were
obtained when the programs were run on a PC with Pentium 4 CPU 2.40GHz
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and 2.41GHz, 512MB of RAM. From Figure 5 (b) it can be seen that the CPU
time cost by the Isomap method is significantly more than that used by the other
algorithms, and the CPU time cost by the iso-optimal algorithm is more than
that used by the iso-MVC and the iso-LLE-O algorithm. With an increasing
number of vertices, the difference in CPU times grows rapidly. It can also be
seen that in the Isomap method, the Dijkstra algorithm is more time-consuming
than Floyd’s algorithm.

The second example uses the peaks function of Matlab. We have scaled down
the z-coordinates by 1/3 for an efficient parametrization. Figure 6(a) shows an
irregular triangulation of this function. It consists of 1688 vertices and 5049
edges. Figure 6(b)∼(f) show its parametrization using different algorithms. It can
be seen that the iso-LLE-O and iso-LLE-N algorithms and the Isomap method
all yield a parametrization with some edges folded over, while the iso-optimal
and iso-MVC algorithms do not. Interestingly, however, the residual variances
of the Isomap and iso-LLE-N algorithms are less than that of the iso-optimal
and iso-MVC. They are 6.2 × 10−3, 7.2 × 10−3, 8.6 × 10−3, and 9.1 × 10−3,
correspondingly. The variance of the iso-LLE-O algorithm is 1.2 × 10−2.

The CPU time cost by the iso-optimal algorithm is 23.49 seconds, iso-MVC
15.05 seconds, iso-LLE-O 11.05 seconds, iso-LLE-N 9.17 seconds, while that of

(a) (b) (c)

(d) (e) (f)

Fig. 7. Parametrization of a face model (a) using iso-optimal (b), iso-MVC (c), iso-
LLE-O (K=11) (d), Isomap (e), and the original mean value coordinate algorithm (f)
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the Isomap method using Floyd’s and Dijkstra’s algorithms for geodesic distance
computation are 769.67 and 2747.90 seconds, respectively. Although the CPU
time cost of the iso-optimal algorithm is greater than that of the iso-MVC, iso-
LLE-O, and iso-LLE-N algorithms, it is significantly smaller than that of the
Isomap algorithm. Even using the faster Floyd algorithm, the Isomap method
takes more than 32 times the CPU time as the iso-optimal algorithm.

In the third example, we use a face model to demonstrate the application of
the parametrization in texture mapping. Figure 7(a) shows a triangular mesh on
this face. Figures 7(b)∼(f) show its parametrization using different algorithms.
Here we have not given the result of the iso-LLE-N algorithm because it resulted
in an overlapping mesh, and we have given the result of the original mean value
coordinate method [3] with the boundary vertices distributed on a circle because
the parametrization results from the other algorithm are actually very close to a
circle. The algorithms listed in the order of increasing residual variances are the
original mean value coordinate, the iso-LLE-O, the iso-MVC, the iso-optimal,
and the Isomap. Note that although the residual variance of the original mean
value coordinate is the smallest here, it does not mean that the mean-value

(a) (b) (c)

(d) (e) (f)

Fig. 8. Texture mapping of a face (a) using iso-optimal (b), iso-MVC (c), iso-LLE-O
(K=11) (d), Isomap (e), and the original mean value coordinate parametrization (f)
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coordinate algorithm is the best. The reason for this is that if the boundary
vertices are wrongly determined, the residual variance may become very large.

Figure 8(a) shows the rendering of the face model. Figures 8(b)∼(f) show
the texture mapping results using using different parametrization algorithms.
Visually, the iso-LLE-O algorithm results in the best texture mapping (see Fig-
ure 8(d)), while the iso-optimal and the iso-MVC algorithms result in a poorer
texture mapping. However, all these algorithms have demonstrated their appli-
cability in the field of texture mapping.

7 Conclusion

The parametrization method proposed by Floater [2, 3] has the drawback that
the boundary vertex coordinates must be determined manually beforehand.
Moreover, the parametrization method proposed by Zigelman et al. [13], which
is similar to the Isomap method [10], has the drawback that it is highly time-
consuming. In this paper, we have proposed a general parametrization algo-
rithm framework to overcome these two drawbacks. Under this framework, a
parametrization algorithm consists of three steps, and in each step, different
optimal criteria can be chosen to yield different parametrization algorithms.
We have provided isometric precision criteria in each step and developed four
algorithms based on the different criteria. Examples show that the proposed iso-
optimal algorithm can overcome the two above-mentioned drawbacks and has
both high isometric precision and low CPU time cost.
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Abstract. In this paper, we propose a constrained hybrid optimiza-
tion algorithm that incorporates several shape constraints into a gradi-
ent descent procedure using a novel unbiased cost function. Shape con-
straints are heuristically derived from face images where the face shape
can be directly estimated based on ”motion” analysis. To better locate
face contour points regardless of the background, local projection mod-
els are used. Experiments show that our algorithm benefits significantly
from these shape constraints and achieves a much higher convergent rate
compared to the inverse compositional optimization algorithm. We test
our algorithm on different face databases, and demonstrate its robust-
ness in presence of various illuminations, background patterns, as well
as variations in face expressions.

1 Introduction

A widely adopted strategy in face analysis and recognition is analysis by syn-
thesis, i.e., describing and analyzing a human face through modelling. In recent
years, many flexible model-based algorithms have been proposed based on the
analysis by synthesis approach and have been shown to be fruitful in wide ap-
plications ranging from face coding, to face reconstruction, to facial expression
recognition etc. Two such models that have received a great deal of attention are:
the Active Appearance Model (AAM) [1] and the Multidimensional Morphable
Model (MMM) [2]. These are by and large generative parametric models that
are customized to model a lot of phenomena.

The AAM, the MMM and most of their variants, follow several basic rules.
Raw face shape and texture are extracted from the face image and are stored
(in a vector form) as two distinct measurements. Face parameters are formed by
treating face shape (or texture) as a linear combination of a set of exemplar ba-
sis shapes (or textures). Fitting a face model to a face image is an optimization
process that minimizes a cost function. Modelling quality is evaluated using the
cost function, which usually measures the minimum mean square error (MSE) be-
tween a synthesized model face and input face. Successful face modelling mainly
depends on the design of the cost function, and the optimization scheme.

Face modelling amounts to finding the global minimum of the cost function,
and is usually attained with standard gradient descent algorithms. It is well

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 568–583, 2005.
c© Springer-Verlag Berlin Heidelberg 2005



A Constrained Hybrid Optimization Algorithm 569

known that for the solution to be a desired global minimum, the cost function
has to be convex, which is hard to meet in reality. Besides, heavy computation
is inevitable as gradient and Hessian information of the cost function need to be
updated iteratively. The MMM originally adopts a stochastic gradient descent
algorithm, which is comparatively fast and can to some extent avoid the trap-
ping in local minima. The AAM takes a totally different approach. It assumes
a fixed linear relationship between the texture error and the necessary update
in the parameter space. This relationship is learned from a training set. The
AAM is very fast, but it also has obvious drawbacks. First, the assumption of
a fixed linear relationship is incorrect [3]. Secondly, the face image background
is encoded, which may result in degraded performance when modelling a novel
face with an unseen background. Matthews etc. [3] proposed an inverse compo-
sitional AAM that is as efficient as the AAM, yet is more theoretically founded.
Its main advantage over standard gradient descent algorithms is its computa-
tional efficiency due to constant gradient and Hessian information. The inverse
compositional AAM is reported to have similar convergence rate as the original
AAM [4], and is therefore used as a test bed to compare with our algorithm.

Global algorithms attempt to find the bottom of the deepest valley for
the cost function over a region of parameter space. Simulated annealing algo-
rithms and genetic algorithms are two typical global optimization methods. M.
Stegmann [5] studied various AAM extensions in his thesis, and compared sev-
eral global and local optimization schemes. Global algorithms have broader view
of the cost function’s terrain and seek for a possibly better solution.

Treating the fitting problem as a general function minimization problem and
seeking an analytical solution can hardly achieve both a decent convergent rate
and algorithm efficiency. Fortunately there are alternative methods from a dif-
ferent perspective. The Active Shape Model (ASM) [6] is such a good example.
It fully utilizes the heuristic information from face image and moves facial land-
mark points in a way so that extracted local terrain features conform to typical
local distributions. The Active Morphable Model (AMM) [7] directly estimates
face shape using a standard optical flow algorithm. Its model fitting algorithm
is robust with a large region of convergence. However its iterative hierarchical
optical flow estimation inside each iterative step makes it a less efficient model.

In this paper, we propose a constrained hybrid optimization algorithm to
efficiently fit a morphable model to frontal face images. This algorithm takes
advantage of abundant heuristic information in face image while preserving the
gradient descent power of an analytical cost function. Based on our observation
of one weakness of the widely adopted cost function, a novel unbiased error eval-
uation function is proposed. Two different algorithms are adopted to estimate
face shape directly from face image. One is the block ”motion” estimation al-
gorithm that adjusts crucial landmark points for better local fitting. Another
one consists of local projection models along face contour. For most appearance
model-based algorithms, face contour points are especially hard to locate due to
2 facts: face cheek is almost textureless; face background is unpredictable and
unreliable. Local projection models prove to be effective and computationally
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efficient by making use of intermediate piecewise affine transforms between face
meshes. The directly estimated shape is incorporated as shape constraint within
the framework of the standard inverse compositional fitting algorithm. At the
initial phase of our model fitting process, the directly estimated shape dominates
so that the search has better chance to move toward a global solution. As the
model fitting error becomes smaller, gradient descent direction of the evaluation
function takes control. Experiment indicates that a much higher convergent rate
is achieved. The hierarchical motion estimation algorithm helps lock to the neigh-
borhood of true minimum. In this sense, it is a global optimization scheme. Yet,
it is much more efficient than general global optimization algorithms like simu-
lated annealing algorithms and genetic algorithms. Average shape from training
set is good enough to serve as the initial model estimate. Another merit of our
algorithm is that it is truly background independent compared to various AAM
or MMM algorithms.

The paper is organized as follows: Section 2 briefly introduces the AAM face
model and the normalized inverse compositional optimization method; Section
3 starts with a novel definition of error evaluation function, followed by two
direct shape estimating methods: block motion estimation and local projection
models. Then we show how the estimated shape is incorporated to the inverse
compositional optimization scheme; Section 4 gives our experimental results and
analysis; Last section is conclusion part.

2 Preliminaries: Face Model and Normalized Inverse
Compositional Optimization Algorithm

2.1 Face Model Definition

We follow the face model definition used by the AAM as it has a more con-
cise shape definition than the MMM (where shape is in the form of dense flow
field). Constructing training sets is straightforward with manually labelled land-
mark points. For any face image, its face shape Simg = {x0, y0, x1, y1, . . . , xn, yn}
is defined as a sequence of coordinates of facial landmark points, as shown in
Fig. 1(a). Face texture is obtained by warping all pixels enclosed by a triangu-
lated face mesh Simg to a common mesh S0, which is usually the average shape
of all training images. The warped texture is shapeless in the sense it is gen-
erated on the base image coordinate and contains no shape information about
the specific face. We use the same notation Simg to refer to the face shape, the
triangular mesh and the set of all enclosed pixels.

After normalization using a similarity transformation with parameters q,
the face shape can be expressed as a linear combination of prototype shapes
{Sk} as S = S0 +

∑m0
k=1 pk · Sk. The coefficients p = {pk} are also referred

as shape parameters. The orthogonal prototype shapes are usually generated
using a SVD analysis on the training shapes. Similarly, texture is expressed as
linear combination of prototype textures {Tk} with the base texture T0 and
coefficients α = {λk}, i.e., T = T0 +

∑n0
k=1 λk · Tk.
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(a) (b) (c) (d)

Fig. 1. (a)Definition of 73 landmark points. (b)Face mesh. (c)Warped shapeless tex-
ture. (d)Base face mesh.

{q,p, α} forms the complete face model parameter set. Model face can be
rendered by warping a synthesized texture T from base mesh S0 to the recon-
structed face mesh Simg.

Modelling a face in a given image is equivalent to finding the optimal pa-
rameters so that the difference between the model face and the given face image
is minimized. Any pixel u inside the base face S0 is mapped to a new position
w(u;p,q) in the image according to the shape parameters p and the similarity
parameters q. The cost function usually takes the form of the sum of the squares
of the texture difference (also referred as difference image) in accordance with:

G(p,q, α) =
∑

u∈S0

[

T0(u) +
n0∑

k=1

λk · Tk(u) − I(w(u;p,q))

]2

. (1)

In the original AAM, the difference image is directly used to update the cur-
rent model parameters using a linear regression model. This updating rule is
efficient and empirically driven, but it doesn’t fall into any traditional optimiza-
tion category.

2.2 Normalized Inverse Compositional Optimization Algorithm

Given the function G(p,q, α), a variety of gradient descent optimization algo-
rithms could be applied. Generally, given a current estimate of model param-
eters, the function G(p + ∆p,q + ∆q, α + ∆α) can be approximated to be a
quadratic function of the incremental updates ∆p,∆q and ∆α, using a Taylor
series expansion. Closed form solutions to the updates of the current estimate
in the parameter space are found. This operation is repeated till a minimum
is reached. Unfortunately, gradient descent algorithms are slow due to heavy
computation. The inverse compositional algorithm is a principled gradient de-
scent algorithm that performs model fitting very efficiently. It is derived from the
canonical Lucus-Kanade image alignment algorithm. For the time being, assume
texture is fixed from the base texture image T0 to an input image I, and the
cost function is:

E(p,q) =
∑

u∈S0

[T0(u) − I(w(u;p,q))]2 . (2)
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Basically in the iteration, the base texture image T0 is warped according to
the underlying parameters ∆p and ∆q so that the warped base image resembles
the input image at the current warp w(u;p,q). Mathematically, it equals to
minimize:

E(∆p, ∆q) =
∑

u∈S0

[T0(w(u; ∆p, ∆q)) − I(w(u;p,q))]2 . (3)

The real warp between the base texture image and the input image is then
updated as a composition of current warp and the inverse of the incremental
warp parameters resulting from minimizing (3). The updating rule in (4) also
explains how the inverse compositional AAM got its name.

w(u;p,q) ← w(u;p,q) ◦ w(u; ∆p,∆q)−1. (4)

The cost function E(p,q) doesn’t consider the texture variation between
the base image and the input image. In the normalized inverse compositional
algorithm, the texture parameters α are iteratively updated given the pose pa-
rameters q and the shape parameters p. The closed form solution is:

λi =
∑

u∈S0

Tk(u) · [I(w(u;p,q)) − T0(u)] . (5)

The difference image is accordingly adjusted for the inverse compositional
algorithm.

The merit of the inverse compositional AAM is its efficiency. In the Gaussian-
Newton gradient descent algorithm, approximating T0(w(u;∆p,∆q)) in (3)
with its first order Taylor expansion requires the evaluation of ∂w

∂p at warp
w(u,0,0) = u, the identity transform. This leads to constant gradient descent
images and Hessian matrix. Therefore, the computation time is cut greatly. It’s
not been demonstrated or proved in [3] that inverse compositional AAM might
be superior to other gradient descent algorithms in terms of its convergent rate.
It is just a special form of general gradient descent algorithm and fast enough
for real-time applications.

When a global minimum is desired, gradient descent methods are suitable
only when the objective function is convex. However, the sum of squared texture
error is far from a convex function. Most likely gradient descent methods will end
up in an undesired local minimum. It is of great interest to design an efficient
and global optimization method for fitting this kind of morphable models.

3 Inverse Compositional Algorithm Constrained with
Direct Shape Estimate

3.1 Unbiased Error Evaluation Function

Intuitively, we seek for the model parameters so that a synthesized model face
best resembles the face in the unknown image. Naturally the fitting quality
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should be evaluated as summed squares of the texture error on the image frame.
For most appearance-based models, however, the fitting error is computed on the
base shape frame as sum of squared difference of synthesized texture and shape-
less texture warped from input unknown image. Though measuring the fitting
error on a standard base frame is straightforward and efficient, it can’t reflect
the real model fitting quality. This is caused by the piecewise affine transform
during the image warping. As a result, the underlying optimization process is
affected. Therefore, we propose a revised error function so that the error com-
puted on the standard base frame could impartially reflect the fitting quality on
the image frame.

On the test image frame, assume the nth triangle Ln has area τn(p,q). All
pixels inside this triangle contribute to the sum of squared error as:

εn(p,q, α) =
∑

u∈Ln

[

T0(u) +
n0∑

k=1

λk · Tk(u) − I(w(u;p,q))

]2

. (6)

The total error on the image frame is then the sum over all nt triangles:

G1(p,q, α) =
nt∑

n=1

εn(p,q, α). (7)

Accordingly, denote the corresponding nth triangle L′
n on the standard base

frame has area as τ ′
n. It is easy to see that under affine transform mapping, the

pixels inside this triangle have the same mean squared error as its counterpart
triangle on the image frame. Apparently, the canonical error function on standard
frame shown in (1) can be expressed as:

G(p,q, α) =
nt∑

n=1

τ ′
n

τn(p,q)
εn(p,q, α). (8)

As an effort to minimize (8), general optimization algorithms might tend
to maximize τn(p,q) for large εn(p,q, α), therefore are more likely to converge
to a local minimum. Such an effect is not desirable since the fitting error on
the image frame is still large, indicating a bad model fitting. This problem is
inherent in all model fitting algorithms based on the shapeless texture error
measurement. On the other hand, computing a cost function on the standard
frame is computationally efficient and better controlled. It is not difficult to
rewrite G1(p,q, α) on the standard frame as:

G1(p,q, α) =
nt∑

n=1

τn(p,q)
τ ′
n

∑

u∈L′
n

[

T0(u) +
n0∑

k=1

λk · Tk(u) − I(w(u;p,q))

]2

. (9)

Because the total area of the face mesh on the image frame depends on the
parameters p and q, it is more reasonable to use mean squared error (MSE) to
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evaluate the model fitting quality. The MSE on the image frame can then be
computed on the standard model frame as:

Gmse(p,q, α) =
∑

u∈S0

ρn(p,q)·
[

T0(u) +
n0∑

k=1

λk · Tk(u) − I(w(u;p,q))

]2

. (10)

Gmse is our new cost function. It is nothing but a weighted error function.
The weight function varies for different triangles. In [8], it is explained how to
minimize a weighted error function under the framework of inverse compositional
algorithm. In short, Gradient and Hessian matrix of the new cost function are
now respectively weighted sum of gradient and Hessian matrices for all triangles,
which can be pre-computed before the iterative optimization.

3.2 Direct Shape Estimate from Motion Estimation

Motion estimation is one of the many applications of morphable models. Our
focus in this paper is however the opposite. We would like to examine how a
general motion estimation algorithm could help the model fitting process of our
parameterized face model.

Motion estimation, literally, means estimating the motion of an object or
camera from consecutive video images. In a standard morphable model fitting
process, a parameterized model is fitted to an unknown image in an analysis-by-
synthesis fashion. A cost function is minimized so that the synthesized model
image is aligned with the input image. In other words, the fitting process tries to
estimate the arbitrary ”motion” between the synthesized image and the unknown
image. Since facial landmark points are carefully defined in salient facial areas
with a rich texture. It is of particular interest to estimate the motions of blocks
centered at all landmark points.

Block motion model is one of the fundamental motion estimation methods.
For a block β centered at current landmark point u0 in the synthesized image
Is, assume that its counterpart best-matching block in the unknown image I0 is
displaced by a flow vector v. Vector v can then be obtained by minimizing the
sum of squared error as follows:

Eβ(u) =
∑

u∈β

(Is(u) − I0(u + v))2 =
∑

u∈β

(∆I − ∇I0 · v)2, (11)

where ∆I = Is(u) − I0(u) is the difference block image. ∇I0 is the gradient of
the unknown image. The solution to (11) is:

[∑
(∇IT

0 · ∇I0)
]

· v =
∑

(∇IT
0 · ∆I). (12)

The incremental flow vector will be accepted if it leads to a smaller block
fitting error. Figure 2 shows a synthesized model image and how it looks like
when overlapped to the unknown image.
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(a) (b) (c)

Fig. 2. From left to right: a) Synthesized image. b) Input image. c) Synthesized face
overlapped on the original face with current landmark points.

This simple block motion estimation algorithm is very efficient and fast. In
(11), the block motion error is computed on the image frame and only difference
image and gradient of unknown image are required to estimate the flow vec-
tor. Applying the motion estimation with various block sizes hierarchically on
a down-sampled image generates more robust estimation. In a standard gradi-
ent descent optimization procedure, the motion estimation procedure only adds
little extra computation.

Another merit of conducting motion estimation on the image frame is the
background independence. Synthesized face is confined by the convex hull of
landmark points as shown in Fig. 2. This convex hull serves as a face mask.
During the block motion estimation, blocks are examined against this face mask
so that only inner facial pixels participate in the motion estimation procedure. In
this way, background independence is achieved. On the other hand, by subjecting
the whole unknown image to motion estimation, heuristic information is fully
explored.

3.3 Face Boundary Detection with Local Projection Models

Appearance-based morphable models seek for the optimal shape based on im-
age intensity variation. Take another look at the masked face in Fig. 2(a), its
background pattern in its original image could be arbitrary and unpredictable.
It is not surprising that most morphable models often fail to locate face bound-
ary correctly. To solve this problem, we come up with a method similar to the
ASM based on the fact that landmark points on the face contour are usually
the strongest local edge points. In the ASM algorithm, a landmark point moves
along local normal direction so that its profile conforms to a typical distribution.

Instead of using the edge strength along the profile directly, we believe that
edge information would be more prominent and stable after taking local average.
This could be implemented by opening a narrow window and accumulating the
edge map along the boundary direction to create a projection model for each
landmark point. This is illustrated in Fig. 3.

Building local projection models in the original face image, as the ASM does,
would be a time consuming task. All contour points and boundary directions
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Fig. 3. Building local projection model
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Fig. 4. Mesh definition. (a)Shape of the
person in Fig. 1(a). (b)Base shape mesh.
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Fig. 5. Triangle-parallelogram pairs. (a)Image frame. (b)Base frame. (c)Standard pair.

need to be updated iteratively. Secondly, the scale of local projection model
should be made proportional to the size of the whole face. These two problems
are easily solved in our approach by associating the local projection models with
the base shape mesh. Fig. 4(a) is the mesh of landmark points for the person in
Fig. 1(a). Fig.4(b) shows the base shape mesh.

Triangles sitting on the face boundary are filled with black color. Their bot-
tom sides form the face contour. Assume each black triangle is associated with
a parallelogram with the bottom side of the triangle being the parallelogram’s
middle line. Our local projection models are built based on the analysis of the
edge map inside these parallelograms. Instead of working on the edge map in the
original face image, we equivalently work on the warped image edge map on the
base frame. Suppose a triangle in the original mesh is V1. It corresponding trans-
formed triangle in the base mesh is V2. We also introduce an isosceles triangle as
a standard triangle V0. As long as the bottom side of the triangle is transformed
to the horizontal or vertical position, the projection along the face contour di-
rection in the face image is now simplified to summation along the x (or y axis)
after two affine transforms. Fig. 5 illustrates how a triangle-parallelogram pair
in the face image is warped to the base frame and subsequently to the standard
triangle-parallelogram pair.

The piece-wise affine transform parameters between V1 and V2 are available
in the basic model fitting process (to generate a shapeless texture vector from the
current face patch). The transforms between V0 and all the triangles in the base
shape could also be computed in advance. Clearly, with the help of a base shape
and a standard triangle-parallelogram pair, the local projection models can lock
the face contour points to the locally strongest edge points. It is much faster
and easier compared to the ASM. The regions of interest for our local projection
models are defined according to current face landmark points. Therefore there
is no scaling problem at all.
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3.4 Constrained Gradient Descent Optimization

Assume 3.2 and 3.3 yields estimated face shape as S∗, it is desirable to minimize
the distance between parameterized face shape w(S0;p,q) and S∗. Mathemat-
ically, we construct a new cost function F (p,q) as sum of squared distance:

F (p,q) = ‖w(S0;p,q) − S∗‖2
. (13)

In section 3.1, our cost function is defined as weighted mean squared texture
error. Since F (p,q) is squared shape error, it provides complementary knowl-
edge. To effectively benefit from both functions, we construct a hybrid function
as combination of F (p,q) and Gmse(p,q, α):

R(p,q) = Gmse(p,q, α) + K · F (p,q). (14)

The function R(∆p, ∆q) is minimized to generate the incremental update
∆p, ∆q. Optimization based purely on texture error function Gmse(p,q, α) has
a small region of convergence by nature. In the iterative realization, weight K
starts with a large initial value, so that shape error function F (p,q) plays a
major role at the initial stage. As search continues, K decreases till texture er-
ror function Gmse(p,q, α) totally dominates the optimization. We discriminate
gradient-descent generative function R(p,q) from fitting error evaluation func-
tion Gmse(p,q, α) and accept new parameters when they imply a smaller fitting
error.

The inverse compositional optimization algorithm is chosen to minimize func-
tion R(p,q) due to its efficiency and effectiveness. The general framework about
how to minimize a constrained function like (14) is introduced in [8]. In this
section, we briefly show how to minimize (14) when the shape transform is a
piece-wise affine transform for morphable face models.

An unique feature of inverse compositional algorithm is that model param-
eters are updated indirectly according to (4). The real incremental updates
∆p′,∆q′ to current model parameters (p,q) are (∆p′; ∆q′) = J · (∆p; ∆q),
where J is the Jacobian matrix. The hybrid function is then updated accord-
ing to:

R(∆p,∆q) = Gmse(∆p,∆q) + K · F ((p,q) + J · (∆p,∆q)). (15)

Let Us be a matrix whose columns are orthogonal prototype shapes, Us =
[S1,S2, . . . ,Sm0]. Let Ug be a matrix of orthogonal global shape basis so that
S = Ug ·q implies the equivalent global affine transform (refer to [3] for details).
Assume jth triangle V0 in the base face mesh S0 is mapped to its counterpart
triangle V1 on the image frame by a general affine transform as V1 = Rj ·V0+bj ,
it is easy to find the Jacobian matrix J to be

J =

[
∂p

∂∆p 0
0 ∂q

∂∆q

]

, (16)
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where ∂p
∂∆p is the derivative of shape parameters p w.r.t. ∆p and ∂q

∂∆q is the
derivative of q w.r.t. ∆q. In detail,

{
∂p

∂∆p = −Us · Ap · Us
∂p

∂∆p = −Ug · Aq · Ug
. (17)

Ap is a matrix of all zeros except its two by two sub-matrices along the main
diagonal direction:

Ri =
[
Ap(2 · i − 1, 2 · i − 1) Ap(2 · i − 1, 2 · i)

Ap(2 · i, 2 · i − 1) Ap(2 · i, 2 · i)

]

for i = 1, 2, ..., nv, (18)

where nv is the number of mesh vertices. Ri is the affine transform matrix asso-
ciated with the ith vertex of the face mesh (superscript is used to discriminate
it from Rj , which denotes transform matrix for jth triangle). Ri is generated
by averaging affine transforms of all triangles associated with this specific ver-
tex. Ri = mean(Rj). Aq is defined in the same way, but much simpler as it
corresponds to a single global affine transform, so Ri = Rj = R for Aq. In a
typical morphable model fitting procedure, all the piecewise affine transforms
are already computed. Computing the Jacobian matrix J is easy and fast based
on (17) and (18).

Because R(∆p,∆q) is a sum of two summed squared measurements, it is easy
to see that its Gaussian-Newton Hessian is the sum of Gaussian-Newton Hessian
for the weighted texture error function and K times Gaussian-Newton Hessian of
the shape error function. The same conclusion is true for steepest gradient de-
scent images. With the computed Jacobian matrix, the optimization procedure is
nothing special other than a normal inverse compositional algorithm.

4 Experiment Results and Discussion

4.1 Face Database

Our face database includes 138 nearly frontal images from various different face
databases [9][10][11]. All images were roughly resized and cropped to 256 by 256.
Various lighting conditions and image background patterns impose challenge to
our model fitting algorithm. Nevertheless, we believe a versatile face database is
the best way to test the robustness of our model fitting algorithm. We sequen-
tially picked 80 images to train face shape subspace. 40 shape parameters are
used to capture 98% of the shape variation, and texture subspace has a dimen-
sion of 66 to account for 98% of the texture variation. With four extra global
pose parameters, we have totally 44 model parameters. Some samples from our
database are shown in Fig.6.

4.2 Constrained Hybrid Model Fitting Optimization

In our constrained hybrid optimization scheme, shape is directly estimated from
block motion estimation and local projection models. Integration of such heuris-
tic information is the key for a high convergent rate with only around 10% extra
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Fig. 6. Sample images in our face database
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Fig. 7. Comparison of hybrid search and original inverse compositional AAM search.
(a)-(c)Hybrid search process at iteration 1,2 and 6. (d)Inverse compositional AAM
search. (e) Constrained hybrid search. (f)Evolution of error curve.

computation. Our algorithm is compared to standard inverse compositional algo-
rithm. Fig. 7(d) shows the fitting with standard inverse compositional algorithm.
Almost all landmark points are displaced. It is commonly seen that model eye
points converge to eyebrow area in the image. Fitting with our algorithm is shown
in Fig. 7(e). Figures 7(a) to (c) show a typical scenario of our hybrid search. Fig.
7(f) compares texture error evolution curve of our constrained hybrid model fit-
ting algorithm with standard normalized inverse compositional AAM algorithm.

Though the weighted texture error is used as evaluation function, it couldn’t
reflect the model fitting quality strictly, especially when the novel face texture
pattern is beyond the representation power of the trained texture subspace.
In that case, the texture reconstruction error might remain large even when all
landmark points are perfectly located. A reasonable evaluation is to measure how
good the model points converge to their desired positions in the image. For all
138 images, we manually labelled the landmark points and created distance map
for each image. The model fitting quality is then measured by the average point
to edge distance. Fig. 8 compares the performance of the inverse compositional
algorithm and our proposed algorithm by plotting the average point to edge
error for all images in the training set and the test set. The superiority of our
constrained hybrid algorithm is clearly manifested.
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Fig. 8. Fitting errors on (a)Training set. (b)Test set.
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Fig. 9. Cumulative functions

All the tests are conducted with exactly the same initial model parameters
and stop criterions. Inverse compositional search has a quite bad performance
due to the fact that our face database consists of images originating from various
sources. With our constrained hybrid optimization method, the average point to
edge error reduces from 4.3900 to 2.0359 on the training set, and 5.3869 to 2.4713
on the test set. Both show considerable improvement.

Based on the results in Fig.8, we could further generate error density func-
tions. All 138 images are used to estimate their probability density functions of
the fitting error. Their cumulative functions are plotted in Fig. 9. Given a thresh-
old from x-axis, we can read a number from y-axis, which is the percentage of
images that have equal or less fitting errors than the threshold. If we assume
the model fitting is successful when the point to edge error is below a threshold,
then Fig. 9 is actually a plot of the convergent rate versus threshold. Apparently
our hybrid optimization has a significantly higher convergent rate compared to
standard inverse compositional algorithm.

There are 3 key components in our constrained hybrid optimization scheme:
the unbiased evaluation function, the integration of direct shape estimation from
block motion estimation, and the local projection models. To see how each of
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Table 1. Average point to edge error for different algorithms

Database NIC NIC MO NIC MO LPM NIC MO LPM cr
Training set 4.3900 2.3924 2.3440 2.0359

Test set 5.3869 2.7506 3.0055 2.4713

these components plays a role in the hybrid optimization, we tested 4 different al-
gorithms: Original normalized inverse compositional algorithm (NIC), NIC with
motion integration (NIC MO), NIC with both motion integration and local pro-
jection models (NIC MO LPM), hybrid model with unbiased evaluation function
(NIC MO LPM cr). Table 1 summarized their performance with average point
to edge errors.

Table 1 demonstrates that our constrained hybrid optimization scheme has
the best performance. Unbiased error function proves to be a better evaluation
function than traditional error function as it truly reflects the fitting quality on
the image frame. An exception is NIC MO LPM error is larger than NIC MO
error on the test set. This might just because we only have 55 test images. In
fact, if we look at this problem from a different perspective, 27 images of the 55
perform better with local projection models, comparing to 20 of the 55 perform
better without projection models. It is still justified that local projection models
improve the overall performance.

4.3 Experiments on the JAFFE Face Database

We also tested on Japanese Female Facial Expression database (JAFFE)[12],
which contains 213 images of 7 facial expressions of 10 female models. In our
training database, all 80 images are without any facial expression. Nevertheless,
our constrained hybrid model fitting algorithm performs very well on JAFFE
database. The only pre-processing we conducted is to scale original 200 by 200
images to standard size 256 by 256.

(a) (b)

Fig. 10. Model fitting results: (a)Inverse compositional algorithm. (b)Constrained hy-
brid algorithm.
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Table 2. Average point to edge error for different algorithms

Database NIC NIC MO NIC MO LPM NIC MO LPM cr
JAFFE 6.3646 4.1144 3.3958 2.9133
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Fig. 11. (a)Model fitting errors on JAFFE. (b)Cumulative density functions.

Fig. 10 shows an example of converged face model overlapped to images.
Fig. 11 plots average point to edge error for all images in JAFFE. Table 2 shows
average point to edge error for different algorithms. From our face database to
JAFFE, the performance only degenerates very slightly with an average point
to edge error of 2.9. It proves the efficiency and robustness of our algorithm even
in the presence of rich facial expressions, unseen in our training set.

5 Conclusions

In this paper, we presented a constrained hybrid optimization algorithm to solve
the general morphable model fitting problem. Designing a robust and efficient
modelling algorithm is very important as feature detection is an inevitable step
for a lot of face applications. Our constrained hybrid algorithm features a novel
error evaluation function which is an unbiased error estimate of model fitting
quality on the image frame. Shape estimate from block motion estimation and
local projection models is incorporated into the gradient-descent optimization
procedure. They play a role in the parameter updating by acting as a shape
constraint in the optimization process. As a result, our model fitting algorithm
performs much better than general optimization algorithms that purely rely
on analytic solutions. One apparent conclusion is that heuristic information in
an image itself is abundant and could see better of image local terrains. Blindly
minimizing a texture error is inefficient and error-prone. Experiments on our face
database and JAFFE database shows that our constrained hybrid model fitting
algorithm could achieve a high convergent rate even when presented with images
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of a large variety of illuminations, image backgrounds and facial expressions.
Large image scaling, rotation and partial occlusion are not tested. These topics
should be covered in the future and it is possible to extend our algorithm to
multiple views and 3D face modelling.
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Abstract. Optimal Component Analysis (OCA) is a linear subspace technique
for dimensionality reduction designed to optimize object classification and recog-
nition performance. The linear nature of OCA often limits recognition perfor-
mance, if the underlying data structure is nonlinear or cluster structures are com-
plex. To address these problems, we investigate a kernel analogue of OCA, which
consists of applying OCA techniques to the data after it has been mapped non-
linearly into a new feature space, typically a high (possibly infinite) dimensional
Hilbert space. In this paper, we study both the theoretical and algorithmic aspects
of the problem and report results obtained in several object recognition experi-
ments.

1 Introduction

Modeling nonlinearity in observed data for tasks such as dimensionality reduction in
data representation for efficient classification and recognition of objects and patterns is
a problem that arises in numerous contexts. For example, in image-based object recog-
nition, nonlinearity often arises as a result of varying poses, illumination and other
factors. Kernel methods have been widely used as a general strategy for simplifying
data structure so that it becomes amenable to linear methods. One typically maps a
given dataset in Euclidean space R

n nonlinearly into a very high (possibly infinite)
dimensional Hilbert space H and analyzes the transformed data with more standard
techniques. Such methods have been investigated in the context of support vector ma-
chines [12], principal component analysis [10], independent component analysis [1],
and Fisher discriminant analysis [2]. For practical feasibility, the usual assumption is
that the nonlinear map Φ : R

n → H is not known explicitly, only the relative posi-
tions of the points Φ(x), x ∈ R

n, given by the inner products k(x, y) = Φ(x) · Φ(y),
x, y ∈ R

n. The function k(x, y) is referred to as a kernel function. Thus, dimension
reduction techniques and classifiers should only require knowledge of the kernel k, not
the function Φ.

In this paper, we present a kernel analogue of a linear subspace technique developed
by Liu et al. in [7, 11] that has been termed Optimal Component Analysis (OCA). Given
training data for a specific classification problem, OCA is a technique for finding an
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optimal subspace of feature space for dimensionality reduction for classification and
recognition. Although originally developed in the context of images for the nearest-
neighbor classifier, the method applies to more general data classification based on other
criteria, as well. We address both the theoretical and computational aspects of kernel
OCA. For the methodology to be useful in practice, it is crucial that we develop an
algorithmic approach that leads to effective computational tools. This will be achieved
by exploiting the differential geometric properties of Grassmann manifolds [5, 13], as
discussed in more detail below. Several object recognition experiments will illustrate the
fact that high recognition rates can be achieved with kernel OCA in a computationally
efficient manner. A special case of kernel OCA was studied in [14], where the kernel
function is required to satisfy the additional constraint that Φ preserves orthonormality.
Under this assumption, the problem can be more easily reduced to OCA in Euclidean
space.

The paper is organized as follows. In Sect. 2, we give a brief overview of optimal
component analysis in Euclidean space, which is followed by a formulation of the cor-
responding problem in kernel space in Sect. 3. Sect. 4 shows how an efficient stochastic
gradient search algorithm can be devised by exploiting a special representation of el-
ements of Grassmann manifolds. Sect. 5 contains a systematic set of experiments and
Sect. 6 concludes the paper with a discussion of future research.

2 Optimal Component Analysis

We begin with a brief review of Optimal Component Analysis (OCA) in Euclidean
space R

m. Suppose that a given dataset is divided in training and validation sets, each
consisting of representatives of P different classes of objects. For 1 ≤ c ≤ P , we denote
by xc,1, . . . , xc,tc and yc,1, . . . , yc,vc the elements in the training and validation sets,
resp., that belong to class c. Given an r-dimensional subspace U of R

m and x, y ∈ R
m,

we let d(x, y; U) denote the distance between the orthogonal projections of x and y
onto U . The quantity

ρ(yc,i; U) =
minc �=b,j d2(yc,i, xb,j ; U)
minj d2(yc,i, xc,j ; U) + ε

(1)

measures how well the nearest-neighbor classifier applied to the data projected onto
U identifies the element yc,i as belonging to class c; a large value ρ(yc,i; U) indicates
that, after projection, yc,i is much closer to the class it belongs than to other classes.
Here, ε > 0 is a small number used to prevent vanishing denominators. The function ρ
is a mild variant of that used in [7], with the distance d squared to ensure smoothness.
Note that (1) can be modified to reflect the performance of a more general K-nearest-
neighbor classifier. Define a performance function by

F (U) =
1
P

P∑

c=1

(
1
vc

vc∑

i=1

h (ρ(yc,i : U) − 1)

)
, (2)

where h is a monotonically increasing bounded function. A common choice is

h(x) =
1

1 + e−2βx
,
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for which the limit value of F (U), as β → ∞, is precisely the recognition performance
of the nearest-neighbor classifier after projection to the subspace U . Unlike the actual
recognition performance, F (U) is smooth so that we can approach the search for its
maxima using gradient-type algorithms. The function h is used to control bias with
respect to particular classes in measurements of performance.

Let G(m, r) be the Grassmann manifold [5, 13] of r-planes in R
m. An optimal r-

dimensional subspace for the given classification problem from the viewpoint of the
available data is given by

Û = argmax
U∈Gm,r

F (U).

An algorithmic procedure for estimating Û on G(m, r) using a stochastic gradient
search is described in [7]. Notice that, in practice, for this approach to classification
and recognition to be feasible, the estimation of the gradient of F must be carried out
efficiently.

3 Subspace Representation

In data analysis using kernel methods, one typically maps a given set of data x1, . . . , xM

in R
n to a Hilbert space (H, 〈 , 〉) using a nonlinear map Φ : R

n → H, and then applies
linear subspace techniques to the collection Φ(x1), . . . , Φ(xM ). The typical assumption
is that Φ is not known explicitly, only the kernel function k(x, y) = Φ(x) · Φ(y). The
problem of determining what functions k(x, y) are kernels associated with a mapping
Φ has been studied in [4, 12, 10]. Some of the most commonly used kernel functions are

k(x, y) = (x · y)d ,

which corresponds to mapping R
n into a higher dimensional space using all monomials

of order d in the input variables [9], and the Gaussian kernel

k(x, y) = exp
(

−‖x − y‖2

2σ2

)
.

We shall adapt OCA to this setting, by projecting vectors of the form Φ(x), x ∈ R
n,

onto subspaces of
V = span {Φ(x1), . . . , Φ(xM )} ⊆ H,

where we use the nearest-neighbor (or more generally K-nearest-neighbor) criterion for
classification and recognition. For this purpose, we must be able to measure distances
between projected vectors solely in terms of the kernel function.

Remarks.

(a) Note that OCA, in its original formulation, does not restrict subspaces to the span
of the data points. This is an important difference and philosophically reflects the fact
that, in the kernel approach, cluster structures are expected to be simplified by applying
a non-linear map Φ to the original data, so that high recognition rates can be achieved
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only using projections to low-dimensional subspaces of the span of the kernelized data.
This will lead to significant gains in computational efficiency.

(b) If the need arises, one can allow other subspaces of the Hilbert space H, for example,
by taking a set of vectors {x̄1, . . . , x̄N} ⊂ R

n and replacing V above with

V = span {Φ(x̄1), . . . , Φ(x̄N )} .

Thus, the formulation given here is not limited to the span of the training images. This
raises the problems of learning and selecting {x̄1, . . . , x̄N} either from data or based
on associated physical processes; these issues require further investigation.

Each element a = (a1, . . . , aM )T ∈ R
M×1 defines a vector v ∈ V given by

v =
∑M

i=1 aiΦ(xi). Form the symmetric Gram matrix K ∈ R
M×M , whose entries are

Kij = Φ(xi) · Φ(xj) .

If a, b ∈ R
M×1 represent v, w ∈ V , then

〈v, w〉 = aT Kb. (3)

Our first goal is to find an orthonormal basis of V in the a-representation. For this,
we diagonalize the Gram matrix, and let d∗j = (d∗1j , . . . , d

∗
Mj)

T , 1 ≤ j ≤ m, be an
orthonormal set (with respect to the standard inner product on R

M ) associated with the
nonzero eigenvalues λ1, . . . , λm of K , where m = dimV = rank K . It follows from
(3) that

d1 = d∗1/
√

λ1 , . . . , dm = d∗m/
√

λm (4)

represent an orthonormal basis of V . This fact can be expressed as DT KD = Im,
where D is the M × m matrix whose columns are d1, . . . , dm. Note that D can be
constructed as indicated since the Gram matrix K is positive semi-definite. In addition,
one can choose a subset of the eigenvectors (with nonzero eigenvalues) to further reduce
computational costs if needed.

3.1 Subspaces of V

Subspaces of V of dimension r will be represented by spanning orthonormal r-frames.
For each 1 ≤ j ≤ r, let αj = (α1j , . . . , αMj)T represent a vector vj ∈ V , and let α
be the (M × r)-matrix whose entries are αij ; that is, the columns of α are αj . From
Eqn. 3, it follows that {vj , 1 ≤ j ≤ r} is orthonormal if and only if

αT Kα = Ir , (5)

where Ir is the r × r identity matrix. The collection of all M × r matrices satisfying
Eqn. 5 will be denoted A. Given α ∈ A, let [α] be the r-dimensional subspace of V
associated with α ; i.e.,

[α] = span {vj , 1 ≤ j ≤ r} ,



588 X. Liu and W. Mio

with vj =
∑M

i=1 αijΦ(xi). We denote by πα : R
m → [α] be the orthogonal projection

of H onto [α]. For x ∈ R
n, we derive an expression for Φα(x) = πα (Φ(x)). The prod-

uct 〈Φα(x), vj〉 = 〈πα (Φ(x)) , vj〉 = 〈Φ(x), vj〉, for 1 ≤ j ≤ r, can be calculated as

〈Φ(x), vj〉 =
M∑

i=1

αij 〈Φ(x), Φ(xi)〉 =
M∑

i=1

αijk(x, xi) ,

which implies that

Φα(x) =
r∑

j=1

(
M∑

i=1

αijk(x, xi)

)
vj . (6)

3.2 Distance in [α]

In applications using nearest-neighbor classifiers, we will be primarily interested in the
distance between Φα(x) and Φα(y), for x, y ∈ R

n. Since

‖Φα(x) − Φα(y)‖2 = 〈Φα(x), Φα(x)〉 − 2 〈Φα(x), Φα(y)〉
+ 〈Φα(y), Φα(y)〉 ,

(7)

it suffices to derive expressions for inner products of the form 〈Φα(w), Φα(z)〉, w, z ∈
R

n. From Eqn. 6, we obtain

Φα(w) · Φα(z) =
r∑

�=1

(
M∑

i=1

αi�k(w, xi)

) ⎛

⎝
M∑

j=1

αj�k(z, xj)

⎞

⎠

= αT h(w) · αT h(z),

where h(w) denotes the vector (k(w, x1), . . . , k(w, xM ))T ∈ R
M×1, h(z) is defined

similarly, and · is the standard inner product in R
r. In (7), we obtain

‖Φα(x) − Φα(y)‖2 = ‖αT h(x)‖2 − 2αT h(x) · αT h(y)

+ ‖αT h(y)‖2.
(8)

This expresses the distance solely in terms of α and the kernel function k, as desired.

4 Kernel OCA

The results of Sec. 3.1 allow us to define a performance function G for KOCA similar
to the function F given by (2) . If α ∈ A, the definition of G([α]) is identical to that
of the function F (U) in (2), with distances d(yc,i, xd,j; U) between training and cross-
validation points replaced by

d(yc,i, xd,j ; [α]) =
(
‖αT h(x)‖2 − 2αT h(x) · αT h(y) + ‖αT h(y)‖2)1/2

. (9)

To complete the description of kernel OCA, we address the problem of maximizing G
over the Grassmann manifold G(V, r) formed by all r-dimensional subspaces of V . If
v1, . . . , vm is an orthonormal basis of V and e1, . . . , em is the standard basis of R

m, the
correspondence ej 
→ vj induces an identification of G(m, r) with G(V, r). This will
allow us to reduce the question to an optimization problem over G(m, r).
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4.1 Grassmann and Stiefel Manifolds

Let V(m, r) denote the Stiefel manifold of orthonormal r-frames (u1, . . . , ur) in R
m,

which we represent by the m×r matrix U whose jth column is uj , 1 ≤ j ≤ r. A matrix
U ∈ R

m×r represents an element of V(m, r) if and only if UT U = Ir. The Grassmann
manifold G(m, r) may be viewed as the quotient space of V(m, r) under the following
equivalence relation: U1 ∼ U2 if there exists an orthogonal matrix H ∈ O(r) such that
U1 = U2H . This just formalizes the simple fact that if we represent r-planes in R

m

using their orthonormal basis, we have to account for all possible choices. We abuse
notation and use U ∈ R

m×r to denote both an element in the Stiefel manifold and its
equivalence class in the Grassmannian.

Let J be the m × r matrix formed by the first r columns of the identity matrix
Im. The matrix J represents the orthonormal r-frame formed by the first r elements of
the standard basis of R

m. It can be shown that tangent vectors to G(m, r) at J can be
identified uniquely with matrices of the form

[
0 B

−BT 0

]
J ∈ R

m×r,

where B ∈ R
r×(m−r). Let Eij , 1 ≤ i ≤ r and r < j ≤ m, be the m×m matrix whose

(k, l) entry is

Eij(k, l) =

⎧
⎪⎨

⎪⎩

1/
√

2, if k = i and l = j;

−1/
√

2, if k = j and l = i;

0, otherwise,

Then, {EijJ, 1 ≤ i ≤ r, r < j ≤ m} represents an orthonormal basis of the tangent
space TJG(m, r).

Any two orthonormal r-frames in R
m differ by the action of an orthogonal matrix.

Thus, for any U ∈ G(m, r), there is an orthogonal matrix Q ∈ O(n) such that J = QU .
Any such matrix Q has the property that QT = [U, W ], where W is some m× (m− r)
matrix satisfying WT W = Im−r and UT W = 0; the role of V is to complete U to
an m × m orthogonal matrix. Since left multiplication by QT induces an isometry on
G(m, d), it follows that {QT EijJ, 1 ≤ i ≤ r, r < j ≤ m}, represents an orthonormal
basis of the tangent space TUG(m, r). Another important consequence of the fact that
left multiplication by QT is an isometry is that the geodesic γij(t; U) in G(m, r) starting
at U with initial velocity QT EijJ ∈ TUG(m, r) is given by the action of QT on the
geodesic γij(t; J) = etEij J . In other words,

γij(t; U) = QT etEijJ. (10)

4.2 Maximizing G

Let U ∈ G(m, r). The mapping U 
→ [DU ], where D is the M × m matrix whose
column vectors are given by (4) and [DU ] denotes the subspace of V associated with
α = DU , induces an identification G(m, r) ≈ G(V, r). Thus, maximizing the perfor-
mance function G : G(V, r) → R is equivalent to maximizing H : G(m, r) → R, where

H(U) = G([DU ]). (11)
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The Gradient of H . The partial derivatives of H at U ∈ G(m, r) in the direction
QT EijJ , 1 ≤ i ≤ r, r < j ≤ m, can be evaluated as

∂ijH(U) = lim
ε→0

G
(
[DQT eεEij J ] − G ([DU ])

)

ε
. (12)

Note that D is fixed and Q depends only on U . To estimate the partial derivatives at U
using finite differences, we first compute DQT . If we write the m × m identity matrix
as Im = [e1 . . . em], the exponential eεEij can be obtained from Im by the following
column replacements:

ei 
→ cos(ε/
√

2)ei − sin(ε/
√

2)ej and ej 
→ sin(ε/
√

2)ei + cos(ε/
√

2)ej .

Then, the M × r matrix DQT eεEij J can be calculated by first performing the same
column replacements on DQT and then deleting the last m − r columns.

Also, to evaluate the performance function G at [DQT eεEijJ ], we need to com-
pute the distances d(yc,i, xd,j ; [DQT eεEijJ ]) between training and cross-validation
points. Since DQT eεEijJ and DQT differ in a single column, Eqns. 9 and 7 show
that significant gains in computational efficiency can be realized by first calculating
d(yc,i, xd,j ; [DU ]) and storing the intermediate results.

To summarize, given Ut at time t, we first compute Q such that QT = [Ut , Wt],
where the columns of Wt form an orthonormal basis for the null space of Ut. Using
Eqn. 12, we estimate the partial derivatives ∂ijH(Ut) and then add a stochastic com-
ponent to ∂ijH(Ut) to carry out a stochastic gradient optimization of H ; details of the
implementation of the stochastic search can be found in [7].

(a)
                                                                                                                        

(b)

Fig. 1. Part of the ORL dataset: (a) 10 subjects used in the experiments; (b) images of three
selected subjects taken at different facial expression and illumination conditions
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5 Experimental Results

We present the results of several image-based object recognition experiments. By pre-
computing Φ(w, xi), i = 1, . . . , M, for each validation image w, the implementation
of the proposed algorithm is at least as efficient as the OCA algorithm in Euclidean
space. Recall that if n is much larger than the size of the training set M , a substantial
additional computational gain is realized by considering only subspaces in the span of
Φ(xi), 1 ≤ i ≤ M , as remarked in Sect. 3. Compared to a direct implementation in
kernel space [8], on a face recognition data set, the computational time is reduced from
several hours to just a few seconds. Furthermore, the techniques developed provide an
adaptive way of balancing efficiency and accuracy as illustrated in Fig. 5.

As in other gradient-based methods and the original OCA algorithms, the choice
of free parameters may affect results significantly. Additionally, for KOCA, the choice
of kernel functions is also important. Instead of pursuing asymptotic convergence re-
sults, we have conducted numerical simulations to demonstrate the effectiveness of the
proposed algorithm. We varied the subspace dimension, as well as the kernel functions.

Using part of the ORL face database, we have applied the proposed algorithm to
the search for optimal linear basis in the context of face recognition in the kernel space.
The dataset consists of faces of 40 different subjects with 10 images each. The subjects
are shown in Fig. 1(a) and the images of three particular subjects are shown in Fig. 1(b)
to illustrate the variation of facial expression and lighting condition. Here we used 10
subjects for the plots in the Figures 2-8 and 20 subjects for the results shown in Tab. 1.
Figure 2 shows the evolution of the optimization performance using a Gaussian kernel
with a fixed width σ. Fig. 2(a) and (b) show two cases with random initial subspace
while Fig. 2(c) shows the case using the kernel PCA as the initial subspace. In each
case, the plot on the left shows the evolution of the performance function F (Ut) with
β = 0.5; the middle plot shows the corresponding recognition rate. Note that the recog-
nition rate is piecewise constant and does not have a meaningful gradient for stochastic
optimization while F (Ut) is smooth. The right plot shows the distance of Ut from the
initial one (Frobenius norm), indicating that the optimization process is effective. In all
these cases, the optimization is successful in maximizing the recognition performance.

We have also used polynomial kernel of different degrees. Fig. 3 shows three such
examples. As in the previous example, the performance improves significantly with
the number of iterations in all the cases. Compared to the results in Fig. 2, here the
performance function itself is worse than that using the Gaussian kernel, indicating the
importance of the kernel function for performance.

For dimension reduction, the choice of the subspace dimension is an important pa-
rameter. Using the proposed method, we can significantly reduce the required dimen-
sion for a given level of performance. To show this, Fig. 4 shows three examples of
Gaussian kernel for different values of the subspace dimension r. As expected, when r
is larger, it takes fewer iterations to achieve a given performance. With r = 3, the pro-
posed algorithm achieves maximum recognition performance. For applications where
the computational complexity is critical, the proposed method may reduce the required
dimension effectively.

As pointed out earlier, significant computational efficiency can be realized by re-
stricting subspaces to those contained in the span of the kernelized data. To illustrate
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Fig. 2. Plots of the performance function F (left), the corresponding recognition rate (middle),
and the distance from the initial subspace (right) versus the number t of iterations using projec-
tions onto a 4-dimensional subspace. Here Gaussian kernel with proper σ is used. (a) and (b) Two
random initial subspaces. (c) Initial subspace given by KPCA, whose recognition performance
is 80%.

that the gain in efficiency usually does not lead to significant loss in discriminative
power, we show in Fig. 5(a) a plot of the distribution of eigenvalues of K matrix given
by a Gaussian kernel; Fig. 5(b) shows the percentage of energy captured by the first
given number of eigenvectors. Clearly we can reduce the dimension to a much smaller
number and still have most of the information for classification. Fig. 6 shows three ex-
amples with a different number of eigenvectors. As the examples in Fig. 6(b) and (c)
show, one can reduce the dimension of the search space without much loss of perfor-
mance as compared to that given in Fig. 2, where the span of all the training images is
used. It is expected that when the search space is reduced too much, the performance
loss can become significant, as shown in Fig. 6(a). In the extreme case, when m = r,
KOCA is reduced to KPCA or other method, depending how the initial subspace is
generated.

To summarize the experiments and compare the performance using the proposed
algorithm and that of KPCA [10], Tab. 1 shows the performance of both methods using
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Fig. 3. Plots of the performance function F (left), the corresponding recognition rate (middle),
and the distance from the initial subspace (right) versus the number t of iterations using projec-
tions onto a 4-dimensional subspace. Here polynomial kernels k(x, y) = (x · y)d with different
d’s are used. The initial subspace is given randomly. (a) Polynomial kernel of d = 2. (b) Polyno-
mial kernel of d = 3. (c) Polynomial kernel of d = 4.

different kernel functions with different dimension of subspaces (r) using 20 subjects
of the ORL face dataset. It is clear that the proposed algorithm is significantly more
effective than KPCA in all the cases. Additionally, this shows again the importance of
kernel functions and how to learn the kernel functions is an important problem.

While the above experiments demonstrate clearly the effectiveness of the proposed
KOCA technique, for real world applications, one is interested in the generalization
performance, i.e., the performance on images that are not part of the training. To sim-
ulate this situation, we divide the face dataset into a training set, a cross validation set,
and a separate test set, i.e., images in the test set are not used in the optimization per-
formance. To visualize the effectiveness of KOCA, we use five classes here and set
r = 2. Fig. 7 shows the 2-dimensional representation of the training, cross validation,
and test images given by KPCA and KOCA. Here each image is shown at the center
given by its 2-dimensional representation. It is clear that some of images from the same
class do not form good clusters in the space given by KPCA. In comparison, images
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Fig. 4. Plots of the performance function F (left), the corresponding recognition rate (middle),
and the distance from the initial subspace (right) versus the number t of iterations using projec-
tions onto r-dimensional subspaces with different r’s. Here Gaussian kernel with proper σ is used
and the initial subspace is given randomly. (a) r = 2. (b) r = 3. (c) r = 6.
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Fig. 5. Distribution of eigen values (a) and the energy captured by the first given eigen vectors (b)

from each of the five classes form a compact cluster that is away from clusters of other
classes. Here we used a modified version of (2), which is related to a 4-nearest neighbor
performance.
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Fig. 6. Plots of the performance function F (left), the corresponding recognition rate (middle),
and the distance from the initial subspace (right) versus the number t of iterations using projec-
tions onto an 4-dimensional subspace. Here Gaussian kernel with proper σ is used and the initial
subspace is given randomly. (a) m = 8 that captures 98% of the energy. (b) m = 16 that captures
99.25% of the energy. (c) m = 35 that captures 99.99% of the energy.

Table 1. Comparison of recognition performance of KPCA and the proposed algorithm

Kernel function Dimension r KPCA Proposed Kernel function Dimension r KPCA Proposed
Gaussian 2 48% 91% (x, y)2 4 82% 96%
Gaussian 4 82% 99% (x, y)3 4 80% 97%
Gaussian 6 83% 100% (x, y)4 4 82% 95%

To show the significance of KOCA, we computed the nearest neighbor classifier, the
4-nearest neighbor classifier, and F (U) (given by (2)) in the original image space (each
image is 92 × 112 = 10, 304), the 2-dimensional KPCA space, and a 2-dimensional
KOCA space using a Gaussian kernel. Tab. 2 shows the results. Note that while the
nearest neighbor performance is high in all the cases for this small set, the 4-nearest
neighbor performance is significantly different. KOCA achieves a much better 4-nearest
neighbor performance due to the much better clustering structure as shown in Fig. 7(b).
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Fig. 7. 2-dimensional representation of training (blue), cross validation (green), and test (red)
images using (a) KPCA and (b) KOCA. It is clear that clusters are much better organized using
the representation given by KOCA. Here the axes are the projections given the corresponding
2-dimensional projection matrix.

Table 2. Recognition performance of different representations on a five-class subset

Set F Nearest neighbor (%) 4-nearest neighbor(%)
10,304-dimensional original feature

Cross validation 0.542 100.0 86.7
Test 0.545 100.0 86.7

2-dimension KPCA feature
Cross validation 0.719 100.0 80.0

Test 0.715 100.0 80.0
2-dimension KOCA feature

Cross validation 0.994 100.0 100.0
Test 0.955 100.0 100.0

To demonstrate the significance of the proposed technique, we repeated the above
experiments on the full ORL dataset using r = 10. Tab. 3 shows the performance.
Clearly KOCA not only reduces the dimension of the images significantly, but also
increases the performance on both the cross validation set and more importantly on the
test set.

Note that the proposed technique is not limited to images and applies to any recog-
nition problem, where the input can be represented as a vector of a fixed length. As
an example, we have applied our technique on an optical character recognition (OCR)
dataset from the UCI machine learning repository 1. Since there is no cross validation
set in the given setting, (2) was modified to relate to the leave-one-out performance

1 Obtained from http://www.ics.uci.edu/∼mlearn/MLRepository.html.
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Table 3. Recognition performance of different representations on the full 40-class ORL dataset

Set F Nearest neighbor (%) 4-nearest neighbor(%)
10,304-dimensional original feature

Cross validation 0.521 96.7 71.7
Test 0.524 94.2 73.3

10-dimension KPCA feature
Cross validation 0.529 83.3 52.9

Test 0.526 92.5 63.3
10-dimension KOCA feature

Cross validation 0.995 100.0 100.0
Test 0.937 100.0 99.17

Table 4. Recognition performance of different representations on an OCR dataset

Set F Nearest neighbor (%) 11-nearest neighbor(%)
Original 64-dimensional feature

Training (leave-one-out) 0.637 95.2 94.4
Test 0.638 94.7 93.9

10-dimensional KICA feature
Training (leave-one-out) 0.280 22.9 28.0

Test 0.288 24.4 17.8
10-dimensional KOCA feature

Training (leave-one-out) 0.919 98.4 98.0
Test 0.862 96.1 96.1

on the training set. Tab. 4 shows the performance in the original space, the initial 10-
dimensional space given by the FastICA algorithm [6] in the kernel space, and a 10-
dimensional space given by KOCA that uses KICA as the initial condition. As in the
previous example, KOCA not only reduces the dimensionality significantly but also
improves the performance on the test compared to that in the original space.

6 Conclusion and Discussion

In this paper, we presented a kernel analogue of Optimal Component Analysis (OCA),
addressing both theoretical and computational aspects of the problem. The kernel ap-
proach allows one to model nonlinearity in data structure, overcoming a fundamental
limitation of OCA, as proposed in [7]. To achieve computational efficiency, the algo-
rithms developed exploit the geometric structure of Grassmann manifolds. Several ex-
periments were carried out and results compared to those obtained via kernel PCA.

As with other kernel methods, performance is often tied to the choice of the kernel
function. Thus, in applications, the choice of the kernel function for a specific classifi-
cation problem is of critical importance. To illustrate this point, Fig. 8 shows plots of
the performance functions associated with three Gaussian kernels of different widths. In
each column, the top panel shows a contour plot of the matrix K and the bottom panel
shows the performance function with respect to the number t of iterations. Clearly the
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Fig. 8. The K matrix using Gaussian kernel of different σ’s. subspace is given randomly. In
each panel, the top image shows the K matrix and the bottom plot shows the corresponding
performance function with respect to t. (a) A Gaussian kernel with σ that is too small. (b) A
Gaussian kernel with a proper σ. (c) A Gaussian kernel with σ that is too large.

performance is affected by the choice of kernel function parameters. Note that in the
proposed formulation one can treat the kernel function parameters in the search space
and one can perform optimization in the joint space to obtain optimal subspace and
kernel function parameters. This needs to be investigated further.

The geometric optimization techniques developed in this paper were applied to a
performance function derived from the nearest-neighbor classifier, but they are adapt-
able to performance functions based on other criteria. For example, if the choice of
bases is relevant in addition to the choice of subspaces, the solution space becomes
a Stiefel manifold; one such criterion is to impose both sparseness and recognition
performance [11]. The formulation given here can be used directly to extend the cor-
responding algorithms and techniques to the kernel space. Thus, the methodology de-
veloped yields a general framework and efficient algorithms for learning optimal low-
dimensional representations in the presence of nonlinearity.
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Abstract. Reverse-convex programming (RCP) concerns global opti-
mization of a specific class of non-convex optimization problems. We
show that a recently proposed model for sparse non-negative matrix fac-
torization (NMF) belongs to this class. Based on this result, we design
two algorithms for sparse NMF that solve sequences of convex second-
order cone programs (SOCP).

We work out some well-defined modifications of NMF that leave the
original model invariant from the optimization viewpoint. They consid-
erably generalize the sparse NMF setting to account for uncertainty in
sparseness, for supervised learning, and, by dropping the non-negativity
constraint, for sparsity-controlled PCA.

1 Introduction and Related Work

Reverse-convex programming (RCP) is a powerful framework from global op-
timization which, among others, subsumes d.c. programming [1]. Motivated by
a recently proposed model for sparse non-negative matrix factorization [2], we
employ RCP for solving sparsity-controlled NMF.

NMF was originally proposed to model processes in the physical sciences [3,
4]. In recent years, it has become increasingly popular in machine learning, signal
processing, and computer vision as well [5, 6, 7]. One reason for this popularity is
that NMF codes naturally favor sparse, parts-based representations [8, 9] which
in the context of recognition can be more robust than non-sparse, global features.
Especially for computer vision applications, where robustness against occlusion
is a constant concern, researchers suggested various extensions of NMF in or-
der to enforce very localized representations [10, 11]. Locality is closely related
to sparseness which is a desirable property from a machine-learning perspec-
tive [12, 13] as well as from biological considerations [14]. We found (Sec. 3) that
a particularly accurate sparsity measure introduced in [2] is accurately modeled
using second order conic constraints.

From a computational viewpoint, second order conic constraints are attrac-
tive: Being convex, efficient and robust solvers are available [15, 16] that cover
a surprisingly large variety of problems [17]. However, with sparsity-controlled
NMF difficulties arise since the conic constraints are reversed : Admissible are

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 600–616, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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points lying outside a second order cone. For such reverse-convex programs
solvers were proposed that find a globally optimal solution [18, 19, 1]. However,
to the best of our knowledge, there currently exists no globally optimal algo-
rithm that is practical for solving the large-scale problems common in computer
vision and pattern recognition.

In this paper we exploit the geometry of the sparsity-controlled NMF opti-
mization problem to derive two algorithms that efficiently yield locally optimal
solutions of the respective reverse-convex problems. The algorithms complement
existing solvers based on projected gradient descent [2]. However, with our ap-
proach, there is no need to select optimization parameters (e.g., stepsize) and
performance is superior in some relevant situations (Sec. 6). In addition, the
reverse-convex framework allows to easily extend the sparsity-controlled NMF
model by additional constraints. As proof-of-concept we show how additional
convex constraints can account for prior knowledge available in supervised clas-
sification. Along a similar line, we present an algorithm for sparsity-controlled
PCA [20, 21, 22] that uses reverse-convex solvers as subroutine.

In summary, the contributions of this paper1 are

– two algorithms based on reverse-convex optimization for solving variations
of the NMF problem,

– extensions of the sparsity-controlled NMF model to account for prior knowl-
edge and uncertainty in sparseness, and

– a reverse-convex algorithm for sparsity-controlled PCA.

Outline. In Section 2 we present the models considered in this paper. This
includes the original model by Hoyer [2] as well as some useful extensions. In
Section 3 we explain how, precisely, the sparsity measure used relates to second
order cones. Section 4 presents the tangent-plane approach, a fast and prac-
tical algorithm based on first-order approximation of the sparsity constraints.
Section 5 gives an algorithm based on a dual optimization idea. We present
experimental results in Section 6 before we conclude in Section 7.

Notation. For any m × n-matrix M , we denote its i-th column by M∗i, and
its row by Mi∗. Unless stated otherwise, V ∈ R

m×n
+ is a non-negative ma-

trix containing n data points, and W ∈ R
m×r
+ is a corresponding basis with

r-dimensional coefficients H ∈ R
r×n
+ . ‖x‖p denotes the �p-norm for vectors x,

and ‖M‖F the Frobenius norm for matrices: ‖M‖F =
√

tr(M�M). Further, ⊗
denotes Kronecker’s matrix product and � the element-wise matrix multiplica-
tion. vec(M) is the concatenation of the columns of M . Special matrices we will
encounter are Ir×r, the r × r identity matrix, and Ea×b, the a × b matrix with
all entries equal to unity. Finally, e is the vector with entries equal to unity.

1 Note that a shorter paper with focus on Computer Vision appears in ICCV. In this
shorter paper translation-invariant image bases were treated, but the tangent-plane
approach (Sec. 4) and the sparse PCA algorithm (Sec. 5.1) as well as some theoretical
and experimental results had to be omitted due to lack of space.
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w = 0.6.

Fig. 1. Paatero experiments. The data set is displayed in Fig. 1(a): Gaussian and
exponential distributions are multiplied to yield matrix V . In the experiments, a small
amount of Gaussian noise η ∼ N (0, 0.1) is added to the product. The results for
different values of the min-sparsity constraint are shown in Fig. 1(b) and 1(c): Only a
non-trivial sparsity constraint makes recovery of W and H successful.

2 Sparsity Control for NMF and PCA

2.1 Sparse NMF

We consider the NMF optimization problem:

min
W,H

‖V − WH‖2
F

s.t. 0 ≤ W, H.
(1)

Although NMF codes are often sparse, it has been suggested to control spar-
sity by more direct means. This can lead to considerably improved basis functions
(Fig. 1). We will employ the following sparseness measure recently introduced
in the NMF context by Hoyer [2]:

sp(x) :=
1√

n − 1

(√
n − ‖x‖1

‖x‖2

)
, x ∈ R

n \ {0}. (2)

Since 1√
n
‖x‖1 ≤ ‖x‖2 ≤ ‖x‖1, (2) is bounded: 0 ≤ sp(x) ≤ 1. In particular,

sp(x) = 0 for minimal sparse vectors with equal non-zero components, and
sp(x) = 1 for maximally sparse vectors with all but one vanishing components.
By a slight abuse of notation, we will sometimes write sp(M) ∈ R

n, meaning
sp(·) is applied to each column of matrix M ∈ R

m×n.
Originally, it was proposed to use sp(x) = const. to constrain the set of

admissible solutions of (1) [2]. Slightly generalizing, we formulate:

min
W,H

‖V − WH‖2
F

s.t. 0 ≤ W, H

smin
w ≤ sp(W ) ≤ smax

w

smin
h ≤ sp(H�) ≤ smax

h ,

(3)
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where smin
w , smin

h , smax
w , smax

h are user parameters to control sparsity. To obtain a
feasible set with non-void interior, we usually choose smin

h/w strictly smaller than
smax

h/w.
Alternatively, it can be convenient to trade sparsity for reconstruction accu-

racy by relaxing the hard constraints:

min
W,H

‖V − WH‖2
F − λhe�sp(H�) − λwe�sp(W )

s.t. 0 ≤ W, H.
(4)

Furthermore, for object recognition it is generally useful to integrate available
information about object labels into the process of learning basis functions [11].
With our approach it is particularly efficient to restrict, for each class i and for
each of its vectors j, the coefficients Hj∗ to a cone around the class center µi

min
W,H

‖V − WH‖2
F

s.t. 0 ≤ W, H (5a)
‖µi − Hj∗‖2 ≤ λ‖µi‖1 ∀i, ∀j ∈ class(i). (5b)

Given class label information, the µi are completely determined by the coefficient
matrix H . Thus, they are computed implicitly during optimization.

2.2 Sparse PCA

For data that is non-negative by nature, e.g., image data, certain physical prop-
erties, probabilities, or equities, NMF is particularly well-suited. However, in
situations where negative values occur we want to allow for negative bases and
coefficient vectors as well. This leads to a sparsity-controlled setting similar to
PCA [20, 21, 22]. In particular, the problem considered reads

min
W,H

‖V − WH‖2
F

s.t. smin
w ≤ sp(W ) ≤ smax

w

smin
h ≤ sp(H�) ≤ smax

h ,

(6)

which equals (3) except for the non-negativity constraints that are omitted.

3 Sparsity and Second Order Cones

In this section we show how our sparsity measure relates to second order cones.
Through their close link algorithms based on convex programming become useful
for sparsity-controlled NMF.

The second order cone Ln+1 ⊂ R
n+1 is the convex set [17]:

Ln+1 :=
{(

x
t

)
= (x1, . . . , xn, t)�

∣∣
∣ ‖x‖2 ≤ t

}
, (7)
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The problem of minimizing a linear objective function, subject to the constraints
that several affine functions of the variables are situated in Ln+1, is called a
second order cone program (SOCP):

inf
x∈Rn

f�x

s.t.
(

Aix + bi

c�i x + di

)
∈ Ln+1 , i = 1, . . . , m (8)

Note, that linear constraints and, in particular, the condition x ∈ R
n
+ are impor-

tant special cases. Our approach to sparsity-constrained NMF, to be developed
subsequently, is based on this class of convex optimization problems for which
efficient and robust solvers exist in software [15, 16].

On the non-negative cone we can model the sparseness-measure (2) using the
family of convex sets parametrized by sparsity-parameter s ∈ [0, 1]:

C(s) :=
{

x ∈ R
n

∣∣
∣

(
x

e�x/cn,s

)
∈ Ln+1

}
, cn,s :=

√
n − (

√
n − 1)s. (9)

Inserting the bounds 0 ≤ sp(x) ≤ 1 for s, we obtain

C(0) =
{
λe , 0 < λ ∈ R

}
and R

n
+ ⊂ C(1). (10)

This raises the question as to when we must impose non-negativity constraints
explicitly.

Proposition 1. The set C(s) contains non-positive vectors x 	= 0 if:
√

n −
√

n − 1√
n − 1

< s ≤ 1 , n ≥ 3 (11)

Proof. We observe that if x ∈ C(s), then λx ∈ C(s) for arbitrary 0 < λ ∈ R,
because ‖λx‖2 − e�(λx)/cn,s = λ(‖x‖2 − e�x/cn,s) ≤ 0. Hence it suffices to
consider vectors x with ‖x‖2 = 1. According to definition (9), such vectors tend
to be in C(s) the more they are aligned with e. Therefore, w.l.o.g., put xn = 0
and xi = (n − 1)−1/2 , i = 1, . . . , n − 1. Then x ∈ C(s) if cn,s <

√
n − 1, and

the result follows from the definition of cn,s in (9). Finally, for n = 2 the lower
bound for s equals 1, i.e., no non-positive vectors exist for all admissible values
of s. ��

This argument shows that C(s′) ⊆ C(s) for s′ ≤ s. To represent the feasible
set of problem (3), we combine the convex non-negativity condition with the
convex upper bound constraint:

{
x ∈ R

n
+

∣
∣ sp(x) ≤ s

}
= R

n
+ ∩ C(s) , (12)

and impose the non-convex lower bound constraint by subsequently removing
C(s′): {

x ∈ R
n
+

∣
∣ s′ ≤ sp(x) ≤ s , s′ < s

}
=

(
R

n
+ ∩ C(s)

)
\ C(s′) (13)
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To reformulate (3), we define accordingly, based on (9):

Cw(s) :=
{
W ∈ R

m×r
∣
∣ W∗i ∈ C(s) , i = 1, . . . , r

}
(14)

Ch(s) :=
{
H ∈ R

r×n
∣
∣ Hi∗ ∈ C(s) , i = 1, . . . , r

}
(15)

As a result, the sparsity-constrained NMF problem (3) now reads:

min
W,H

‖V − WH‖2
F

s.t. W ∈
(
R

m×r
+ ∩ Cw(smax

w )
)

\ Cw(smin
w )

H ∈
(
R

r×n
+ ∩ Ch(smax

h )
)

\ Ch(smin
h )

(16)

This formulation makes explicit that enforcing sparse NMF solutions introduces
a single additional reverse-convex constraint for W and H , respectively. Conse-
quently, not only the joint optimization of (W, H) is non-convex, but individual
optimization of W and H are also.

4 Tangent-Plane Approach

In this section, we present an optimization scheme for sparsity-controlled NMF
which relies on linear approximations of the reverse-convex constraint in (16).
We process W and H alternately, leaving one fixed while optimizing the other.
For presentation, we consider the H-step:

min
H

f(H) = ‖V − WH‖2
F

s.t. H ∈
(
R

r×n
+ ∩ Ch(smax

h )
)

\ Ch(smin
h ).

(17)

The W -step is analogous. Throughout this paper, we assume smin
h < smax

h , i.e.,
the interior of the feasible set is non-empty. Furthermore, we assume that every
basis vector W∗i contains at least one non-zero entry.

Step one. The algorithm starts by setting smin
h = 0 in (17), and by computing

the global optimum of the convex problem: min f(H), H ∈ R
r×n
+ ∩ Ch(smax

h ),
denoted by H̃0. Rewriting the objective function:

f(H) = ‖V � − H�W�‖2
F

= ‖vec(V �) − (W ⊗ I)vec(H�)‖2
2 ,

(18)

we observe that H̃0 solves the SOCP:

min
R

t , H ∈ R
r×n
+ ∩ Ch(smax

h ) ,

(
vec(V �) − (W ⊗ I)vec(H�)

t

)
∈ Lr·n+1.

(19)
Note that H̃0 will in general be infeasible w.r.t. the original problem because
the reverse-convex constraint of (17) is not imposed in (19). In case H̃0 already
is feasible the reverse-convex min-sparsity constraint is superfluous and the al-
gorithm terminates returning H̃0 as solution.
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Table 1. Tangent-plane approximation algorithm in pseudocode

1.) H0 ← solution of (19), J0 ← ∅, k ← 0
2.) repeat

3.) H̃k ← Hk

4.) repeat

5.) Jk ← Jk ∪ {j ∈ 1, . . . , r : H̃k
j∗ ∈ Ch(smin

h )}
6.) tkj ← ∇C(smin

h )(π(H̃k
j∗)) ∀j ∈ Jk

7.) H̃k ← solution of (20) replacing Hk by H̃k

8.) until H̃k
j∗ feasible

9.) Hk+1 ← H̃k, Jk+1 ← Jk, k ← k + 1

10.) until |f(Hk) − f(Hk−1)| ≤ ε

Step two. Using an iteration counter k initialized to 0 we determine in step two
the index set Jk ⊆ {1, . . . , r} of those vectors H̃k

j∗ violating the reverse-convex
constraint, that is H̃k

j∗ ∈ C(smin
h ). Let π(H̃k

j∗) denote the projections of H̃k
j∗

onto ∂C(smin
h ), ∀j ∈ Jk, and tkj the normals to Ch(smin

h ) at these points, and Hk

the matrix H̃k rectified accordingly. Given Jk, we re-solve (19) with additional
linear constraints enforcing feasibility of each Hk

j∗ , j ∈ Jk:

min
R

t , H ∈ R
r×n
+ ∩ Ch(smax

h ) ,

(
vec(V �) − (W ⊗ I)vec(H�)

t

)
∈ Lr·n+1

〈
tkj , Hj∗ − π(Hk

j∗)
〉

≥ 0 , ∀j ∈ Jk (20)

Geometrically, the linear constraints force Hk
j∗, j ∈ Jk onto the non-negative side

of the plane tangential to the min-sparsity cone running through π(Hk
j∗). Thus,

in the solution H̃k+1 of (20) all H̃k+1
j∗ , j ∈ Jk, will be feasible. However, it is

possible that new vectors H̃k+1
j∗ corresponding to unconstrained indices j 	∈ Jk

have become infeasible. When this happens we augment Jk accordingly, adjust
the tangent planes to reflect the new position of H̃k+1

j∗ , and re-solve (20) until
the solution is feasible. The result is denoted by Hk+1, the corresponding index
set by Jk+1. Finally, we increment the iteration counter: k ← k + 1 and check
whether Hk+1 satisfies the termination criterion

∣∣f(Hk+1) − f(Hk)
∣∣ ≤ ε. If it

does not we continue with step two. The algorithm is summarized in Tab. 1.

4.1 Convergence Properties

In the following discussion we will use matrices T k = (tkj )j∈J that have tangent
plane vector tkj as j-th column when j ∈ Jk and zeros elsewhere.
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Proposition 2. If the cone constraints are regular2 the tangent-plane algorithm
yields a sequence H1, H2, . . . of feasible points, every cluster point of which is a
local optimum.

Proof. (Sketch). Our proof follows [18–Prop. 3.2]. First, note that for every k >
0 the solution Hk of iteration k is a feasible point for the SOCP solved in
iteration k + 1. Therefore, {f(Hk)}k=1,... is a decreasing sequence, bounded
from below and thus convergent. By assumption, no column of W ≥ 0 equals
the zero vector. Then, {H : f(H) ≤ f(Hk)} is bounded for each k. Consequently,
the sequence {Hk}k=1,... of solutions of (20) and the corresponding sequences
{T k}k=1,... of tangent planes are bounded and contain converging subsequences.
Let {Hkν }ν=1,... and {T kν}ν=1,... be subsequences converging to cluster points
H̄ and T̄ .

Because Hkν is the global solution of a convex program we have

f(Hkν ) ≤ f(H), ∀H ∈ C(smax
h ) with T kν�H ≥ 0, (21)

and in the limit ν → ∞

f(H̄) ≤ f(H), ∀H ∈ C(smax
h ) with T̄�H ≥ 0. (22)

We assumed the tangent plane constraints are regular. Then the constraints
active in T̄ correspond to entries H̄j∗ ∈ ∂Ch(smin

h ), j ∈ J . According to (22) there
is no feasible descent direction at H̄ and, thus, it must be a stationary point.
Since the target function is quadratic positive-semidefinite it is an optimum. ��

While the individual optimization of H for given W converges (and vice
versa), the same cannot be claimed for the alternating sequence of optimizations
in W and H necessary to solve (3): The intervening optimization of W prevents
us from deriving a bound on f(H) from a previously found locally optimal H .
In rare cases, this can lead to undesirable oscillations.

4.2 Practical Remarks

Two things are remarkable regarding the tangent-plane algorithm: First, multiple
tangent-planes with reversed signs can also be used to approximate the convex
max-sparsity constraints. Then (20) reduces to a quadratic programming (QP)
problem. Except for linear programming, QP solvers are often among the most
efficient mathematical programming codes available. Thus, a speedup might be
gained by using QP instead of SOCP solvers, in particular, for the important
case when no max-sparsity constraints are specified (i.e., smax

h = smax
w = 1).

A second remark concerns the termination criterion (step 10 in Tab. 1).
While it can be chosen almost arbitrarily rigid, an overly small ε does not help
in the overall optimization w.r.t. W and H . As long as, e.g., W is known only
approximately, there is no need to compute the corresponding H to the last
digit. In Sec. 6 we chose relatively large ε so that the outer loop (steps 2 to 10
in Tab. 1) executed only once or twice before the variable was switched.

2 According to Proposition 1 this is the case iff s �=
√

n−
√

n−1√
n−1 and the interior of the

feasible set is non-empty.
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5 Sparsity-Maximization Approach

In this section we present an algorithm that alternately maximizes sparsity and
minimizes the objective function, in effect replacing the reverse-convex constraint
by a sequence of convex proximity constraints. Unlike the tangent-plane ap-
proach presented above, this algorithm can easily be employed to yield monoton-
ically decreasing sequences of objective values in H and in W , i.e., f(Hk, W k) ≥
f(Hk+1, W k) ≥ f(Hk+1, W k+1) ≥ · · · , with f(H, W ) = ‖V −WH‖2

F . This rules
out oscillations that are rare, but cumbersome to avoid with the tangent-plane
approach.

5.1 Sparse NMF

In order to solve (16) we again alternately optimize for W and for H , keep-
ing the other constant. Since both optimizations are symmetric, we focus our
presentation on the H step.

Our algorithm is motivated by results from global optimization [18] and con-
sists of two complementary steps: One maximizes sparsity subject to the con-
straint that the objective value must not increase. Dually, the other optimizes
the objective function f(H) = ‖V − WH‖2

F under the condition that the min-
sparsity constraint may not be violated.

Initialization. Let H0 ∈ ∂Ch(smin
h ) be an initialization on the boundary of

the min-sparsity cone. It may be computed by solving (19) for H , i.e., ignoring
min-sparsity constraints and projecting the solution onto ∂Ch(smin

h ). Set k ← 0.

Step one. In the first step, consider the program

max
H

g(H) = min
j

{sp(Hj∗)}

s.t. H ∈ R
r×n
+ ∩ Ch(smax

h )

f(H) ≤ f(Hk)

(23)

that maximizes sparsity of the least sparse Hj∗ subject to the constraint that
the solution may not measure worse than Hk in terms of the target function f .
This is a convex maximization problem on a bounded domain. As such, it can in
principle be solved to global optimality [18]. However, practical algorithms exist
for small-scale problems only.

Thus, we will content ourselves with a local improvement that is obtained by
replacing sp(x) by its first order Taylor expansion at Hk, resulting in the SOCP

max
H,t

t

s.t. H ∈ R
r×n
+ ∩ Ch(smax

h ) (24)
(

vec(V �) − (W ⊗ I)vec(H�)
f(Hk)

)
∈ Lrn+1

t ≤ sp(Hj∗) + 〈∇Hj∗ sp(Hk
j∗)

�, Hj∗ − Hk
j∗〉 ∀j.
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Table 2. Sparsity-maximization algorithm in pseudocode

1.) H0 ← solution of (19) projected on ∂Ch(smin
h ), k ← 0

2.) repeat
3.) Hsp ← solution of (24)

4.) Hk+1 ← solution of (25)
5.) k ← k + 1

6.) until |f(Hk) − f(Hk−1)| ≤ ε

Let Hsp denote the corresponding solution. Note that Hk is a feasible point
of (24) and the sparsity cone is convex. Thus, optimization will in fact yield
g(Hsp) ≥ g(Hk).

Step two. In the second step we solve the SOCP

min
H,t

t

s.t.
(

vec(V �) − (W ⊗ I)vec(H�)
t

)
∈ Lrn+1 (25)

(
Hj∗ − Hsp

j∗
minq∈C(smin

h ) ‖q − Hsp
j∗‖2

)
∈ Ln+1 ∀j

H ∈ R
r×n
+ ∩ Ch(smax

h ).

This problem is identical to (16) restricted to H , except for the reverse-convex
min-sparsity constraint that is replaced by a convex proximity constraint: Each
Hj∗ is restricted to lie within a “save” distance from Hsp

j∗ .
Akin to [18], convergence to a local optimum can be proven under mild

restrictions (notably, that W is not degenerate and contains at least one non-
zero entry in each column). A proof will be presented in an extended paper.

Assuming convergence for a moment, it is easy to see that for any given
feasible H0 the algorithm terminates with an Hk that performs at least as well
as H0 in terms of f , i.e., f(Hk) ≤ f(H0). This is, because in each iteration i the
current estimate Hi is a feasible point of the convex program (25) minimizing
f so that f(Hi+1) ≤ f(Hi), i = 0, . . . , k − 1. When the sparsity-maximization
algorithm runs multiple times, alternately optimizing H for fixed W and vice
versa, one will, after the first iteration, not initialize the algorithm by solving (19)
and projecting subsequently, but use the current estimates for H and W as
initializations. This way, one obtains a monotonically decreasing sequence of
objective values ‖V − W kHk‖2

F .

Relaxed Formulation. The relaxed form of sparsity-controlled NMF described
in (4) is optimized similarly by linearizing sp(x) around Hk, yielding the SOCP
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min
H,t,s

t − λhe�s

s.t.
(

vec(V �) − (W ⊗ I)vec(H�)
t

)
∈ Lrn+1 (26)

sj ≤ sp(Hk
j∗) + 〈∇Hj∗sp(Hk

j∗)
�, Hj∗ − Hk

j∗〉 ∀j

H ∈ R
r×n
+ .

Thus, in order to solve (4) for H we iteratively solve instances of (26) until
convergence.

Exploiting Information from Class Labels. The supervised variant (5) of
the NMF problem is readily solved by above algorithms since (5b) translates,
for each class i and for each coefficient vector Hj∗ belonging to class i, into a
second order constraint

(
1/niH(i)e − Hj∗

λ/nie
�H(i)e

)
∈ Ln+1, ∀i, ∀j ∈ class(i). (27)

Here, the r × ni-matrix of coefficients belonging to class i is abbreviated H(i)
and we recognize µi = 1/niH(i)e. Adding these constraints to, e.g., (24) and (25)
yields an algorithm for solving supervised NMF.

5.2 Sparse PCA

Next, we show how to optimize for H when both, W and H may contain negative
entries. The idea is that we can factorize any non-zero matrix M ∈ R

m×n into
M± ≡ sign(M) ∈ R

m×n and M+ ∈ R
m×n
+ s.t. M = M± � M+. Since sparsity is

not affected by sign changes or multiplicative constants we observe

sp(M) = sp(M+), (28)

i.e., it is sufficient to exercise sparsity control on the non-negative part of x. Thus,
the sparsity-controlled NMF algorithms presented above can be used on W+ and
H+. Finally, for those entries in W and H that are close to 0 we subsequently
optimize signs using convex programming.

Step one. E.g., in the H-step we first optimize for H+, by solving

min
H+,t

t

s.t.
(

vec(V ) − ((I ⊗ W ) � HS)vec(H+)
t

)
∈ Lrn+1

H+ ∈ (Rr×n
+ ∩ Ch(smax

h )) \ Ch(smin
h )

(29)

using any of the techniques presented above. Note that (29) is identical to the
NMF case, i.e., it minimizes the original problem for H = H± � H+ but the
signs of H are not allowed to change. The matrix HS is given by

HS = (Ir×r ⊗ En×n) � (vec(H±)e�)�. (30)
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Step two. In a second step, we solve for H± using the convex program

min
t,H±∈Hε

t

s.t.
(

vec(V ) − ((I ⊗ W ) � HA)vec(H±)
t

)
∈ Lrn+1

− 1 ≤ H± ≤ 1,

(31)

where HA is constructed from H+ analogously to (30):

HA = (Ir×r ⊗ En×n) � (vec(H+)e�)�. (32)

Hε denotes those entries in H+ that are within ε from 0. Entries in H± corre-
sponding to larger entries in H+ are not optimized in order to prevent an entry
in H± with small norm cancel out an entry with large norm in H+, thus possibly
modifying sparseness of the product H = H± � H+.

6 Experiments

6.1 Comparison with Established Algorithms

To see how our algorithms compare against an established method we computed
sparsity-controlled decompositions into r = 4 basis functions for a subset of the
USPS handwritten digits data set using our methods and projected gradient de-
scent (pgd) as proposed in [2]. For different choices of sparseness we report mean
and standard deviation of the runtime and mean residual error3 averaged over
10 runs in Tab. 3. Note that the stopping criterion used was different for our al-
gorithms and for pgd: We stopped when after a full iteration the objective value
did not improve at least by a constant, the pgd implementation used4 stopped as
soon as the norm of the gradient was smaller than some ε. As the error measure-
ments shown in Tab. 3 demonstrate, both stopping criteria yield comparable
results. Regarding running time we see that the tangent-plane approach was
usually fastest, followed by sparse-maximization. Also, our algorithms usually
showed relatively small variation between individual runs while the runtime of
pgd varied strongly, dependent on the randomly chosen starting points.

6.2 Global Approaches

A potential source of difficulties with the sparsity-maximization algorithm is
that the lower bound on sparsity is optimized only locally in (24). Through the
proximity constraint in (25) the amount of sparsity obtained in effect limits the

3 Standard deviation of the residual error was equally negligible for all algorithms.
4 We used the pgd code kindly provided by the author of [2], and removed all logging

and monitoring parts to speed up calculation. Our SOCP solver was Mosek 3.2 from
MOSEK ApS, Denmark, running under Linux.
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Table 3. Performance comparison. Comparison of the tangent-plane (tgp) ap-
proach and the sparsity-maximization algorithm (spm) with projected gradient descent
(pgd). Sparse decompositions of the digit data set were computed. Statistics collected
over 10 repeated runs are reported for runtime (sec.) and residual error ‖V − WH‖2

F .
tgp and spm are usually faster than pgd while keeping errors small.

sparsity 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
mean time tgp 34.35 35.46 41.30 64.97 66.80 60.86 56.33 51.82 42.50
mean time spm 94.81 106.20 133.52 159.30 173.14 167.06 114.36 78.42 74.96
mean time pgd 517.02 1038.99 218.17 70.24 177.35 189.48 167.94 430.36 322.88
stdv time tgp 3.17 2.64 3.84 5.50 8.51 7.05 4.25 0.76 0.38
stdv time spm 3.48 12.67 23.67 16.45 11.51 11.64 7.69 1.22 1.29
stdv time pgd 278.24 21.21 128.00 8.90 78.12 52.54 95.53 439.34 174.81
mean error tgp 0.82 0.76 0.73 0.72 0.78 0.89 0.99 1.08 1.12
mean error spm 0.81 0.77 0.74 0.73 0.78 0.89 1.00 1.08 1.13
mean error pgd 0.85 0.79 0.74 0.72 0.77 0.88 0.99 1.07 1.12

step size of the algorithm. Insufficient sparsity optimization may, in the worst
case, lead to convergence to a bad local optimum.

To see if this worst-case scenario is relevant in practice, we discretized the
problem by sampling the sparsity cones using rotated and scaled version of the
current estimate Hk and then evaluated g in (23) using samples from each in-
dividual sparsity cone. Then we picked one sample from each cone and com-
puted (24) replacing the starting point Hk by the sampled coordinates. For an
exhaustive search on r cones each sampled with s points we have sr starting
points to consider.

For demonstration we used the artificial Paatero data set [23] consisting
of products of Gaussian and exponential functions (Fig. 1). This data set is
suitable since it is not overly large and sparsity control is crucial for its successful
factorization (cf. [23] and Fig. 1).

In the sparsity-maximization algorithm we first sampled the four sparsity
cones corresponding to each basis function of the data for sw ≥ 0.6 sparsely,
using only 10 rotations on each cone. We then combined the samples on each
cone in each possible way and evaluated g for all corresponding starting points. In
a second experiment we placed 1000 points on each sparsity cone, and randomly
selected 104 combinations as starting points. The best results obtained over
four runs and 80 iterations with our local linearization method and the sparse
enumeration (first) and the sampling (second) strategy, are reported below:

Algorithm min-sparsity objective value
local linearization 0.60 0.24

sparse enumeration 0.60 0.26
sampling 0.60 0.26

We see that the local sparsity maximization yields results comparable to the
sampling strategies. In fact, it is better: Over four repeated runs with each of
the sampling strategies we observed outliers with very bad objective values (not
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Fig. 2. Sparse PCA experiment. Basis and coefficients for an artificial data set are
shown. Only sparsity-controlled PCA successfully recovers the structure of the data.

shown). This is most likely caused by severe under-sampling of the sparsity cones.
This problem is not straightforward to circumvent: With above sampling schemes
a run over 80 iterations takes about 24h of computing5, so more sampling is not
an option. In comparison, the proposed algorithm finishes in few seconds.

6.3 Sparse PCA

As proof-of-concept we factorized the artificial data set examined in [20] using
PCA and sparsity-controlled PCA. The data set consists of three factors sampled
from V1 ∼ N (0, 290), V2 ∼ N (0, 300), V3 ∼ −0.3V1 + 0.925V2 + η and additional
Gaussian noise. The sparse PCA algorithm iteratively solved (29) and (31) using
the relaxed optimization framework (26) with λw = 0.6 and a constraint limiting
the admissible reconstruction error.

In Fig. 2 we depict the factors and factor-loadings for PCA and sparsity-
controlled PCA (best result out of three repeated runs). It is apparent that
sparsity-controlled PCA correctly factorizes the data, while classical PCA fails.

6.4 Modeling a Low-Entropy Image Class

A sample application using real-world data is face modeling: Human faces,
aligned, cropped and evenly lit, lead to highly structured images. With such
images, sparse NMF appears robust against quantization: We learned a sparse
image code (r = 6, smin

h = 0.3) for face images [24] and a PCA code for compar-
ison. Then we enumerated possible reconstructions by setting each entry of the
coefficient vector to 0 or to 1. The resulting 26 = 64 images are shown in Fig. 3:
While most NMF “reconstructions” look remarkably natural the corresponding
PCA images mostly suffer severe degradation.

To measure qualitatively how quantization affects reconstruction perfor-
mance we used PCA and NMF to find a large image base (r = 100) on a
subset of the face data. Then, we quantized the reconstruction coefficients H
using k-means on each individual row of coefficients Hj∗. The results are shown

5 On machines with 3GHz P4, 2GB RAM, running Matlab under Linux.
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(a) NMF: W · δ(h > ε) (b) PCA: W · δ(|h| > ε)

Fig. 3. Robustness against quantization. The 64 faces corresponding to previously
learned 6bit NMF/PCA image codes after quantization of the coefficients. The top left
image corresponds to the binary coefficient vector #b000000, the bottom right image to
#b111111. The NMF faces suffer less from quantization than their PCA counterparts.
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Fig. 4. Robustness against quantization. An basis for face images was trained us-
ing NMF (solid blue line) and PCA (dashed black line). The reconstruction coefficients
H where quantized using k-means for k = 2, . . . , 25 (x-axis) and the reconstruction
error f(W, H) was determined (y-axis) for the training data set. NMF is more robust
against strong quantization.

in Fig. 4: As expected, PCA offers slightly better reconstruction performance for
large values of k. With stronger quantization, however, it looses its advantage
and NMF performs better.

This is surprising as quantization robustness was not an original design goal
of NMF codes. From a Bayesian perspective we can explain this result by the
fact that as quantization (or noise) increases the influence of prior information
becomes more important. NMF models the prior information that images are
non-negative. PCA has no such constraint and thus suffers more from strong
quantization.
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6.5 Supervised Training

To show that the supervised label constraints (5b) can be useful we trained NMF
codes (r = 4) on only 100 samples from the USPS handwritten digit data set. We
used different values for the parameter λ and a very simple conditional maximum
entropy model p(y|h) with mean coefficient values E[hi] as only features for
classification. The number of errors on a 300 sample test dataset is given below:

λ 1e4 1e2 1 1e-2 1e-4 1e-6
#errors 108 82 75 60 58 56

When λ is large, i.e., the supervised label constraint is inactive, the error is
about 36% (108 out of 300 samples). This is slightly worse than a corresponding
PCA basis (95 errors) would achieve. As the label constraint is strengthened the
classification performance improves and finally is almost twice as good as in the
unsupervised case.

7 Conclusion

We presented two algorithms for sparse coding based on ideas from reverse-
convex programming and non-negative matrix factorization. The algorithms are
conceptually clean, easy to use (no free parameters), and show attractive perfor-
mance characteristics. Most importantly, they are flexible enough to be extended
along various dimensions. For instance, prior information can be accounted for
by adding a single conic constraint, and sparsity-controlled PCA is possible by
separate optimization of absolute value and signs of the factors.
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Abstract. Traditional stereo algorithms either explicitly use the frontal
parallel plane assumption by only considering position (zero-order) dis-
parity when computing similarity measures of two image windows, or
implicitly use it by imposing a smoothness prior bias towards frontal
parallel plane solution. However this introduces two types of systematic
error for slanted or curved surfaces. The first type is structural, and
relates to discrete pixel coordinates and neighborhood structure. The
second is geometric, and relates to differential properties of surfaces. To
eliminate these systematic errors we extend stereo matching to include
first-order disparities. Contextual information is then expressed geomet-
rically by transporting surface normals over overlapping neighborhoods,
which takes a particularly simple (and efficient) form in the tangent plane
approximation. In particular, we develop a novel stereo algorithm that
combines first-order disparity information with position (zero-order) dis-
parity for slanted surfaces, and illustrate its use.

1 Introduction

Two view dense stereo correspondence algorithms have made significant progress
in recent years [1, 7, 25, 5]. Working with a rectified image pair [9, 11], most of
these algorithms exploit the frontal parallel plane assumption either explicitly or
implicitly. In particular, it assumes position disparity (or depth) is constant (with
respect to the rectified stereo pair) over a region under consideration. However,
real world objects possess surfaces rich in shape, which generically violate the
frontal parallel plane assumption (Fig. 1).

To find correspondence, traditional area based methods compare a window of
the same size and shape in the left and right images and compute the similarity
measure, where the frontal parallel plane assumption is explicitly used. Several
algorithms address this problem. [12] uses a parameterized planar or quadratic
patch fit to the images as a local model for the disparity surface. In [14] variable
window size (but fixed shape) is used. In [6] disparity derivatives are used to
deform the matching window in a refined correlation algorithm. In [3, 18] slanted
and curved surfaces are explicitly modeled for each segmented region, where
segmentation and correspondence are iteratively obtained from the multiway-
cut algorithm [4]. [21] develops a slanted scanline algorithm.

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 617–632, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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S

Tp(S)
p

Cr

Cl

Fig. 1. For a regular surface S ⊂ R
3, the tangent plane Tp(S) (in solid lines) at a

point p ∈ S is well defined. However traditional stereo algorithms use the frontal
parallel plane (in dotted lines) to represent the (local) surface geometry at p, which is
incorrect.

Taken individually, point-wise geometric constraints (e.g. epipolar constraint)
and similarity measure (e.g. SSD) cannot always resolve matching ambiguities.
Thus requiring neighboring matching pairs to be “consistent” is natural. An early
cooperative algorithm[19] uses a local excitatory neighborhood of the same dis-
parity level to support the current matching pair. In the refined cooperative algo-
rithm [29] local support is defined as the sum of all match values within a 3D local
support volume, designed to include a small disparity range as an extra dimen-
sion. In [24] local support at different disparity hypotheses is diffused iteratively,
and the amount of diffusion is controlled by the quality of the disparity estimate.
In [4] a smoothness term over neighboring pixels is introduced in an energy func-
tion minimized by graph cuts. In [26, 27] messages (similarity measure weighted
by gaussian smoothed disparity difference) are passed between nearby matching
pairs in a Markov network by belief propagation. However these algorithms im-
plicitly use the frontal parallel plane assumption since the neighboring matching
pairs interact in a way such that frontal parallel plane solution is preferred.

Both the explicit and the implicit use of the frontal parallel plane assumption
introduces systematic errors to stereo corrspondence (see experiment section for
details). To move beyond this assumpltion, locally it implies that the tangent
plane Tp(S) deviates from the frontal parallel plane. Our geometric observation
then arises in several forms: (i) the shape of matching patches in the left/right
image must vary; (ii) integer coordinates must be interpolated; (iii) disparity
derivatives are related to surface differential geometric property; and (iv) con-
tinuity over overlapping neighborhoods must include (at least) surface normal
consistency. To take full advantage of (iii) and (iv), which follow directly from
differential geometry, we futher observe that some form of (Cartan) transport is
required to combine information from different surface normals in a neighbor-
hood around a putative matching point.

In this paper our task is to develop a new constraint for planar surfaces not
in the frontal parallel plane using basic surface differential geometry. Specifically,
we develop a novel stereo algorithm that explicitly takes into account first-order
disparities for non-frontal-parallel surfaces. This amounts to: (1) the local defor-
mation of the SSD window, which gives us continuous (interpolated) disparity as
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well as first order disparities (surface orientation); and (2) describing geometric
consistency between nearby matching pairs by using depth (position disparity)
and surface normal (first-order disparities), which does help the matching pro-
cess. The second part behaves like an extra geometric constraint for stereo cor-
respondence. While the epipolar constraint is well studied and utilized in stereo
correspondence, geometric contextual constraints among nearby matching pairs
are largely unexplored. In this paper we explore the simplest such geometric con-
straint for slanted or curved surfaces by taking into account their orientation.
One implementation illustrates how well these constraints perform in practice,
extending performance beyond traditional algorithms on several scenes. We hope
this novelty will inspire researchers since our constraint could be used in more
elaborate stereo algorithms.

2 Background

Assume the image pair is rectified [11]. For a 3D point p with disparity d, 3D
planes (centered at p) in R

3 can be classified as frontal parallel, horizontally
slanted, vertically slanted, and in general configuration, respectively (Fig. 2(a-
d)). First order disparities ({ ∂d

∂u , ∂d
∂v }) do not vanish simultaneously for non-

frontal parallel planes. Thus they cannot be ignored, otherwise systematic error
will arise. In this section we describe how to take this effect into account for any
local (window-based) algorithms with an aggregation step. In the next section we
show how these first order disparities can be used to impose geometric contextual
information by transporting surface normals over overlapping neighborhoods.

(a) (b) (c) (d)

∂d
∂u

∂d
∂v 3D Surface Model

(a) = 0 = 0 Frontal Parallel

(b) �= 0 = 0 Horizontally Slanted

(c) = 0 �= 0 Vertically Slanted

(d) �= 0 �= 0 General

Fig. 2. (LEFT: a-d) 3D plane types in R
3: frontal parallel, horizontally slanted, ver-

tically slanted, and in general configuration, respectively (frontal parallel plane also
drawn in dashed lines for comparison); (RIGHT) First order disparities for different
3D plane types

2.1 Deforming Matching Window by First-Order Disparities

To find correspondence, traditional area based methods use a small window (e.g.
9x9) centered at (u, v) in the left image, and compare it with a window of the
same size and shape at (u − d, v) in the right image using similarity measure
such as normalized cross correlation (NCC), sum of squared difference (SSD),
or sum of absolute difference (SAD), etc. Disparity estimate d is obtained by
selecting the one that gives the best similarity measure. When the scene within
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I I
l r

Fig. 3. Computing a similarity measure using an image window of size 3x3. To over-
come the limitation of the frontal parallel plane assumption, the other image window
must be deformed according to the shape of the (disparity) surface. This involves both
window shape and corresponding pixels. Shown are true corresonding points (as black
dots) in the right image of a slanted surface, which are different from measured gray
dots.

each window satisfies the frontal parallel plane assumption the above method is
valid. However when the 3D surfaces are slanted in depth or curved the problem
formulation has to be modified, otherwise systematic errorr will arise. In Fig. 7,
traditional SSD yields a stepwise scalloped pattern (frontal parallel planes at
different depth) due to such systematic error.

To illustrate, we consider a small image window of a slanted planar surface
(Fig. 3) for similarity measure (SSD). If the correspondence of (u, v) in the left
image is (u − d, v) in the right image, then to a first order approximation the
correspondence of (u+∆u, v+∆v) (black dots) in the neighborhood (in the left
image) is (u + ∆u − d − ∂d

∂u∆u − ∂d
∂v ∆v, v + ∆v) (also black dots) in the right

image, with ∂d
∂u and ∂d

∂v the partial derivatives of disparity d with respect to u
and v, respectively; ∆u and ∆v the small step size in each direction. Typically
∆u, ∆v ∈ {0, ±1, ±2, · · · }. When the 3D surface is not frontal parallel, these
black dots are different from the measured gray dots. This effect can not be
neglected. The effect of ∂d

∂u and ∂d
∂v on the location of the true correspondence is

magnified by ∆u and ∆v. The bigger the window size, the stronger the effect,
and to compute the similarity measure between the left and right image windows
integer indexes in the right image no longer suffice. Matching window in the right
image must be deformed accordingly.

The deformed window SSD is:

dw SSD(u, v, d,
∂d

∂u
,
∂d

∂v
) =

∑

(u+∆u,v+∆v)∈Nuv

(Il(u + ∆u,v + ∆v)− (1)

Îr(u + ∆u − d − ∂d

∂u
∆u − ∂d

∂v
∆v,v + ∆v))2
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where Nuv denotes the window centered at (u, v), and Îr is the linearly interpo-
lated intensity of two nearest integer index positions in the right image.

With this new formulation of the similarity measure, the correspondence
problem is then: for every (u, v) in the left image to select {d, ∂d

∂u , ∂d
∂v } that gives

the best similarity measure:

arg min
{d, ∂d

∂u , ∂d
∂v }

dw SSD(u, v, d,
∂d

∂u
,
∂d

∂v
) (2)

We use direction set method [22], a multidimensional minimization method, ini-
tialized with the integer disparity dI (obtained from traditional SSD) and zeros
for the first order disparities. The results are the (interpolated) floating point
disparity d and first order disparities { ∂d

∂u , ∂d
∂v } that achieve the best similarity

measure at (u, v). In [6] such a deformed window was also used. Our contribu-
tion is to relate the deformation to surface orientation and impose geometric
consistency over overlapping neighborhoods by using surface orientation, which
provides extra geometric constraints for stereo correspondence. In the next sec-
tion details will be given.

Note that several recent algorithms [4, 16, 26] use a pixel dissimilarity mea-
sure [2], which is insensitive to sampling by using linearly interpolated intensity
functions. This measure is pixel-wise. To compute the similarity between two im-
age windows using correlation or SSD, this measure has to be adjusted according
to the deformation described above, otherwise systematic error may still arise.

3 Geometric Consistency from First-Order Disparities

This is the central part of our paper. Since ambiguities (along the epipolar line)
cannot always be resolved using the local measurements described previously,
we require neighboring matching pairs to be consistent. Unlike others [29], we
derive this consistency geometrically, with surface orientation playing an impor-
tant role.

Assume cameras are calibrated. The stereo pair has a baseline B and focal
length α (pixels), and the depth of a point with disparity d is [9]:

Z(u, v) =
Bα

d(u, v)

Differentiating Z we have:

Zu =
∂Z

∂u
= −Bα

d2

∂d

∂u
(3)

Zv =
∂Z

∂v
= −Bα

d2

∂d

∂v
(4)

The surface normal at this point is then (1, 0, Zu)T × (0, 1, Zv)T , which after
normalization is:

N =
(−Zu, −Zv, 1)T

√
Z2

u + Z2
v + 1

(5)
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With the (putative) surface depth and normal at hand, we can then uti-
lize contextual information geometrically. The basic idea is in the spirit of the
Cartan moving frame model [15, 8], which specifies how adapted frame fields
change when they are transported along an object. And this model can be used
to integrate local (geometric) information with (geometric) information in the
neighborhood. We use i to denote a candidate match, i.e. {d, ∂d

∂u , ∂d
∂v } at pixel

(u, v), or equivalently (u, v) < − > (u−d, v) with first order disparities { ∂d
∂u , ∂d

∂v }.
Geometric consistency means that, for a matching pair i, when it is trans-

ported along the object to a neighboring position, it is consistent with a neighbor-
ing matching pair j (Fig. 4). Note that the local surface approximation around i
(computed from the information at i) serves as the object along which geometric
information is transported, and is formally known as the osculating object. In
this paper, the osculating object for a surface S takes its simplest form, which is
the tangent plane Tp(S) at p ∈ S. Since i and j refer to matching pairs, they each
encode position disparity (depth) separately. Note that first order disparities at
i and j further encode surface normals at these two points. Fig. 4 shows the
geometric consistency between a matching pair i and its neighboring matching
pair j (in solid lines). The tangent planes provide a natural description of the
geometric compatibility rij between i and j:

rij = 1 − 1
m

(|vij · Ni| + |vji · Nj |) (6)

where vij denotes the vector from i to j, Ni is the surface normal at i, and m is
a normalization constant. Also shown are different neighbors j (dashed lines) of
different depth and orientation, to illustrate the importance of both zero-order

Ni

j

i

vij

Nj

x

z

y

I I
l r

i

=?rij

j

Fig. 4. Illustration of the geometry for the basic matching constraint. Surface patch
i on a slanted surface in R

3 projects to patches in the left and right images. For a
nearby patch j in R

3, the surface normal Nj must be parallel to Ni, and the two
patches must both lie on the same surface. Possible patches (dashed lines) which lie
off the (tangent) plane at i, or at the wrong orientation, are not consistent. Both zero-
order (position) disparity and first-order disparities are essential in determining such
geometric consistency.
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disparity (depth) and first-order disparities (surface orientation) in determining
such consistency measure.

The geometric constraint (eqn. (6)) can be used as follows. For a matching
pair i (hypothesis), we initialize its support s0

i according to its deformed win-
dow SSD (denoted by ci) and iteratively update si by the geometric support it
receives from its neighboring matching pair j:

s0
i = 1 − ci

c
(7)

st+1
i =

∑
j∈Ni

rijs
t
j∑

j∈Ni
st

j

(8)

with c a normalization factor, Ni denotes the neighbors of i (in our experiments
we use a 5x5x3 (u, v, d) region). The true correspondence will be supported
by its neighbors since their local surface geometry estimates are geometrically
consistent. False matches are unlikely to get support from neighbors.

Assuming the noise in the surface normals is roughly zero mean Gaussian
i.i.d. (independent and identically distributed), the “best fit” (in a least-squares
sense) unit normal at i is updated as [23]:

Nt+1
i =

∑
j∈Ni

Nt
j

σ
(9)

with σ > 0 and

σ2 = (
∑

j∈Ni

Njx)2 + (
∑

j∈Ni

Njy)2 + (
∑

j∈Ni

Njz)2

Note that even without calibration information, such gometric consistency
support can still perform in the disparity space. Surface normal in the disparity
space is then N = (− ∂d

∂u ,− ∂d
∂v ,1)T

√
( ∂d

∂u )2+( ∂d
∂v )2+1

.

For a line segment in the 3D plane, the orientation difference between its
projections in the left and right images is called the orientation disparity [13,
28], which is widely studied in psychophysics. Note that first order disparities
{ ∂d

∂u , ∂d
∂v } encode such orientation disparity.

3.1 Relation to Energy Minimization Formulation

Our problem formulation consists of two parts: (1) It requires zero and first or-
der disparities ({d, ∂d

∂u , ∂d
∂v }) to be consistent with image measurement, or “data”

consistency; and (2) It requires neighboring matching pairs i and j to be geo-
metrically consistent, or “smoothness” consistency. Accroding to the taxonomy
[25], our algorithm is neither a local method (e.g. SSD) nor a global method (e.g.
graph cuts). It is in the spirit of a cooperative algorithm [19, 20, 29], which iter-
atively performs local computations and uses nonlinear operations resulting in
a final effect similar to global optimization. Nevertheless, to facilitate intuition
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here we show its relation to global optimization method (graph cuts) that uses
an energy minimization formulation. Graph cut algorithms [4, 16] for stereo find
the disparity labeling d for every pixel p in the reference image such that the
following energy is minimized:

E(d) = Esmooth(d) + Edata(d) (10)

=
∑

{p,q}∈NI

Vp,q(dp, dq) +
∑

p∈I
Dp(dp)

where in the first term NI is the set of all neighboring pairs of image pixels
{p, q} (determined by 4-neighborhood, for instance), and Esmooth measures the
extent to which d is not smooth; Edata measures the disagreement between d
and the observed data, and the sum is over all image pixels p in the reference
image I. A popular smoothness prior is the Potts model [4] which is a piecewise
constant model. To overcome the difficulty of such a model for handling non-
frontal parallel planes, a piecewise smooth prior has been introduced [4] by using
either a truncated quadratic or a truncated linear function (Vp,q(dp, dq) = C ·
min(K, |dp−dq|)) centered at zero disparity difference. But still this model prefers
a frontal parallel plane solution. To illustrate, Fig. 5 shows a truncated linear
piecewise smooth prior Vp,q(dp, dq) centered at disparity dp of pixel p. Since
this smooth model is not oriented according to surface orientation at (p, dp), a
point that comes from the same surface at a neighboring pixel q with disparity
dq still has a large penalty in the smooth term. This model still prefers an
erroneous space point with disparity dp at q, which lies in the frontal parallel
plane at (p, dp). It is just the consideration of the surface orientation that allows
us to encode the true (up to first order approximation) geometric contextual
information in the algorithm.

Fig. 6 shows the problem when first order disparities (surface orientation)
are not considered. It consists of a horizontally slanted plane with ∂d

∂u = 0.25

u

V p,dq) ?<Vpq
( dp, dp)

qd

V

p

q

pqd(

(q,dp) (q, dq)

iN

Nj

dp d

Fig. 5. Shown is the smoothness prior (Vp,q) as a function of disparity difference (dp −
dq) for neighboring pixels p and q along the epipolar line. The classical prior Vp,q has
its valley oriented parallel to the frontal parallel plane. Our constraint amounts to a
rotation of the valley according to surface orientation (surface shown in bold).
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(a) (b)

(c) (d)

Fig. 6. Synthetic pair to illustrate the importance of surface orientation on smoothness
term: (a)(b) Left and right images. (c) Our result. (d) Disparity map by graph cuts.

and ∂d
∂v = 0. Fig. 6(d) shows the result by graph cuts [4]. Their result has stair-

cases because their contextual structure is biased towards frontal parallel planes.
Without modeling the orientation of the 3D surface, such results will generically
arise. On the other hand, by considering the orientation, a correct disparity
map can be obtained (Fig. 6(c), please see electronic version for better compari-
son), also note the smooth disparity change. This agrees with the observation by
Tappen and Freeman [27]: “the greatest increase in performance will be found
by improving the formulation of the MRF, rather than improving the solutions
found for the MRF’s currently being used.”

In summary, without considering surface orientation, the piecewise smooth
model still implies frontal parallel plane assumption. Zero-order disparity (posi-
tion disparity) alone does not suffice, first-order disparities (surface orientation)
have to be considered as well.

In the context of the energy minimization problem, our new formulation of
stereo correspondence, without a bias towards frontal parallel plane solution, is
to find the disparity labeling d and its differential d′ to minimize the energy
functional:

E(d, d′) = Esmooth(d, d′) + Edata(d, d′) (11)

=
∑

{p,q}∈NI

Vp,q(dp, dq, d
′
p, d

′
q) +

∑

p∈I
Dp(dp, d

′
p)

An example smooth prior is Vp,q(dp, dq, d
′
p, d

′
q) = 1 − rij , with rij the compati-

bility (eqn. (6)) between i (pixel p with disparity dp and differential d′p), and j
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(pixel q with disparity dq and differential d′q). To make the data term meaningful
here Dp could be the aggregated data cost. Note that when surface patch at i
and j are frontal parallel (Ni = {0, 0, 1}T , Nj = {0, 0, 1}T ), in the disparity
space the new smooth prior becomes 1

m (|vij · Ni| + |vji · Nj |) = 1
2m |dp − dq|,

which after truncation is the piecewise smooth prior used in [4].
This new geometric compatibility requirement between nearby candidate

matching pairs, or contextual information expressed geometrically, can be used in
graph cuts algorithms [4, 16] or belief propagation algorithms [26, 27]. It amounts
to the formulation of different Markov Random Fields. However, it would be ex-
pensive to compute directly. In the next subsection we describe an approximation
that efficiently accomplishes “data” consistency and “smoothness” consistency
separately. Although our solution cannot guarantee the global optimization, ex-
perimental results show it works well in practice.

3.2 Stereo Algorithm

In this section we describe our stereo algorithm:
(1) Use traditional similarity measure (e.g. SSD) for integer disparity values

at each (u, v), keep only the top δ% (we use 3 non-immediate neighboring ones
in our experiments) as the initial disparity hypotheses.

(2) For each disparity hypothesis at every (u, v), use optimization method
(we use direction set method [22]) to obtain {d, ∂d

∂u , ∂d
∂v } that minimizes dw SSD

in equation (1) based on the deformed window. The input to the optimization
method are the initial integer disparity hypotheses, together with the first order
derivatives initialized to zeros. Note that d obtained this way is interpolated in
the continuous domain. At each pixel (u, v) we could have several local minima
based on dw SSD. Geometric contextual information will be explored in the next
few steps. {d, ∂d

∂u , ∂d
∂v } could also be obtained by enumerating different combina-

tions of these parameters if they are properly quantized, and selecting the set
that minimizes dw SSD.

(3) Compute the initial support s0
i at each matching pair i by equation (7),

which encodes the similarity measure based on the deformed window SSD.
(4) Iteratively update the geometric support si at every i by equation (8)

until it converges (in practice we run a preset number (e.g. 8) of iterations),
using the compatibilities between nearby matching pairs rij (eqn. (6)) which
denotes how geometrically consistent they are. Also update surface normal Ni

at i (eqn. (9)) based on the normals of neighbors, to reduce the effect of local
noisy measurements.

(5) For each (u, v) select the the disparity with the highest support s, output
disparity and surface normal.

Observe that steps (3)-(5) are the unique geometric content of our algorithm.

4 Experimental Results

In this section we report our experimental results on synthetic and real stereo
images. The first example is the synthetic “Corridor” pair [10] from University



Stereo for Slanted Surfaces: First Order Disparities and Normal Consistency 627

of Bonn, The image size is 256x256 pixels with a disparity range 11. Fig. 7
shows the results. Next to the original image pair we show the disparity map
and surface normal by our algorithm (first row). For comparison, in the sec-
ond row we show disparity maps of traditional SSD (same window size, 9x9),
graph cuts [4], belief propagation [27], respectively. They are obtained (and sim-
ilarly for all other examples) from the stereo package provided by Scharstein
and Szeliski [25]. In particular, the α-β-swap algorithm [4] for graph cuts, and
max-product (contributed by [27]) for belief propagation. Also shown is the co-
operative algorithm [29] (software kindly provided by the authors) result. Note
that other algorithms obtain stepwise scalloped pattern because of the frontal
parallel plane assumption being used, either explicitly or implicitly. Also note
the gradual (continuous) disparity change in our result, we achieve such better
result because we explicitly model 3D surface geometry.
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Fig. 7. (a) Left (reference) image. (b) Right image. (c) Disparity map by our algorithm.
(d) Surface orientation by our algorithm. (e)(f)(g)(h) Disparity maps by traditional
SSD, graph cuts, belief propagation, and cooperative algorithm, respectively. See text
for details.

Disparity Error SSD GC BPA BPS Our
RMS error (pixel) 1.31 0.65 0.75 0.62 0.35
% of errors > ±1 14.0 7.4 10.1 5.4 3.4
% of errors > ±0.5 32.5 26.4 30.3 24.3 11.6

Fig. 8. Disparity error statistics on Corridor pair. RMS error and Percentange of bad
matching pixels (δd=1 and δd=0.5), for SSD, Graph cuts, Belief propagation (accel-
erated), Belief propagation (synchronous), and Our algorithm, respectively. Our algo-
rithm outperforms other algorithms for such scenes with slanted surfaces because we
explicitly model 3D surface geometry.
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Our algorithm takes 538 seconds; the synchronous belief propagation algo-
rithm [27] takes 552 seconds, while the accelerated version [27] takes 75 seconds;
the graph cuts algorithm [4] takes 95 seconds. The results are obtained with
Pentium III M 1.0GHz CPU. The disparity map scale factor is 21.25. We use
the taxonomy package [25] to compute the disparity error statistics (Fig. 8). Two
measures are used here: (i) RMS (root-mean-squared) error (measured in dispar-
ity units); and (ii) Percentage of bad mathing pixels with absolute disparity error
larger than a threshold δd. Note that in [25] δd is set to 1.0, here we also report
the results when δd is 0.5. Our algorithm outperforms other leading algorihtms
and has only about half of their errors. (cooperative result is included for visual
inspection, its error statistics is not reported, partially due to the unspecified
built in disparity scale factor in their software [29].) Also note that our goal is
not to provide a complete stereo algorithm but to emphasize the importance
of considering surface differential geometry (e.g. surface normal consistency) in
dealing with slanted surfaces. The performance comparison should be viewed
with this in mind. As we stated earlier, our new geometric constraint could be
used in more elaborate algorithms (e.g. belief propagation [26, 27], graph cuts
[4, 16]), but it is beyond the discussion of the current paper.

The second example is the “Parking meter” pair from the well-known JISCT
database. In Fig. 9 we show our results (first row), together with results from
other algorithms (second row). Once again other algorithms obtain stepwise
scalloped pattern because of the frontal parallel plane assumption being used,
either explicitly or implicitly. But we acheive better result because we explicitly
model 3D surface geometry. The disparity map scale factor is 25.
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Fig. 9. (a) Left (reference) image. (b) Right image. (c) Disparity map by our algorithm.
(d) Surface orientation by our algorithm. (e)(f)(g)(h) Disparity maps by traditional
SSD, graph cuts, belief propagation, and cooperative algorithm, respectively. See text
for details.
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Fig. 10. (a) Left (reference) image. (b) Right image. (c) Disparity map by our algo-
rithm. (d) Surface orientation by our algorithm. (e)(f)(g)(h) Disparity maps by tra-
ditional SSD, graph cuts, belief propagation, and cooperative algorithm, respectively.
See text for details.

In recent years the Middlebury stereo database [25] has been very influential
in providing a fair testbed and a taxonomy [25] for quantitatively evaluating
algorithms’ performance. However we observe that this dataset is very limited
in terms of 3D geometry of objects such as slanted or curved surfaces, as objects
are largely frontal parallel in this dataset. (This is why we include images from
other databases as well.) Without the “slant” effect, our algorithm degrades
roughly to the cooperative algorithm [29], and has similar error statistics using
the taxonomy [25]. Due to space limit here we only report the results on one
example from this dataset — the “sawtooth” pair. In Fig. 10 we show our results
(first row), together with results from other algorithms (second row). Since the
object is roughly frontal parallel, the difference between our result and other re-
sults is not obvious, as expected. Fig. 11 reports the error statistics (cooperative
algorithm result provided by the authors [29]). For these three examples, the
geometric consistenty support is performed in the disparity space.

Disparity Error SSD GC BPA BPS CO Our
RMS error (pixel) 1.65 1.42 1.67 1.45 1.46 1.30
% of errors > ±1 8.7 3.9 4.5 4.7 4.2 4.5

Fig. 11. Disparity error statistics on Sawtooth pair. RMS error and Percentage of bad
matching pixels (δd=1), for SSD, Graph cuts, Belief propagation (accelerated), Belief
propagation (syncrhonous), Cooperative algorithm, and Our algorithm, respectively.
Our algorithm is comparable to other algorithms for such scenes with frontal parallel
surfaces.
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Note that the disparity sub-pixel refinement post-processing stage cannot be
performed for belief propagation and graph cuts here. At pixel (u, v), sub-pixel
refinment stage takes the “cost” at the winning disparity C(d), and the “costs”
at the immediate two disparities C(d − 1), C(d + 1) (also at pixel (u, v)), and
then fits a parabola for these three costs. Finally it outputs the floating num-
ber disparity which gives the minimum of this parabola. Essentially this step
uses the frontal parallel plane solution at the floating number disparity to re-
place the frontal parallel plane solution at integer disparity. Although this step
does alleviate some problems caused by the frontal parallel plane assumption,
it does not solve the problem. The remaining “soft staircasing” is still notice-
able (see [25] for examples). Furthermore, this post-processing step does not help
the matching process. We use the Scharstein and Szeliski [25] software package
(for SSD and Graph Cuts) with extention (for Belief Propagation) by Tappen
and Freeman [27]. In this package, both Belief Propagation and Graph Cuts
find the Maximum A Posteriori (MAP) estimates, which means the “costs”
at other disparities are not necessarily meaningful, thus sub-pixel refinement
cannot be performed. As a result, we did not perform such a sub-pixel refine-
ment step in our comparison (except for cooperative algorithm, which has this
step built in).

5 Conclusion

In this paper we show a novel stereo algorithm that explicitly takes into ac-
count first-order disparities of non-frontal parallel surfaces; it then relates these
to surface normal and further impose geometric consistency between neighbor-
ing matching pairs. Our algorithm outperforms state-of-the-art algorithms on
general surfaces (e.g. slanted surfaces), which suggests the power of surface dif-
ferential geometry in obtaining a smooth solution for stereo correspondence. Our
constraints could be used in more elaborate graph cuts or belief propagation al-
gorithms. Based on similar underlying ideas, a curve based stereo algorithm
that performs well on complicated scenes rich in curve structure has been devel-
oped [17].

However, there are several limitations of the current algorithm: First, as most
local area based methods, it needs texture or shading variations to get a reli-
able local estimation. Possible solution to this limitation is to combine surface
occluding contours where reliable information can be propagated to unreliable
estimates. Second, occlusion is not considered in the current model. And third,
object boundaries are not used, which provide information on depth discontinu-
ities. We consider all these as our future work.
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Abstract. We propose a novel technique based on spherical splines for brain
surface representation and analysis. This research is strongly inspired by the fact
that, for brain surfaces, it is both necessary and natural to employ spheres as
their natural domains. We develop an automatic and efficient algorithm, which
transforms a brain surface to a single spherical spline whose maximal error de-
viation from the original data is less than the user-specified tolerance. Compared
to the discrete mesh-based representation, our spherical spline offers a concise
(low storage requirement) digital form with high continuity (Cn−1 continuity for
a degree n spherical spline). Furthermore, this representation enables the accu-
rate evaluation of differential properties, such as curvature, principal direction,
and geodesic, without the need for any numerical approximations. Thus, certain
shape analysis procedures, such as segmentation, gyri and sulci tracing, and 3D
shape matching, can be carried out both robustly and accurately. We conduct
several experiments in order to demonstrate the efficacy of our approach for the
quantitative measurement and analysis of brain surfaces.

1 Introduction

The human cortical surface is a highly complex, folded structure with rich geometric,
anatomical, and functional information. The outward folds (called gyri) and the cortical
grooves (called sulci) encode important anatomical features which provide a parcella-
tion of the cortex surface into anatomically distinct areas. Surface-based modeling is
valuable in brain imaging to help analyze anatomical shape, to statistically combine
or compare 3D anatomical models across subjects, and to map functional imaging pa-
rameters onto anatomical surfaces. Thus, various novel data analysis tools towards the
quantitative study and better understanding of cortical surfaces have been developed
in recent years. For example, Avants and Gee [1] develop a technique to estimate the
shape operator and computes principal directions and curvatures. Cachia et al. present
a mean curvature based primal sketch, which derived from a scale space computed
for the mean curvature of the cortical surface [2]. Gu et al. study the conformal brain
mapping [3] and present an algorithm for 3D shape matching using 2D conformal rep-
resentations [4]. Tao et al. present a method for automatically finding curves of sulcal
fundi on human cortical surfaces using statistical models [5, 6]. Thompson et al. present
a technique for brain image warping in [7] and then apply it to detect disease-specific
patterns in [8].

Recent developments in brain imaging have accelerated the collection of high-
resolution data sets for cortical surfaces. Typically, the acquired digital models of corti-

A. Rangarajan et al. (Eds.): EMMCVPR 2005, LNCS 3757, pp. 633–644, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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cal surfaces are in the form of triangular meshes. It is desirable and necessary to reverse-
engineer a spline-based surface from meshes for many medical applications, leading to
many advantages. For example, a continuous spline representation for a cortical sur-
face facilitates the quantitative and accurate study of the anatomy of cortical surfaces,
and consequently, provides a means for mapping functional activation sites over com-
plicated geometry. In particular, we can precisely compute all the differential quantities
such as geodesics, curvatures, and areas anywhere on cortical surfaces. In general, these
local and global differential attributes will enable many medical imaging applications
such as image segmentation/classification, tracking brain change in an individual over
time, and surface quality analysis and control.

At present, tensor-product B-spline and NURBS are widely used for surface rep-
resentation because of their many attractive geometric properties. Nevertheless, due to
their rectangular structures, they are less suitable for the effective modeling and shape
analysis of cortical surfaces. In contrast, because of the topological equivalence between
spheres and brain surfaces, spherical splines appear to be more ideal for modeling brain
surfaces, both in theory and in practice, than tensor product B-splines and NURBS. In
this paper, we present a general framework to model brain surfaces with spherical tri-
angular B-splines proposed by Pfeifle and Seidel [9]. These spline surfaces are defined
on an arbitrary spherical triangulation and exhibit no degeneracies that frequently arise
when attempting to employ planar parametric splines for modeling sphere-like, closed
surfaces. Our specific contributions are as follows:

1. The shape is represented by a single degree n spline without any patching and
stitching work. The maximal error deviation from the original data is less than any
user-specified tolerance. The reconstructed surface is Cn−1 continuous everywhere.
The surface approximation procedure is automatic.

2. Based on its analytical representation, we can compute the differential properties,
including normals, curvatures, geodesics, etc, without the need for any numeri-
cal approximations via frequently-used bilinear interpolation and/or local algebraic
surface fitting. Therefore, the shape analysis procedures, such as segmentation, can
be done robustly and accurately.

3. By analyzing the extrema of the derivative of principal curvatures with respect to
the curvature directions, we can automatically detect the gyri and sulci curves to
achieve quantitatively accurate results.

4. With the analytical formulation of conformal factor and mean curvature, we com-
pare the 3D shapes using conformal representation robustly and accurately.

2 Surface Approximation Using Spherical Triangular B-Splines

In this section, we briefly review the definition of spherical triangular B-splines and then
introduce the algorithm for automatic conversion of the brain surface into a spherical
triangular B-spline.

2.1 Spherical Triangular B-Spline

Denote by S
2 = {x|x ∈ R

3,‖x‖ = 1} a unit sphere in R
3. Let points ti ∈ S

2, i ∈ N, be
given and define a spherical triangulation
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T = {∆(I) = [ti0 , ti1 , ti2 ] : I = (i0, i1, i2) ∈ I ⊂ N
3},

where every triangle is oriented counter-clockwise (or clockwise). Next, with every
vertex ti of T we associate a cloud of knots ti,0, . . . , ti,n such that ti,0 = ti. For every
spherical triangle I = [ti0 , ti1 , ti2 ] ∈ T ,

1. all the triangles XI
β = [ti0,β0

, ti1,β1
ti2,β2

] with β = (β0,β1,β2) and |β| = β0 + β1 +
β2 ≤ n are non-degenerate.

2. the set ΩI
n = interior(∩|β|≤nXI

β) must be non-empty.

Then the spherical triangular B-spline basis function NI
β, |β| = n, is defined by means

of spherical simplex splines M(u|V I
β) as N(u|V I

β) = |det(XI
β)|M(u|V I

β) where V I
β =

{ti0,0, . . . , ti0,β0
, ti1,0, . . . , ti1,β1

, ti2,0, . . . , ti2,β2
}.

A degree n spherical triangular B-spline surface F over T is then defined as

F(u) = ∑
I∈T

∑
|β|=n

cI,βN(u|V I
β), (1)

where cI,β ∈ R
3 are the control points.

The spherical triangular B-spline has many useful properties, including:

– Piecewise polynomial: F(u) is a degree n piecewise polynomial defined on the
sphere.

– Locality: The movement of a single control point cI,β only influences the surface
on the triangle I and on the triangles directly surrounding I.

– Smoothness: If the knots of each set V I
β are in “spherical” general position (i.e.,

no three knots in V I
β lie on the same great circle), then F(u) is Cn−1 continuous

everywhere.

(a) A spline patch(b) N200 (c) N110 (d) N101 (e) N020 (f) N011 (g) N002

Fig. 1. Six basis functions of a quadratic spherical spline patch

Figure 1(a) shows a quadratic spherical spline patch defined on {t0, t1, t2}. We asso-
ciate two sub-knots ti, j, j = 1,2 with each vertex ti. The six basis functions are shown
in Figure 1(b)-(g). Since no three knots are co-circular, every basis function is C1 ev-
erywhere.

2.2 Surface Reconstruction Algorithm

The goal of surface reconstruction is to obtain a continuous representation of a surface
described by a cloud of points or a mesh. The problem can typically be stated as follows:
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given a set P = {pi}m
i=1 of points pi ∈ R

3, find a smooth spherical spline F : S
2 → R

3

that approximates P.
A general framework for surface reconstruction is to minimize a linear combination

of interpolation and fairness functionals, i.e.,

minE = Edist + λE f air. (2)

The first part is

Edist =
m

∑
i=1

‖F(ui)− pi‖2

where ui ∈ S
2 is parameter for pi, i = 1, . . . ,m. The second part E f air in (2) is a smooth-

ing term. A frequently used example is the thin plate energy, E f air =
∫∫

S2(F2
uu +2F2

uv +
F2

vv)dudv. Both parts are quadratic functions of the unknown control points. For exam-
ple, the approximation functional Edist has the following form:

Edist =
1
2

xT Qx + cT x + f ,

where x = (. . . ,cI,β, . . . )T ,

Q =

⎛

⎜
⎜
⎝

...
. . . 2∑m

i=1 NI,β(ui)NI′ ,β′ (ui) . . .
...

⎞

⎟
⎟
⎠ ,

c = (. . . ,−2
m

∑
i=1

piN
I
β(ui), . . . )T ,

and f = ∑m
i=1 ‖pi‖2.

The fairness functional E f air is also a quadratic function in the unknown control
points, and can be written in a similar fashion. However, the computation of the fairness
functional is usually time-consuming since it requires the integration over a product of
two splines. Similar to [10], we do not use the traditional fairness functional, which
requires integration of products of spherical splines. Instead, we employ a set of linear
constraints on the control points.

Let [t0,β0
, t1,β1

] be an edge of the spherical triangulation. Denote I = (t0, t1, t2) and
J = (t0, t1, t3) its two adjacent triangles. Let FI = ∑|β|=n cI,βN(u|V I

β) be the polynomial

on triangle I and similarly for FJ . Let f I and f J be the polar forms of FI and FJ ,
respectively. Then, we require

cI,β = f J(XI
β),∀β, |β| = n,β2 ≤ r (3)

where 0 ≤ r ≤ n − 1 is an integer (r = 2 and n ≥ 5 in our implementation) which controls
the fairness of the spline surface. Equation (3) is a linear equation of the control points.
We refer the readers to [11, 12, 10] for the detailed information about the polar form
and fairing triangular B-spline surfaces.
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Therefore, the above optimization problem can be stated as follows:

min
1
2

xT Qx + cT x + f (4)

subject to Ax = b,

which is a typical constrained convex quadratic programming problem, and can be
solved by the interior-point based method efficiently.

Algorithm 1: automatic conversion brain surface to spherical spline
Input: brain surface M with m points, {pi}m

i=1, degree n, maximal fitting tolerance ε,
number of triangles N in the initial spherical domain.
Output: a degree n spherical triangular B-spline F which approximates M.
1. Calculate the spherical conformal parameterization of M using Gu et al. method

[3]. Denote by h : M → S
2 this conformal map, i.e., h(pi) = ui ∈ S

2.
2. Decimate M to a simplified mesh M̃ with N triangles. Map M̃ to the sphere. Con-

struct an initial spherical triangular B-spline of degree n based on the spherical
triangulation of M̃.

3. Solve Equation (4) by considering control points as free variables.
4. Check the maximal fitting error for each spherical triangle ∆I . If it violates the

criterion, i.e., maxui∈∆I ‖F(ui) − pi‖ > ε, subdivide the triangle ∆I using 1-to-4
scheme and then split the neighboring triangles to avoid T-junctions.

5. If the maximal fitting error on each triangle satisfies the user-specified fitting toler-
ance ε, exit; Otherwise, go to step 3.

3 Brain Surface Analysis

By converting dense meshes/point clouds to spherical splines, we achieve a compact
and highly continuous representation. More importantly, we have the analytical form of
the underlying shape. Thus, we can compute the normals, curvatures, geodesics, areas,
etc., anywhere on the surface. These differential properties are crucial in the brain image
analysis. In this section we demonstrate the efficacy of analyzing the brain surface using
spherical splines.

3.1 Segmentation by the Mean Curvature

The computation of curvature is essential in shape analysis, segmentation and registra-
tion. There are many techniques to estimate the curvature on polygonal meshes, e.g.,
[13, 14, 15, 16, 17, 18]. These methods use either discrete differential operators or local
polynomial fitting to approximate the curvature tensor. Therefore, the estimation results
closely rely on the connectivity and quality of the input meshes.

In our framework, we convert the brain surface into a single spherical spline of high
continuity. Thus, the Gaussian curvature K and mean curvature H can be computed
analytically and efficiently without resorting to any numerical approximations.

Curvature features such as zero contours and maxima are useful for surface match-
ing and object recognition. After computing the curvature values, we can easily locate
the curvature zero contours, which are helpful for segmenting the brain surface into
regions (the gyri and the sulci).
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Fig. 2. Illustration of surface reconstruction using spherical splines. The input is a triangular mesh
M with 131K triangles (a). We first compute its conformal spherical parameterization shown in
(b). Then we simplify the mesh to 280 triangles (shown in (c)) and map it to the sphere as the
initial spherical domain (shown in (d)). From (e) to (g), we fit the mesh M using a degree 5
spherical spline with 280, 1048 and 2086 spherical triangles. The root-mean-square error (r.m.s.)
are 0.328%, 0.0951%, 0.0196% of the diagonal of the input mesh, respectively. (h) shows the
back view of the reconstructed spline. (i) and (k) show the closeup of the original mesh. (j) and
(l) show the closeup of the reconstructed spline. Note that the high continuity (C4-continuous) of
our spline surface.

3.2 Tracing the Sulci and Gyri Lines

The major sulci and gyri on the cortical surface have distinct geometric properties and
are conserved between individuals, making them useful landmarks for morphometric
comparisons. From computer vision’s point of view, these sulci and gyri are closely
related to the ridge-valley lines, which are curves on a surface along which the surface
bends sharply. The ridge-valley lines are powerful shape descriptors that provides us
with important information about the shapes of objects. Therefore, robust extraction of
ridge-valley structures is important for brain image analysis.

In [19], Belyaev et al. present a mathematical description of such surface creases by
the extrema of the principal curvatures along their curvature lines. For a spherical spline
surface F(u,v), denote by kmax(u,v) and kmin(u,v) the maximal and minimal principal
curvatures, kmax ≥ kmin. Let tmax(u,v) and tmin(u,v) be the corresponding principal di-
rections. Consider the derivatives of the principal curvatures along their corresponding
directions emax(u,v) = ∂kmax/∂tmax and emin(u,v) = ∂kmin/∂tmin. The extrema of the
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principal curvatures along their curvature directions are given by the zero-crossings of
emax and emin, and the ridges and valleys are characterized by

emax = 0,∂emax/∂tmax < 0,kmax > |kmin|,(ridges), (5)

emin = 0,∂emin/∂tmin > 0,kmin < −|kmax|,(valleys). (6)

Note that if we change the surface orientation, then the ridges turn into the ravines and
vice versa.

Similar to [20], we measure the strength of a ridge line by the integral of kmax along
the line, i.e.,

∫
kmaxds. The ridges whose strength are less than the user-specified thresh-

old are ignored.

Algorithm 2: automatic tracing the sulci and gyri lines
Input: a spherical spline F, N resolution of the output mesh, λthres

Output: a set of ridge (gyri) curves and a set of valley (sulci) curves.

1. Evaluate the spline F and get the mesh Ms containing N triangles.
2. For each vertex v ∈ Ms, compute emax and emin. Mark v as feature point if it satisfies

Equation (5) and (6).
3. For each edge (vi,v j) ∈ Ms, let h(vi) ∈ S

2 and h(v j) ∈ S
2 be the spherical parame-

ters of vertex vi and v j respectively. If e(h(vi))e(h(v j)) < 0, perform the 1-D search
on the edge to get the vertex ṽ ∈ (vi,v j) such that e(h(ṽ)) = 0. Mark ṽ as feature
point.

4. Trace the feature points to get feature curves.
5. Compute the strength T =

∫
kmaxds of each feature curve. Output the curve if T ≥

λthres.

The output of Algorithm 2 usually contains large number of sulci and gyri. Some-
times, the doctors are interested only in part of them. For example, seven major sulci
are used in [6]. Our system allows the user to interactively select the desired sulci from
the output of Algorithm 2. We also provide the functionality to automatically connect
two user-specified sulci.

3.3 3D Shape Comparison Using Conformal Representation

In [4], Gu and Vemuri present a systematic method for 3D shape comparison using con-
formal representations. By stereographic projection, the unit sphere (except the north
pole) can be mapped to the (u,v) plane, the mapping can be represented as

(x,y,z) → (u,v) : (u,v) =
1

1 − z
(x,y).

The metric (first fundamental form) of the sphere is represented as

ds2
0 =

4(du2 + dv2)
(1 + u2 + v2)2 .
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Fig. 3. Computing the curvature on the cortical surface: (a) Mean curvature; (b) Close-up of the
principal directions; (c) The zero contour of the mean curvature; (d) Segmentation of gyri and
sulci by the sign of mean curvature

Any closed genus zero surface Σ can be mapped to the unit sphere by a diffeomorphism
φ : Σ → S2. Therefore, (u,v) is also a local parameter coordinate system of Σ, such that
the metric of Σ can be represented as

ds2
Σ = λ(u,v)ds2

0,λ(u,v) ∈ R
+.

It can be demonstrated that φ preserves the angles; namely, any two intersecting curves
on Σ will be mapped to two curves on S2 such that the intersecting angle is preserved.
These kinds of mappings are called conformal maps, and λ(u,v) is called the conformal
factor. There are infinite conformal maps from Σ to S2. Assume φi : Σ → S2, i = 0,1 are
two conformal maps, then their difference φ1 ◦φ0 : S2 → S2 is a Möbius transformation.
In (u,v) coordinates, it has the form

az+ b
cz+ d

,z = u + iv,a,b,c,d ∈ C,ad − bc = 1.

Gu and Vemuri demonstrated that Σ can be determined by the conformal factor
λ(u,v) and its mean curvature H(u,v) uniquely up to rigid motion in R

3. Therefore,
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(λ,H) under the conformal parameterization (u,v) is the conformal representation of
the surface Σ.

In order to compare shape Σ1 and Σ2, it is sufficient to measure the distance between
their conformal representations. Suppose (λ1,H1) and (λ2,H2) are the conformal rep-
resentations of Σ1 and Σ2 respectively; the distance between them is formulated as

E(Σ1,Σ2) = inf
τ

∫

S2
(λ1 − λ2 ◦ τ)2 +(H1 − H2 ◦ τ)2ds,τ ∈ Mobius Group (7)

In [4], the conformal factor is approximated using a piecewise linear function, and mean
curvature is approximated by the discrete Laplace-Beltrai operator. The approximation
is brute force and inaccurate.

In our current implementation, we represent the brain surfaces using C4 smooth
splines with the user specified tolerance. Since we use spherical conformal parametriza-
tion to construct the spherical spline, the computation of the conformal factor and mean
curvature are direct and without any approximation.

4 Experimental Results

We have implemented a prototype system on a 3GHz Pentium IV PC with 1GB RAM.
We perform experiments on two brain surfaces (shown in Figure 6(a) and (b)) which

(a) (b) (c) (d)

Fig. 4. Automatic tracing the sulci and gyri: (a) Sulci (cyan curves) on the brain surface; (b) Sulci
(green curves) on the spherical domain; (c) Gyri (cyan curves) on the brain surface; (d) Sulci
(green curves) on the spherical domain. The number of detected sulci and gyri are 412 and 528,
respectively.

(a) (b) (c) (d)

Fig. 5. Illustration of seven major sulci of the left brain hemisphere of two different brain surfaces.
Only few user interactions are needed to specify the desired sulci.
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(a) Brain surface A (b) Brain surface B (c) Displacement field

Fig. 6. 3D shape comparison using conformal representation. (a) and (b) show two brain surfaces.
The displacement field is color-encoded as shown in (c).

Table 1. Statistics of the surface approximation algorithm. Mesh size: Mv, # of vertices, M f , #
of faces; Spline configuration: n, degree of spherical splines, Nt , # of domain triangles, Nc, # of
control points, r.m.s., root mean square error, L∞, maximal error.

Subject Mv M f n Nt Nc r.m.s. L∞

A 65,538 131,072 5 2,086 26,077 0.0196% 0.155%
B 65,538 131,072 5 2,012 25,152 0.0201% 0.176%

are obtained from 3D 256 × 256× 124 T1 weighted SPGR (spoiled gradient) MRI im-
ages, by using an active surface algorithm that deforms a triangulated mesh onto the
brain surface [21]. In order to compare the fitting qualities for different test cases, we
uniformly scale the data into a unit cube.

We first convert these brain images into spherical triangular B-spline representation
by Algorithm 1. In order to compute the ridge and valley curves accurately, we need
to compute the fourth order derivative of the spline surface. Therefore, in our exper-
iments, we use degree 5 spherical splines which are C4-continuous everywhere. The
fitting procedure takes about 30 to 40 minutes for each test case. Figure 2 illustrates the
pipeline of our surface reconstruction algorithm on test case A. Table 1 shows the input
mesh size, spline configuration and fitting quality. Compared to the discrete mesh rep-
resentation, our spherical spline based representations have low storage requirements
and can achieve high accuracy (e.g., root-mean-square error ≤ 0.02%) as well as high
continuity (C4).

Figure 3 shows the computation of mean curvature, principal directions, and the
zero-crossing of the mean curvature of the reconstructed brain surface A.

Figure 4 shows the detected sulci and gyri on the reconstructed brain surface A
and its spherical domain. The number of detected sulci and ridges for are 412 and
528 respectively. The time for tracing feature curves is less than 1 minute for both test
cases. Figure 5 shows seven major sulci of the left brain hemisphere of two different
brain surfaces. These sulci are selected by the users with only very few interactions.

Figure 6 shows the results of 3D shape comparison using conformal representation.
The conformal factor λ(u,v) and mean curvature H(u,v) are computed analytically
using spherical splines.
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5 Conclusion

In this paper, we propose a spherical spline based framework for brain surface analy-
sis. We present automatic algorithm to convert a brain mesh into a spherical triangular
B-spline whose maximal error deviation from the original data is less than the user-
specified tolerance. With the analytical representation of the brain model, we can easily
compute various differential properties, such as conformal factor, mean curvature, prin-
cipal directions, geodesics, etc, accurately and robustly. By studying the extrema of the
principal curvatures with respect to the curvature directions, we present an automatic al-
gorithm to trace the gyri and sulci. Furthermore, we can solve the 3D shape comparison
using conformal representation directly without resorting to any numerical approxima-
tion. Experimental results show the efficacy of using spherical splines in brain image
analysis.
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Abstract. The relationship between the orientation and curvature of
projected curves and the orientation and curvature of the underlying
space curve has been previously established. This has allowed a disam-
biguation of correspondences in two views and a transfer of these prop-
erties to a third view for confirmation. We propose that a higher-order
intrinsic differential geometry attribute, namely, curvature derivative, is
necessary to account for the range of variation of space curves and their
projections. We derive relationships between curvature derivative in a
projected view, and curvature derivative and torsion of the underlying
space curve. Regardless of the point, tangent, and curvature, any pair
of curvature derivatives are possible correspondences, but most would
lead to very high torsion and curvature derivatives. We propose that the
minimization of third order derivatives of the reconstruction, which com-
bines torsion and curvature derivative of the space curve, regularizes the
process of finding the correct correspondences.

1 Introduction

The key bottleneck to successful reconstruction of structure from multiple images
is the disambiguation of correspondences. A large body of literature has been
developed based on correlating unorganized and often sparse feature points by
matching some aspects of the local region surrounding the feature [1, 2, 3], and
oriented edges to disambiguate correspondences [4, 5, 6, 7]. A number of criteria
such as smoothness, uniqueness, ordering, limited disparity, and limited orien-
tation disparity, have been used to deal with the inherent ambiguity. However,
these can break down, especially with wide baseline, with multiple nearby struc-
tures, or when discontinuities and branching structures exist [8]. An alternative
approach to using unorganized features is to use longer curve segments such as
lines, conics, and planar and non-planar higher order algebraic curves to disam-
biguate correspondences [9, 10, 11, 12, 13, 14], but a large number of views of the
same curve are required (seven views are required of an electric wire in [14].)

The idea that the differential geometry of curves can be used to correlate
structure in multiple images was presented in the work of Ayache and Lust-
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man [15], who proposed a trinocular constraint for matching line segments aris-
ing from polygonal edge linking. The main idea is that a 3D point and its tangent
reconstructed from a pair of potentially corresponding points and tangents in
two views determine a point and tangent in a third view, which can be compared
to observations; see also [16, 17, 18]. Robert and Faugeras [19] extended Ayache’s
method of transferring points and tangents from two views to a third to include
curvature: 3D curvature and normal can be reconstructed from 2D curvatures
at two views, which in turn determine the curvature in a third view. This leads
to improved precision and density in the reconstruction since curvature provides
an additional constraint and reinforces figural continuity in propagating strong
hypotheses to neighboring curve samples. This allows then to discard the use of
heuristics such as the ordering constraint [20]. Schmid and Zisserman [21] also de-
rived a formula for transferring curvatures from two views to a third, using a pro-
jective geometry formalism in which the osculating circle is transfered as a conic.

Li and Zucker [8] derived formulas for the curvature of a projected curve from
the curvature of a 3D space curve. They also derived a system of linear equations
for reconstructing 3D curvature from 2D, as previously done by Faugeras [19],
but with a different proof. Their stereo method assesses the compatibility of two
neighboring point-tangent-curvature matches according to a cost, which is then
minimized through relaxation labeling. While tangents and curvatures can be
reconstructed, torsion cannot be constrained. Therefore their process minimizes
the torsion of the resulting 3D curve, assuming real-world curves tend to have
low variation.

The motivation underlying the use of differential geometry in matching curves
across views can be described as follows. Consider a curve γ1(s) in image 1,
where s is some length parameter, and which is a projected view of a space
curve Γ (s).1 Assuming calibrated cameras are available, what is the space of
curves γ2 which is a projected view of Γ in another camera? In this space, what
are the most likely curves to arise? Which curves occur so infrequently that they
can be discarded without penalty? The use of such a prior, which is necessary
to disambiguate correspondences, can be potentially applied to (i) the shape
of the second curve γ2, (ii) the variations in depth of the reconstructed space
curve Γ from γ1 [22], or (iii) the shape of the space curve. It is our position
that limiting the shape of γ2 or the depth variation of Γ would both rule out
some practically occurring situations, thus leading to significant errors. The least
restrictive regularization can be realized by imposing a smoothness constraint
directly on the space curve Γ .

The idea of directly regularizing the space curve as a way of constraining the
correspondences was proposed by Li and Zucker [8], who suggested minimizing
total torsion and by Kahl and August [23], who suggested minimizing total cur-
vature. The idea of minimizing total curvature is an extension of “elastica” priors
on 2D curves [24, 25]. One can view this as limiting second-order derivatives of
the curve. Consider the Taylor expansion of Γ to the third order:

1 We assume Γ does not change with views, as arising from a sharp ridge or a re-
flectance edge.
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Γ (S̃) = Γ 0 + S̃ T 0 +
S̃2

2
K0N0 +

S̃3

6

[
−K2

0T 0 + K̇0N0 + K0τ0B0

]
+ O(S̃4) ,

(1.1)

where S̃ is arc-length along Γ , (T 0, B0, N0) is the Frenet frame at point Γ 0,
K0, K̇0 τ0 are curvature, curvature derivative, and torsion, respectively. Then,
minimizing

∫
‖Γ ′′(S̃)‖2 dS̃ gives the elastica in 3D. We will argue below that

this is too restrictive as it penalizes rapidly turning space curves, and it is more
appropriate to minimize

∫
‖Γ ′′′(S̃)‖2 dS̃. The third derivative motivates con-

sidering the relationship between torsion and curvature derivative of the space
curve with the curvature derivative of the projected curve.

The idea that the use of curvature alone is too restrictive can be illustrated
by the problem of curve completion in 2D, where the completion of the gap be-
tween a near pair of point-tangents (edgels) requires more than a circle (constant
curvature). It was shown in [26] that an Euler spiral segment (in which curvature
derivative is constant but not necessarily zero) can interpolate any pair of point-
tangent pairs, resulting in intuitive completion curves. In the case of multiview
reconstruction, a hypothetically corresponding pair of point-tangent pairs in an-
other image can be interpolated in each image using the Euler spiral, resulting
in both curvature and curvature variation, which when reconstructed give cur-
vature, curvature derivative, and torsion, i.e., the full elements of a third-order
approximation are available, and ‖Γ ′′′(s)‖ can be used as the regularization
term. The requirement that curvature derivatives across views be related to re-
constructed curvature derivative and torsion of the space curve is a motivation
of this paper.

Li and Zucker extended the idea of cocircularity of a pair of edge elements,
used in a relaxation framework for edge linking, to compatibility of two point-
tangent (edge) pairs in stereo, with one pair in one view (potentially) corre-
sponding to a pair in another view. They use an osculating circle approximation
for the 3D point underlying the first edge correspondence. The compatibility of
a match pair is taken as the degree in which this planar local approximation is
consistent with the other match. By doing this, they argue, torsion of the recon-
structed space curve, which accounts for its non-planarity, is being minimized.
The idea of minimizing torsion is obtained by taking the dominant element in
the Taylor expansion along each of the directions of the Frenet frame separately.
Specifically, reorganizing the terms of Equation 1.1 by direction:

Γ (S̃) = Γ 0 +

(
S̃ − S̃3

6
K2

0

)
T 0 +

(
S̃2

2
K0 +

S̃3

6
K̇0

)
N 0 +

S̃3

6
K0τ0B0 +O(S̃4) ,

(1.2)
and taking only the dominant terms in each one, they get:

Γ (S̃) ≈ Γ 0 + S̃T 0 +
S̃2

2
K0N0 +

S̃3

6
K0τ0B0 , (1.3)

which also appears in [27, 28]. We believe that the independent approximation
along each direction ignores the interaction among them: third order changes
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are along a vector not typically aligned with B0, see Equation (1.1). Curvature
and its derivative play roles along with torsion in the reconstruction. In Sect. 3,
we show how to obtain a full third-order Taylor expansion for the space curve
given third-order expansions in its perspective projections.

The above ideas can also be intuitively expressed by taking a sequence of
ordered points along a curve in one view and a corresponding sequence on a cor-
responding curve in another view. Assuming that the points are closely spaced, a
pair of points approximates the curve tangent, a triplet approximates curvature,
and a quadruplet of points approximates curvature derivative. We can illustrate
the interaction of correspondence ambiguity among n-tuples of ordered points
in two views as follows.

Consider a pair of images to be matched, taken from arbitrary viewpoints.
Given a point in one image, Fig. 1(a) illustrates the ambiguity in selecting a
match in the right image, which is along the epipolar line and its vicinity (a
neighborhood around the epipolar line arises from discretization, calibration,
and other errors, but is not drawn here for simplicity). Points (A1, A2, . . . , An)
are all equally good matches for A. Consider now a neighboring point B to A
on the curve, as in Fig. 1(b). Given a particular selection for A’s corresponding
point, say A1, any selection for B’s mate is possible. Certain choices, however,
are more likely than others based on limiting orientation disparity [29, 2, 30].
Although limiting the choice of tangents does reduce ambiguity, it also rules out
a portion of practically occurring cases, thus leading to errors.

Similarly, as in Fig. 1(c), given corresponding points for both A and B,
any selection from the epipolar line corresponding to C is a suitable match for
C, but again certain choices are more likely. Since three nearby points deter-

Fig. 1. Matching with differential constraints
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mine curvature, limiting curvature disparity or limiting the total curvature [23]
of the reconstructed curve places a measure of suitability for each potential
match. However, in analogy to [26], where penalizing total curvature of com-
pletion curves (elastica) can lead to unintuitive completion curves, penalizing
total curvature could also lead to reconstruction errors in the vicinity of highly
curving space curves. Continuing this process by considering a fourth point D,
and given corresponding points for A, B, and C, as shown in Fig. 1(d), it is
again clear that all selections from the epipolar line corresponding to D are
theoretically possible, but most selections are extremely unlikely. Four nearby
points determine curvature derivatives in the image curve in each view, both in-
trinsic quantities. Limiting the third-order properties of the reconstructed curve
allows for a significant variety of space curves while regularizing the choice of
correspondences.

The above discrete picture illustrates the idea that placing shape priors on
low-order derivatives is limiting because they are broadly-tuned, while the prior
becomes narrowly-turned in higher-order derivatives. What limits the process is
the fact that computing high-order derivatives can be numerically challenging. In
our previous work, we have been able to compute third-order derivatives such as
curvature derivatives and torsion stably using ENO schemes [31, 32], see Fig. 2.
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Fig. 2. (From [31]). Curvature and torsion versus arc-length using ordinary difference
scheme (a), and using ENO scheme (b), using 100 points on a helix (K = 2 and τ = 4).

We should emphasize that attributing points with differential geometric sig-
natures such as tangents, curvatures, curvature derivative, etc., does not by itself
disambiguate correspondences using only two views. That these attributes pro-
vide no direct constraints in two views was shown for tangent and curvature
in [19], and it will be shown here for curvature derivative (which corresponds to
the space curve torsion). However, a constraint can be obtained in two ways. One
is when at least three views of the same point are available, in which case tangents
in two views determine the tangent in a third view [15, 19, 7], curvatures in two
views determine the curvature in a third view [19, 21, 7], and, as will be shown
here, curvature derivatives in two views determine the curvature derivative in a
third view; see Sect. 3. Another way to impose a constraint is when a pair of
neighboring points on one curve can be found in correspondence to another pair
of points on a corresponding curve in another view, as discussed above.
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The main contribution of this paper is theoretical. First, we derive a relation-
ship between curvature derivatives of projected curves and curvature derivative
and torsion of the underlying space curve. Second, we show how the latter quan-
tities can be reconstructed from two views. Third, we show how curvature deriva-
tive in two views can determine curvature derivative in a third view. Finally, we
show how to relate parametrization of projected curves to each other and to the
parametrization of the space curve. In the process, we give new derivations for
the results of [8, 7] in a simpler way that easily generalize to higher orders.

2 Background and Notation

The multiple view formulation consists of n pinhole camera models as shown
in Fig. 3. All vectors are written with respect to a common, global frame with
origin O (the world coordinates). The i-th image, i = 1, . . . , n, has camera center
ci(cx

i , cy
i , cz

i ), unit focal vector F i, and focal length fi. For simplicity, without
loss of generality we assume fi = 1.2

Fig. 3. The projection of a space curve in n views

A 3D space curve C is a mapping S �→ C(S) from R to R
3, where S is an

arbitrary parameter. The arc-length parameter along C is denoted by S̃. We
define Γ i := C − ci, namely the curve coordinates relative to a camera center.
We refer to the local Frenet frame of the space curve C by tangent T , normal

2 Since in theory we are working in global coordinates and with intrinsic measures, the
size and orientation of the retinas need only be explicitly specified when translating
image coordinates to world coordinates and vice-versa in the implementation.
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N , binormal B, and let K and τ denote its curvature and torsion, respectively.
Then, by classical differential geometry [33], we have:

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

G = ‖Γ ′‖

T =
Γ ′

G
N =

T ′

‖T ′‖
B = T × N

K =
‖T ′‖
G

K̇ =
K ′

G
τ =

−B′ · N
G

,

(2.1)

where v′ indicates differentiation of v with respect to an arbitrary parameter
throughout this paper. We use v̇ to denote differentiation with respect to arc-
length of the curve to which v refers to, depending on the context. The chain
rule relates v̇ and v′:

v′ = Gv̇ , (2.2)

using G = dS̃
dS . The Frenet equations are given by:

⎡
⎣
T′

N′

B′

⎤
⎦ = G

⎡
⎣

0 K 0
−K 0 τ

0 −τ 0

⎤
⎦

⎡
⎣

T
N
B

⎤
⎦ . (2.3)

Similarly, a 2D curve γi in image i is a mapping s �→ γi(s) from R to R
2,

where s is an arbitrary parameter and s̃ denotes the arc-length parameter. The
curve will have speed gi, tangent ti, normal ni, and curvature ki. All formulas in
Equations (2.1) and (2.3) apply also to γi by setting τ = 0. We drop the index
i on vectors related to any particular camera when the index is not necessary.

The space curve and a projected image curve are related by:

Γ (s) = λ(s)γ(s) , (2.4)

where λ is a positive scalar. Since the curve γ lies in the image plane with
normal F ,

(γ − F ) · F = 0 . (2.5)

Therefore,
{

γ · F = 1
Γ · F = λ ,

(2.6)

which, by substituting in (2.4), gives

γ =
Γ

Γ · F
. (2.7)

The latter formula shows how to project points using our notation (without any
change in the coordinate system). We also note that

{
γ(i) · F = 0

Γ (i) · F = λ(i) ,
(2.8)
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where γ(i) is the ith derivative of γ, for any positive integer i.
The reconstruction of a point on the space curve C from two corresponding

image curve points γ1 = (x1, y1, z1) and γ2 = (x2, y2, z2) can be obtained by
equating two expressions for C = Γ i + ci, with Γ i given by (2.4)

{
C = c1 + λ1γ1
C = c2 + λ2γ2

thus

γ1λ1 − γ2λ2 = c2 − c1 (2.9)

or, more explicitly,
⎧
⎪⎨
⎪⎩

x1λ1 − x2λ2 = cx
2 − cx

1

y1λ1 − y2λ2 = cy
2 − cy

1

z1λ1 − z2λ2 = cz
2 − cz

1

It is well-known that this system of three equations in two unknowns λ1 and λ2
can only be solved if the lines c1γ1 and c2γ2 intersect. Also note that γ1 × γ2
is a normal to the epipolar plane, which is defined by three points c1, c2, and Γ .

3 Multiview Differential Geometry of Curves

We follow a direct route to relating the intrinsic entities between the space curve
and its perspective views. The main idea is to express Γ (i) first in terms of
the differential geometry attributes of C, namely T , N , K, K̇, τ , and, second,
using Γ = λγ, write Γ (i) in terms of the differential geometry attributes of γ,
namely t, n, k, k̇. In equating these two expressions we relate T , N , B, K, K̇, τ to
t, n, k, k̇. Our purpose is to eliminate the dependence on the parametrizations,
which means that our final expressions cannot contain unknowns g(i), G(i), depth
scalar λ, and its derivatives λ(i), for all i.

Lemma 1. The following equations relate T , N , B, K, K̇, τ , and G(i) to γ,
t, n, k, k̇, g(i), and λ(i):

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

GT = λ′γ + λgt

G′T + G2KN = λ′′γ + (2λ′g + λg′)t + λg2kn

(G′′ − G3K2)T + (3GG′K + G3K̇)N + G3KτB =

λ′′′γ + [3λ′′g + 3λ′g′ + λ(g′′ − g3k2)]t + [3λ′g2k + λ(3gg′k + g3k̇)]n

(3.1)

(3.2)

(3.3)

Proof. First, writing Γ (i) in the Frenet frame of Γ , we have:
⎧⎪⎪⎨
⎪⎪⎩

Γ ′ = GT

Γ ′′ = G′T + G2KN

Γ ′′′ = (G′′ − G3K2)T + (3GG′K + G2K ′)N + G3KτB ,

(3.4)

(3.5)

(3.6)



High-Order Differential Geometry of Curves 653

which, when expressed with respect to the arc-length of Γ , i.e., G ≡ 1, yield:
⎧⎪⎪⎨
⎪⎪⎩

Γ̇ = T

Γ̈ = KN
...
Γ = −K2T + K̇N + KτB .

(3.7)

(3.8)

(3.9)

Second, differentiating Γ = λγ gives:

⎧
⎪⎨
⎪⎩

Γ ′ = λ′γ + λγ ′

Γ ′′ = λ′′γ + 2λ′γ′ + λγ ′′

Γ ′′′ = λ′′′γ + 3λ′′γ′ + 3λ′γ ′′ + λγ′′′ .

(3.10)
(3.11)
(3.12)

This can be rewritten using expressions for the derivatives of γ, i.e. γ(i), which
are obtained by the product rule of differentiation and Frenet equations:

⎧
⎪⎨
⎪⎩

γ ′ = gt

γ ′′ = g′t + g2kn

γ′′′ = (g′′ − g3k2)t + (3gg′k + g2k′)n .

(3.13)

(3.14)

(3.15)

Thus, Γ (i) can be written in terms of γ, t, n, k, k̇, λ(i), g(i):

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Γ ′ = λ′γ + λgt

Γ ′′ = λ′′γ + (2λ′g + λg′)t + λg2kn

Γ ′′′ = λ′′′γ + [3λ′′g + 3λ′g′ + λ(g′′ − g3k2)]t

+ [3λ′g2k + λ(3gg′k + g3k̇)]n ,

(3.16)

(3.17)

(3.18)

where we used k′ = gk̇. Equating (3.4-3.6) and (3.16-3.18) proves the lemma. ��

Corolary 1. Using the arc-length S̃ of the space curve as the common param-
eter, i.e., when G ≡ 1, we have:

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

T = λ′γ + λgt

KN = λ′′γ + (2λ′g + λg′)t + λg2kn

−K2T + K̇N + KτB = λ′′′γ + [3λ′′g + 3λ′g′ + λ(g′′ − g3k2)]t

+ [3λ′g2k + λ(3gg′k + g3k̇)]n ,

(3.19)

(3.20)

(3.21)

where the right hand side uses the notation v′ = dv
dS̃

and v̇ = dv
ds̃ .

We are now in a position to relate first-order differential attributes of the
space curve (G, T ) with those of an image curve (g, T ). Note from (3.1) or (3.19)
that T lies on the plane spanned by t and γ, i.e., T is a linear combination of
these vectors. An exact relationship is expressed bellow.
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Theorem 2. Given the tangent T at Γ , when T is not aligned with γ, then the
corresponding tangent t and normal n at γ are determined by:

t =
T − (T · F )γ

‖T − (T · F )γ‖ (3.22)

n = t × F (3.23)

Proof. From Equation (3.1), we have:

T =
1
G

[ λ′γ + λgt ]

=
1
G

[
(Γ ′ · F )γ + λgt

]
(3.24)

=
(

Γ ′

G
· F

)
γ + λ

g

G
t (3.25)

= (T · F )γ + λ
g

G
t , (3.26)

thus
λ

g

G
t = T − (T · F )γ (3.27)

and the result follows. The formula for the normal comes from the fact that it
lies in the image plane, therefore being orthogonal to both t and F . ��

Observe that the depth scale factor λ is not needed to find t from T . More-
over, when γ and T are aligned for a point on a segment of the curve, then
Equation (3.27) still holds, implying that g = 0 and t is undefined, i.e., that the
image curve will have stationary points and possibly corners or cusps. Station-
ary points are in principle not detectable from the trace of γ alone, but by the
assumption of general position these do not concern us.

A quantity that is crucial in relating differential geometry along the space
curve with that of the projected image curve is the ratio of speed of parametriza-
tions g

G(s). According to the following theorem, this quantity is intrinsic in that
it does not depend on either g(s) or G(s) at each arbitrary s.

Theorem 3. The ratio of speeds of the projected 2D curve g and of the 3D curve
G with respect to the same parameter is an intrinsic quantity:

g

G
=

‖T − (T · F )γ‖
Γ · F

, (3.28)

i.e., it does not depend on the parametrization of Γ or of γ.

Proof. Follows from (3.27). ��

Corolary 4. The speed of an image curve in terms of the arc-length of the space
curve, and vice-versa, are respectively given by:

g(S̃) =
‖T − (T · F )γ‖

Γ · F , G(s̃) =
Γ · F

‖T − (T · F )γ‖ . (3.29)
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Thus the arclengths of the image and space curves can be expressed as:

s̃(S̃) =
∫ S̃

S̃0

g(S̃) dS̃ , S̃(s̃) =
∫ s̃

s̃0

G(s̃) ds̃ . (3.30)

Proof. Set g(s̃) = 1 or G(S̃) = 1 in (3.28). ��

Corolary 5. Given two views of a 3D space curve the ratio of velocities in the
two views at corresponding points is given by:

g1

g2
=

λ2

λ1

‖T − (T · F 1)γ1‖
‖T − (T · F 2)γ2‖

. (3.31)

Proof. Follows by dividing expressions for g1
G and g2

G . ��

Note from Equation (3.27) that the vector T lies on the half-plane spanned
by t and γ, i.e., it is a linear combination:

T = at + bγ , (3.32)

with a ≥ 0. Thus the reconstruction of T from t requires one additional pa-
rameter since T is a unit vector. This can be provided from the tangent at the
corresponding point, as shown in the next theorem.

Theorem 6. Given tangent vectors at a pair of corresponding points, namely
t1 at γ1 and t2 at γ2, the corresponding space tangent T at Γ is given by:

εT =
(t1 × γ1) × (t2 × γ2)

‖(t1 × γ1) × (t2 × γ2)‖
ε = ±1 (3.33)

whenever t1 and t2 are not both in the epipolar plane. The sign of ε can be found
by projecting εT onto the retinas and comparing to the orientation of t1 and t2
there. More explicitly, ε is such that the following inequations are satisfied:

{
[εT − (εT · F 1)γ1] · t1 > 0
[εT − (εT · F 2)γ2] · t2 > 0 .

(3.34)

Proof. From Equation (3.19) we have that T lies in two planes having normals
γ1 × t1 and γ2 × t2, as illustrated in Fig. 4. Formally:

{
T · (γ1 × t1) = 0
T · (γ2 × t2) = 0 .

(3.35)

Thus, when the two planes are not parallel, T must be proportional to (γ1 ×
t1) × (γ2 × t2), from which the formula follows. Furthermore, when the two
planes are parallel, they are equal to the epipolar plane since they will both pass
through Γ , c1 and c2. So there would be infinitely many possible space tangents,
solutions to the above system, that projects to the image tangents. ��
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c1

Fig. 4. 3D Tangent reconstruction from two views as the intersection of two planes

This theorem implies that any two tangents at corresponding points can be
consistent with at least one space tangent. Similarly, curvatures of the space
curve and of an image curve can be related, as shown by the next theorem.

Theorem 7. The curvature k of a projected image curve is given by:

k =
[
N − (N · F )γ

λg2 · n
]

K (3.36)

or

k =
[

N · (γ × t)
λg2 n · (γ × t)

]
K , (3.37)

where g = g(S̃) is given by (3.29), and λ = Γ · F .

Proof. From Equation (3.20), we have:

KN = λ′′γ + (2λ′g + λg′)t + λg2kn (3.38)

= (Γ̈ · F )γ + 2(Γ̇ · F )gt + λg′t + λg2kn (3.39)

= K(N · F )γ + 2(T · F )gt + λg′t + λg2kn . (3.40)

We can isolate k by taking the dot product of the last equation with n which gives
the curvature projection formula (3.36). Alternatively, taking the dot product
with γ × t also isolates k, giving the variant (3.37). ��

Theorem 8. The normal vector and curvature of a point on a space curve with
point-tangent-curvature at projections in two views (γ1, t1, k1) and (γ2, t2, k2) is
given by solving the following system in the vector NK:

⎧⎪⎨
⎪⎩

(γ1 × t1) · NK = n1 · (γ1 × t1)λ1g
2
1 k1

(γ2 × t2) · NK = n2 · (γ2 × t2)λ2g
2
2 k2

T · NK = 0 ,

(3.41)

where T , g1, and g2 are obtained by previous derivations.
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Proof. Taking the dot product of (3.40) with γ × t, and applying the resulting
equation for two views, we arrive at the first two equations. The third equation
imposes the solution NK to be normal to T . ��

Note that formulas for the projection of 3D tangent and curvatures onto 2D
tangent and geodesic curvature appear in [34] and [35–pp. 73–75], but an actual
image curvature was not determined there. That the curvature of the space
curve is related to the curvature of the projected curve was derived in previous
work [8, 19], but our proof is direct and much simpler. Moreover, our proof
methodology generalizes to relating higher order derivatives such as curvature
derivative and torsion, as shown below. Before we proceed, however, an explicit
formula for tangential acceleration will prove useful in proofs.

Theorem 9. The tangential acceleration of a projected curve with respect to the
arc length of the space curve is given by:

dg

dS̃
=

[N − (N · F )γ] · t K

λ
− 2g

T · F

λ
, (3.42)

or
dg

dS̃
=

KN · (γ × n)
λt · (γ × n)

− 2g
T · F

λ
. (3.43)

Proof. By taking the dot product of Equation (3.40) with t and isolating g′, we
get the first formula. The second expression is obtained by instead taking the
dot product with γ × n. ��

Theorem 10. The curvature derivative at a point of a projected image curve γ
is derived from the local differential geometry of the space curve as follows:

k̇ =
(K̇N + KτB) · (γ × t)

λg3n · (γ × t)
− 3k

(
T · F

λg
+

g′

g2

)
, (3.44)

where by our notation g′ = dg

dS̃
, and k̇ = dk

ds̃ , and K̇ = dk
dS̃

.

Proof. Taking the scalar product of (3.21) with γ × t, and using T · (γ × t) = 0,
we have:

(K̇N + KτB) · (γ × t) = [3λ′g2k + λ(3gg′k + g3k̇)]n · (γ × t) (3.45)
thus

3λ′g2k + λ(3gg′k + g3k̇) =
(K̇N + KτB) · (γ × t)

n · (γ × t)
. (3.46)

After isolating k̇, we use λ′ = dλ
dS̃

= Γ̇ · F = T · F to get the final formula. ��

This result shows how torsion and curvature derivative of the space curve are
related to curvature derivative of a projected image curve. The next theorem
shows the inverse problem, namely how to reconstruct torsion and curvature
derivative given a third order approximation of two image curves.
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Theorem 11. Given point, tangent, curvature, and curvature derivative mea-
sures on two perspective projections of a space curve, the torsion and curvature
derivative at the corresponding point of the space curve can be obtained by first
solving the following system in V:

⎧
⎪⎨
⎪⎩

(γ1 × t1) · V = [3g2
1k1T · F 1 + λ1(3g1g

′
1k1 + g3

1 k̇1)]n1 · (γ1 × t1)

(γ2 × t2) · V = [3g2
2k2T · F 2 + λ2(3g2g

′
2k2 + g3

2 k̇2)]n2 · (γ2 × t2)
T · V = 0 ,

(3.47)

with T , N , B, K, gi, g′i, and λi determined from previous derivations. Then,
the torsion τ and curvature derivative K̇ of the space curve are given by solving
for K̇ and τ from V = K̇N + KτB:

⎧
⎨
⎩

τ =
V · B

K

K̇ = V · N .

(3.48)

(3.49)

Proof. Apply Equation (3.45) for two views, letting V := K̇N + KτB. ��
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Appendix: Taylor Expansion of a Space Curve

The (geometric) Taylor expansion of Γ (s) for an arbitrary parameter S is

Γ (S) = Γ 0 + S G0T 0 +
1
2
S2 [

G′
0T 0 + G2

0K0N0
]
+ (3.50)

1
6
S3

[
(G′′

0 − G3
0K

2
0)T 0 + (3G0G

′
0K0 + G3

0K̇0)N0 + G3
0K0τ0B0

]
+ O(S4)

where the subscript 0 indicates evaluation at S = 0. Therefore, where the sam-
pling space is small enough relative to the degree of fourth and higher order
variation of the space curve, we expect differential attributes at one sample to
predict the corresponding attributes at the adjacent sample. For the first order
geometry, we have:

T (S) = T 0 + ST ′
0 +

S2

2
T ′′

0 + O(S3)

= T 0 + S G0KN +
S2

2

[
(G′K + G2K̇)N − G2K2T + G2KτB

]
+ O(S3)

(3.51)

Similarly, for second order geometry:
⎧⎪⎪⎨
⎪⎪⎩

N (S) = N 0 + S G(−KT + τB) + O(S2)

K(S) = K0 + SG0K̇0 + O(S2)

B(S) = T (S) × N (S) + O(S2)

(3.52)

(3.53)

(3.54)

and for third order:

τ(S) = τ0 + O(S) . (3.55)
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